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An Investiyation into the Nature and Occurrence of the Auroral 

(Ireen Line \ 5577 A. 

By Prof. J. (\ MoLknnan. F.R.S . ,T. H. McLkoo, M.A., and W. ('. McQuarhik, 

M.A. 

(Uccuived January .1. 1927 ) 
i lYm.s 

f.- -Introduction. 

The wave-length at 5577 A. winch is the most prominent line in the spectrum 
of the auroral light, and which is the characteristic line of the spectrum of the 
light from the night sky, has been the subject of extensive research. Its wave¬ 
length has been measured very accurately by Babcock* and has been found to 
be 5577-350 ± 0-005 A. In 1923 Prof. Vegard.f in Norway, put forward the 
view that the line had its origin in the luminescence of solid nitrogen suspended 
in a state of fine division in the upper atmosphere, but that view, in the light of 
a rigid investigation, has been found to be untenable. In 1925 McLennan and 
Shrum| announced that they had been able to obtain a green spectral line at 
X 5577 A from the electrical discharge in a tube containing a mixture of helium 
and oxygen, and that its wave-length agreed with that found by Babcock for 
the line in the spectrum of the night sky. Later they obtained it quite strongly 
in a mixture of neon and oxygen, and in addition they found at a still later time 
that it could be observed faintly in the spectrum of the electrical discharge in 
low pressure oxygen presumably pure. 

* * AHtrophyH. vol. 57, p. 209 (1023). 
t ‘ Phil. Mhk„’ vol. 40, p. 193 (1923). 
j ‘ Roy. Sou. Prop.,’ A, vol. 108, p. 501 (1025). 
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During the past year we have been engaged in a research to elucidate further 
the nature of this elusive radiation at X 5577 A, and to locate more definitely 
its origin and mode of occurrence. 

Our efforts were directed at first to showing definitely that the line was 
obtainable with highly purified oxygen, and without the necessity of having 
any other gas or gases mixed with the oxygen. This we succeeded in doing. 
The best conditions for the production of the line in pure oxygen were also 
studied, variations being made in the pressure and in the strength of the electrical 
current passing through the gas. In dealing with the influence of extraneous 
gases a careful study was made of the modifications produced in the intensity 
of the green line obtained from oxygen when helium was mixed with it in 
various proportions. The enhancement of the line was also investigated, and 
from the results obtained it was possible to show that the three rare gases, 
helium, neon, and argon possessed the power in different degrees of enhancing 
the intensity of the green line X 5577*35 A when the oxygen from which the 
line was obtained was mixed with them. Finally the magnetic resolution or 
Zeeman effect of the green line was studied, and from the observations made 
some more or less definite conclusions were reached regarding the character of 
the line and its place in a spectral term scheme developed for oxygen. 


II.— Apparatus . 

In the apparatus used in all the work, except that on the Zeeman effect, the 
discharge tube was one having a bore of 1 * 5 cm. and a length of 100 cm. In the 
earlier part of the work it was made of pyrex glass, but later on it was replaced 
by a tube made of fused silica. By means of sealed-in windows it was possible 
to observe the spectrum of the light issuing longitudinally from the tube at 
each end. As the electrodes were situated in side tubes attached to the main 
one it was practically the light of the positive column of the discharge that was 
always under observation. The tube is shown in diagram in fig. 1. 

Every precaution was taken to insure the purity of the gases used. The 
helium was purified by passing it over charcoal cooled with liquid air. When 
argon was employed it was purified by the use of heated calcium turnings. 
Oxygen was obtained by heating a side tube containing potassium permanganate. 
In order to remove mercury vapour and carbon compounds, part of the discharge 
tube between each electrode and the long observation tube was surrounded by 
liquid air. For the purpose of measuring the gas pressure in the discharge 
tube at any time a McLeod gauge was attached to the system that included 
the purifying tubes and the discharge tube. The uncondensed discharge from 
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a 50,000-volt 3 K.V.A. transformer was used as the means of excitation, and 
currents as high as 165 milliamperes were used. 



The spectrograms of the visible portions of the spectrum were taken with a 
Hilger constant deviation spectrograph, and a Hilger quartz spectrograph of 
type E 31 was used when the ultra-violet region of the spectrum was under 
observation. 

Ill .—Experitnents with Pure Oxygen . 

In commencing to make observations on the spectrum of oxygen in order to 
see if the spectral line X = 5577 • 35 A originated in this element special care was 
taken to operate only on samples of the gas that had been subjected to a rigid 
purification. In using the tube shown in fig. 1 tap grease was eliminated as 
far as possible. Water vapour was removed with phosphorus pentoxide ot 
with liquid air, and any carbon dioxide that was present by the use of liquid 
air. When making photographic exposures care was taken to keep the traps 
P and Q, fig. 1, surrounded with liquid air. By following this procedure spectra 
were obtained free from mercury lines or with them present only very faintly. 

When using oxygen that was highly purified we found that the green lino 
came out on every spectrogram taken, provided the length of exposure was 
not too short or the electrical current through the gas too small. 

The intensity with which the green line appeared was noticed to vary greatly, 
and apparently depended on the pressure of the gas and on the strength of the 
current through the tube. Accordingly experiments were carried out to find 
the effect of both pressure and current. 

B 2 
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Effect of Pressure .—To show the effect ol pressure a series of spectrograms 
was taken* The time of exposure and the current in the tube was kept the 
same for all, but the gas pressure for different spectrograms was varied for 
0-43 mm. to 7*0 mm. of mercury. In order to compare the intensity of the 
line on one spectrogram with that of the line on another it was necessary to 
have lines on each plate that were known to be of the same intensity. This 
was accomplished by taking on each plate a comparison spectrum of the light 
of a neon glow lamp with a constant duration of exposure. Subsequently the 
plates were run through a Moll microphotometer, and the deflections obtained 
with the oxygen lines were compared with that obtained with one of the neon 
spectral lines recorded on the same plate. Fig. 2 shows intensities of various 



Fig. 2. 

spectral lines as obtained from the microphotometer deflections, plotted against 
pressure of oxygen in the discharge tube. It is evident from the curve for the 
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green line X 5577*35 A in fig. 2 that this line reached a maximum of intensity 
when the gas pressure was equivalent to 2 mm. of mercury. Plate 1, A, is a 
reproduction of a spectrogram showing the green line as it appeared in pure 
oxygen at this pressure. It was taken with a total exposure of 9 hours and a 
discharge current of 60 milliampereH. It will be seen that even with this long 
exposure the line, though clearly existent, did not come out on the spectro¬ 
gram with any considerable intensity. 

Effect of current strength .—The effect of using currents of different strengths 
on the intensity of the green line as obtained with oxygen was investigated in 
a manner similar to that just described for pressure changes, and it was found 
that the intensity of the lino increased with the strength of the current used. 
The result obtained in one set of experiments in which currents as high as 
165 milliamperes were used is given in Table I, and a curve representing them is 
given in fig. 3. 

Table I. 


Current (ma.). j 

Intonnity. 

90 

SIM 

120 

51 

105 

100 



Kg. 3. 

The fact that an investigation such as the above could be carried out, involving 
as it did the taking of more than a score of speotrograms each showing the 
green line in pure oxygen,isin itself very strong evidence that the line we were 
studying, X 5577 *35 A, had its origin in oxygen. 
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Impurities .—On quite a number of the plates taken while investigating the 
effects of pressure and current strength, two lines due to impurities were 
recorded, namely, the mercury line X 6461 A and the hydrogen line H*, X 4861 A. 
There is little reason for believing that mercury could be a possible source of 
the radiation of the line X 6677 A and a glance at the intensity curve for the 
mercury line X 6461 A shown in fig. 2 will suffice to confirm that view. 

As hydrogen has often been considered to be a constituent of the upper 
atmosphere, and as we often had indications of its presence in our discharge 
tube, it was imperative that we should make a careful investigation to ascertain 
whether or not hydrogen could be the source of the green radiation. 

As to this point we may again refer to fig. 2. The diagram, it will be seen, 
shows that the intensity of the hydrogen line dropped very rapidly as the 
pressure of the oxygen was increased, while that of the oxygen green line steadily 
rose. Moreover, at pressures above 2 mm. there was no trace whatever of the 
hydrogen line on any plates, and yet the intensity of the green line remained 
quite high even with the greatest pressures used. 

To settle this point more definitely the discharge tube was exhausted as 
completely %s possible, and all gas driven out of the electrodes. Pure hydrogen 
was then introduced into the discharge tube by diffusion through a heated 
palladium tube. When this gas was excited it gave only the spectrum of 
hydrogen, the secondary spectrum being especially strong. Not the slightest 
indication or trace of a line at X 6677 A could be observed or photographed. 
The addition of helium enhanced somewhat the hydrogen spectrum, but still 
no line at X 6577 A appeared on the plate. All the lines in the vicinity of 
X 5577 A wero identified as lines of the secondary spectrum of hydrogen. Plate 
4, A, is an enlargement of part of a spectrogram taken with hydrogen and 
helium that shows there was no lino just where the line X 6577 *36 A would have 
appeared if present. From these and similar experiments it appeared to us 
quite clear that the green line at X 5577 A was not due in any way to the element 
hydrogen. 

Numerous observations were made on the spectrum of the electrical discharge 
in various gases and on that of mixtures of gases in our discharge tubes, but in 
none of them was the line X 6677 A obtained if oxygen was not inc luded in the 
gaseous medium through which the discharge was passed. Only one con¬ 
clusion is to be drawn therefore from our experiments, and that is that the 
green auroral line belongs definitely to some spectrum that is obtainable from 
oxygen. 
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IV .—Experiments with Helium and Oxygen . 

As the best conditions for the production of the green line in pure oxygen had 
been found we turned our attention to its occurrence in the discharge in helium- 
oxygen mixtures. In agreement with the results obtained by McLennan and 
Shrum* it was found that the presence of helium in excess enhanced the line 
at X 5577 A. It remained to determine the effect of various proportions of 
helium and oxygen, and accordingly a set of spectrograms was taken of the 
electrical discharge in mixtures in which the partial pressure of the oxygen 
was always 2 mm., and the partial pressure of helium was varied from 15 mm. 
to 56 mm. of mercury. Plate 3 shows reproductions of these spectrograms. 
The accompanying curves are Moll microphotometric graphs of the plates. 
The partial pressures of helium used were as follows :— 


a 

b 

c 

d 

e 

/ 

9 


. 15-0 mm, 
. 20-5 „ 

. 26-5 „ 

. 30-5 „ 

. 35-5 „ 

. 45-0 „ 

. 56*0 ,, 


From the curves it will be seen that the line at X 5577 A came out most dis¬ 
tinctly when the partial pressure of helium was between 15 mm. and 20 mm. 
of mercury. 

Plate 4, B, shows a similar set of spectrograms taken with the partial pressure 
of oxygen at 5 mm. and with partial pressures of helium as follows :—• 

a .. .14 mm. 


b .. 


c .. 


23 

30 

40 


II 

II 

II 


The microphotometer curves show that, with the partial pressure of oxygen 
at 5 mm . of mercury, the green line came out most clearly when the partial 
pressure of helium was about 30 mm. of mercury. 

Plate 1, B, it may be added, Bhows a spectrogram of the discharge in a 
mixture of helium and oxygen in which the partial pressures of helium and of 
oxygen were respectively 17 mm. and 2 mm. The exposure had a total duration 
of 2 hours and the exciting current had a strength of 60 milliamperes. 

* hoc. oil 
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\~The Wave-length of the Spectral him at X 5577-35 A. 

Ill the report of the work (lone by McLennan and Shrurn* on the auroral 
green line as obtained from oxygen-helium mixtures, it was shown that the 
wave-length of that radiation was 5577 -35 L 0*15 A. Later measurements by 
us agree with this result. 

Plate 5 shows a reproduction of three spectrograms and their respective 
microphotometric graphs. They arc intended to show the position of the spectral 
lino X 5577*35 A in relation to certain well-known linos of the iron arc spectrum. 
The upper spectrum and the microphotometnc graph are those of the iron arc. 
The central one shows a portion of a spectrogram of pure oxygen with the 
spectrum of the iron arc superimposed on the lower part of it. The micro- 
photometric graph was taken from the part of the plate on which both spectra 
were recorded. The lower spectrogram and graph are similar to those just 
described, except that the oxygen spectrum was obtained with a mixture of 
helium and oxygen in the discharge tube instead of with pure oxygen only. 
The curves and the spectrograms show the presence of the green line dose to, 
but on the long wave-length side of, the iron spectral line X 5576*10 A. From 
a consideration of the linear dispersion of these spectra which can be obtained 
from the wave-lengths of the iron lines it will be seen that the wave-length 
of the auroral green line, as obtained in the spectrum of pure oxygen or in that 
of oxygen in the presence of helium, is very close to 5577-35 A. 


VL- The Oxygen Band X 5630 A X 5553 A. 

In 1924 the suggestion was made byK. d’E. Atkinsonf and by CarioJ that 
the auroral green line might bo found to have its origin in the band spectrum 
of oxygen, and, in particular, might turn out to be the “ null ” line or some 
member, more or less prominent, of the negative band of the spectrum of 
molecular oxygon that falls in the region near X 5577 A. Some support for this 
su 88®rtion existed in the fact that Steubing§ had recorded a member of this 
band as existing at X = 5577 A, It is clear, however, that the oxygen green 
line X 6577-35 A cannot be the “ null ” line of the band, for it is quite readily 
obtained when the gas through which the discharge is passing is at an average 
temperature considerably higher than that prevailing intho room, and therefore 

* Loc. cit . 

t 1 lloy. Soc. Proc.,’ A, vol. 100, p. 429 (1924). 

J ‘Nuturwise.,* vol. 12, p. 018 (1924). 

S * Aun. d. Phynik,’ vol. 33, p. 555 (1010). 
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much too high for the band to have degenerated into a “ null ” line. In 
connection with the suggestion that the line X 5677*35 A might prove to be a 
band component that could be described as prominent one recalls that the 
only member of the band that has been singled out by its prominence is 
X 5587 *55 A. This membor Prof. Merton* considers to be the leading com¬ 
ponent of the band as ordinarily observed. It is clear, however, that the 
band component X 5587-57 A and the line X 5577*35 A have had their wave¬ 
lengths determined with too groat a precision to permit the possibility of any 
one considering that the two wave-lengths represent the same radiation. The 
line X 5577 *35 A can be obtained clearly and strongly without the slightest 
indication of the presence of any member of the negative band on the plates. 
The reproductions shown in Plate 3 and Plate 4, B, make it quite clear that 
the line X 5577 • 35 A and the band X 5630 A X 5553 A have two entirely different 
and distinct origins. With pure oxygen at 2 mm. pressure the line X =-= 6577-35 
A was obtained clearly, and without any sign of the members of the band. When 
helium was added to the oxygen the band members appeared faintly at first, 
but as tlxo amount of helium added was increased there was a corresponding 
increase in the intensity of all the members of the band. With helium at the 
highest partial pressure used, the intensities of the band components were so 
strong that the line X 5677 *35 A was masked in great measure. Throughout 
the development of the intensities of the band members the identity of the 
line X 5577*35 A was clearly evident even though it gradually came to be 
embedded in the band system. It should be stated here that measurements 
of precision were made recently by Hollandf of the wave-lengths of the members 
of the “ negative ” oxygen bands in the visible region. Under “ Bandengruppe 
II ” he includes a component at X 5577 *483 A and one at X 5576*780 A. As 
these negative bands of oxygen arc rathor complicated, and as their structures 
have not as yet been worked out, it is impossible to attach at present any 
special significance either to the component X 5577 -483 A or to the one 
X 5676-786 A. But from our observations on the general behaviour of the 
band components when various pressures and current intensities were used, 
we think it is not likely that either of these components will be found to exhibit 
the fluctuations in intensity that constitute the feature that is so characteristic 
of the oxygen line X 5577-35 A. 


* R. d'E. AtkiiiHon, toe. cit., p. 430. 
t' Z. f. wins, l'hot.,’ vol. 23, p. 342 (1025). 
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VII .—Neon and Oxygen . 

In the original announcement of the discovery of the line X 5577 *35 A in 
the spectrum of oxygen, by McLennan and Shrum,* brief mention was made of 
the fact that neon enhanced the line in the same manner as helium. A repro¬ 
duction of a spectrogram made by Dr. Shrum with a neon oxygen mixture is 
shown in Plate 2, A. In taking this spectrum the partial pressure of the oxygen 
was between 1 mm. and 2 mm. and that of the neon between 20 mm. and 
40 mm. of mercury, both pressures representing the state of affairs when the 
discharge tube was at room temperature and not under any electrical excita¬ 
tion. When the spectrogram was taken the tube was excited with an un¬ 
condensed discharge of 128 milliamperes from a 60,000-volt 3 K.V.A. trans¬ 
former running under an overload. The actual time of exposure was between 
1 and 1-6 hours. Though the actual intensity of the green line X 6677*35 A 
as shown in Plate 2, A, is less than that of the line in Plate 1, B, its intensity 
relative to such other oxygen lines as X 5437 A and X 5333 A is considerably 
greater. In the case of Plate 1, B, an Ilford panchromatic plate was used, 
while in the case of Plate 2, A, the spectrum was photographed on a Wratten 
and Wainwright panchromatic plate. It can be seen from the reproductions 
that in photographing the spectrum shown in Plate 1, B, the slit of the spectro¬ 
graph was opened more widely than it was in taking the spectrum shown in 
Plate 2, A. 

VIII. —Discharge in Oxygen mixed with Argon . 

After it was found that the intensity of the green line X 5577*35 A was 
enhanced by helium or by neon, when either of these gases was added in excess 
to the oxygen, it seemed desirable to investigate whether argon would or would 
not produce a similar effect. For this purpose some commercial argon con¬ 
taining 20 per cent, of nitrogen was purified by passing it several times through 
a tube containing rod-hot calcium. After being so treated it was admitted 
into the discharge tube, and on being examined spectroscopically when the dis¬ 
charge was passing it showed no indication of the presence of the well-known 
nitrogen bands or of the spectral lines of atomic nitrogen. This was taken as 
a proof that the argon was pure. A small amount of oxygen was then added 
by slightly heating some potassium permanganate contained in a side tube. 
When the spectrum of this mixture was examined, it was found that the green 
line came out with an intensity greater than that of any other line in the spectrum 
of oxygen in the visible region on the short wave-length side of X 6158 A. 

* Loc. cit . 
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Owing to its strong intensity the line was visible at quite low current values. 
The intensity increased os the current was strengthened, and finally attained 
a limiting value with a current of about 30 milliampcres. When the current 
was increased beyond this amount the intensity of the green line remained 
stationary, but the lines of the argon spectrum came out more and more strongly 
until at 65 milliamperes a majority of them had an intensity equal to or greater 
than that of the green line. A reproduction of the spectrum of the argon- 
oxygen mixture is shown in Plate 2, B. This spectrogram was taken with an 
exposure of only 45 minutes and with a discharge current of only 33 milliamperes. 
It will be seen that the line X 5577-35 A as reproduced has an intensity about 
equal to that of the same line in the reproduction shown in Plate 1, B, which 
was obtained with a mixture of helium and oxygen with an exposure approxi¬ 
mately three times as long and a current twice as great. The high value of 
the relative strength of the line X 5577-35 A in the argon-oxygen spectrum can 
be gauged from the fact that, while the length of exposure was sufficient with 
the spectroscope slit width and current strength used to bring out the green 
line very clearly on the plate, it was only just sufficient for the lines X 5437 A 
and X 5330 A to be recorded. These Lines, it may be added, and as Plate 1, A, 
shows, are ordinarily among the stronger lines in the spectrum of atomic oxygen. 

It is interesting to find that the green line X 5577-35 A can be obtained in the 
spectrum of a mixture of oxygen and argon with an intensity relatively great 
compared with that of many lines with which we are familiar in the spectrum 
of atomic oxygen. In this connection it will be recalled that while it is now 
generally accepted that a number of the bands that appear in the auroral 
spectrum originate in nitrogen, the green line, which is the strongest line in the 
auroral spectrum, is the only line in this spectrum that has as yet been assigned 
to oxygen. It may be that in the upper atmosphere the conditions are such as 
to intensify the line X 5577-35 A still more than we have been able to do with 
argon, and to entirely suppress the spectral lines of oxygen that we ordinarily 
observe. It would have been interesting to investigate whether the green line 
could have been obtained with still greater intensity from oxygen when mixed 
with one or other of tho heavy rare gases krypton, xenon and niton, but we 
have not as yet succeeded in obtaining the gases to enable us to carry out such 
experiments. 

An observation that was made in our experiments with argon and oxygen, 
and also with the other gas mixtures used, as well as with pure oxygen, was that 
the green line was seldom visible on the first passage of the discharge through 
the tube. This possibly is not without significance for it has led us to conclude 
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that an appreciable time is needed for the electric forces to transform the 
oxygen into the state required for the emission of the radiation that gives rise 
to the green line. 

IX.- - Comparative values of the enhancement of the green line by the different rare 

gases. 

In arranging the experiments in which the spectrograms shown in Plates 1, A, 
1, B, 2, A, and 2, B, were photographed, care was taken to have the oxygen in 
the discharge tube at a partial pressure between 1 and 2 mm. of mercury, but 
in cases where oxygon was mixed with a rare gas the partial pressure of the 
latter gas was between 10 and 40 mm., but the exact pressure was always more 
or less fortuitously selected. Further, the value of the currenWtrength used 
as well as the duration of the exposure was more or less arbitrary for each 
mixture. Table II contains a summary of the data relating to this phase of 
the work. A micro photometric intensity curve for each spectrogram was 
traced with a Moll instrument, and from these curves approximate values were 
deduced for the intensities of the various spectral lines on the plates. Those 
corresponding to X 5577*35 A and X 5437 A are given in the table in columns 
(6) and (7). The plates were taken as occasion offered with long intervals of 
time intervening, and consequently it was not practicable to use the same slit 
width on the spectrograph. Neither was it practicable to use photographic 
plates of the same type and sensitivity. 


Table II. 



Partial pressures. 


Gum 

mixture. 




Oxygen. 

Inert 

gftR. 

Current 
m tube. 

(j) 

(2) 

(3) 

(4) 

Pure 0, 
O t + He 
0, + No 
0, +A 

2 mm. 

2 mm. 
1-2 mm. 

1 ram. 

17 mm. 
20-40 mm. 
10 mm. 

SO ma. 
00 ma. 
128 ma. 
33 ma. 



Measurements of 
microphotometer. 


Time 





of ex¬ 
posure. 

Height 

of 

Height 

of 

Ratio 

A 5577 
to 

\ 5437. 

Curves. 


A 5577. 

A 5437. 


(5) 

(«) 

(7) 

(8) 

(») 

9 hrs. 1 

9 mm. 

49*2 mm. 

0-18 

MW 

2 hrs. 

15 mm. 

50*0 mm. 

0*30 

■Rfl 

90 min.: 

5*5 mm. 

7*8 mm. 

0-70 


45 min. 

39*8 mm. 

2*6 mm. 

16*3 

85*00 


Further, the adjustments of the slit on the Moll instrument were not the 
same when the intensity curves were traced for the various plates. Conse- 
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quently it is impossible to make direct comparison from the plates reproduced 
in Plates 1, A, 1, B, 2, A, and 2, B, of the intensity of the green line radiation 
obtained from pure oxygen with the intensities of the same radiation when 
obtained from oxygen mixed in turn with each of the three rare gases. Tho 
numbers show clearly, however, that the rare gases possess the power of 
enhancing the green line radiation in different degrees relative to that of the 
well-known oxygen line X 5437 A. With the oxygen-helium mixture the ratio 
of the intensities of the two lines as the numbers in column (9) of the table show 
was represented by 1 -67, if we take the ratio of their intensities when obtained 
with pure oxygen as unity. On the same scale the relative enhancement by 
neon was 3-89 while that by argon was 85. An estimate of the power possessed 
by argon of enhancing the intensity of the green line radiation regardless of any 
modifications that gas was capable of producing in the intensities of other 
oxygen lines can be gained from an inspection of the spectrogram taken with 
pure oxygen and of that obtained with the oxygen-argon mixture. By referring 
to the spectrograms so obtained and os reproduced in Plate 1, A, and Plate 2, B, 
it will be seen that in the case when pure oxygen was in the discharge tube a 
wider spectrograph slit was used than when the discharge tube contained the 
oxygen-argon mixture. Moreover, in the former case the exposure was one of 
9 hours duration, while in the case of the latter it lasted only for 45 minutes. 
Again, with pure oxygen in the tube the discharge current was 60 milliamperos 
while with the oxygen-argon mixture it was only 33 milliamperes. Provided 
argon possessed no enhancing power all the factors mentioned above would 
have tended to make the green line appear stronger on the plate obtained with 
pure oxygen than on the one obtained with the oxygen-argon mixture. But a 
glance at the plates reproduced in Plate 1, A, and Plate 2, B, shows that tho 
reverse occurred, for it is evident that the green line came out with considerably 
greater intensity on the plate obtained with the oxygen-argon mixture than it 
did on the one obtained with pure oxygen. 

X. -The Zeeman Effect . 

Prior to tho discovery that argon possessed the power of enhancing to such a 
remarkable degree the intensity of the oxygen line X 5577 *35 A it was con¬ 
sidered to be a hopeless task to attempt to make observations on the Zeeman 
effect with the line. Though it was obtainable with fair intensities by using 
mixtures of helium and oxygen or of neon and oxygen, the line was too feeble 
even when so obtained to admit of having its magnetically resolved components 
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either observed visually or recorded with reasonable exposures on even the 
most sensitive photographic plates. 

Having demonstrated the increased enhancing power obtainable with argon 
we decided to make an attempt to resolve the line magnetically, for through a 
study of the Zeeman effect knowledge might be gained that would enable us 
to determine the energy leveU in oxygen atoms between which the electronic 
transitions take place that give rise to the radiation X 5577 *36 A. 

Apparatus .—In this attempt to Btudy the Zeeman effect a discharge tube 
was made of pyrex glass 30 cm. long and 1 -5 cm. in diameter. The electrodes 
were sealed into side tubes attached to the main one. Commercial argon 
purified with red-hot calcium was admitted into the discharge tube until a 
pressure equal to about 7 mm. of mercury was obtained. A very small amount 
of oxygen was then added by slightly heating potassium permanganate con¬ 
tained in a side tube. Currents varying up to 70 milliamperes were sent through 
the gas mixture by means of a transformer capable of giving a maximum 
potential of 30,000 volts. Lateral observations of such discharges in the mix¬ 
ture showed the strong oxygen lines just barely visible. When the discharge was 
viewed along the tube, however, the lines were seen with considerable brilliance. 

Optical Arrangements .—The choice of an optical instrument for studying the 
Zeeman effect was determined largely by the question of light economy. It was 
not found possible to produce the line in any but fairly wide tubes, so that the 
method of increasing the intrinsic brightness by ubc of a capillary was not avail¬ 
able. For this reason a concave grating was not used, although it offered the 
advantage of requiring no auxiliary light analysis and of giving directly the 
relative intensity of the Zeeman components. 

A 30-plate Echelon grating with a resolving power greater than 300,000 was 
considered the most suitable instrument. Of the various arrangements the 
one giving the greatest light intensity was that in which the green line was 
isolated by a Hilger constant deviation spectrometer, and then allowed to pass 
through the dchelon, the slit and edges of which were vertical. This method, 
therefore, was used. 

Structure of the oxygen, line X 5577*35 A.—In Babcock’s paper on his investi¬ 
gation of the auroral green line in which he found its wave-length to be 
5577*35 A he states that his observations led him to conclude that the width 
of the line was less than 0*035 A, and therefore approximately equal to the 
width of the finer arc lines of the iron spectrum when excited in a vacuum by 
a moderate electrical current. In so far as his observations went the line was 
single and without satellites. 
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Before proceeding to study the Zeeman effect with the line X 5577*35 A of 
oxygen we examined it carefully and repeatedly with the Echelon spectroscope 
under a variety of conditions of excitation, but in the absence of a magnetic 
field. We found it, too, always single, sharply defined and without satellites. 
Moreover, from the optical data and dimensions of the Echelon grating we were 
able to show that the width of the line was less than 0*025 A. 

It follows then that all the physical characteristics of the radiation of the 
oxygen green line, in so far as we know them, and without exception, arc such 
as to support our identification of it with the radiation that gives rise to the 
green line in the auroral spectrum. 

Magnetic Experiments .—Three different methods of producing the magnetic 
field were tried in studying the Zeeman effect. First, a U-shaped iron-cored 
electromagnet with pierced pole pieces, through which the discharge tube passed, 
was used to produce an intense field parallel to the tube in the narrow gap 
between the pole pieces. Second, an electromagnet with large flat pole pieces 
was used to produce a transverse magnetic field across the tube. Finally, a 
solenoid, without iron core, wound on the discharge tube was used to produce a 
field parallel to the length of the tube, and of uniform intensity throughout that 
length. 

With the first arrangement, in the attempt to photograph the transverse 
Zeeman effect, the light intensity was exceedingly poor. Conditions were made 
worse by a continuous spectrum which necessitated the use of a narrow slit 
for the spectrometer as well as for the echelon crossed with it. Long exposures 
extending over two days gave photographs which did not show any lines 
clearly. It was supposed that the echelon, on account of either temperature 
changes or vibration, had failed to stay in adjustment. 

When the second method of producing the magnetic field was useda distinct, 
symmetrical broadening of the line took place. It was noticed, too, that the 
application of this type of magnetic field greatly enhanced the argon Bpectrum, 
but reduoed the intensity of X 5577*35 A and the other lines of the oxygen 
spectrum. 

The solenoid was designed to secure good light intensity by allowing observa¬ 
tion along the tube and at the same time to produce higheT fields. It con¬ 
sisted of somewhat less than 200 feet of enamelled stranded aerial wire (equiva¬ 
lent gauge B. & S., No. 14) wound on the discharge tube. In order to produce 
sufficiently great fields it was necessary to have very high currents, and the 
wire was capable of carrying these only for very short periods of time. It was 
found that no serious overheating occurred in two seconds, and also that that time 
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was sufficient to make visual observations on the Zeeman effect. After each 
observation the solenoid was cooled by pouring liquid air over it. To break 
the circuit in the required time a small fuse of calculated dimensions was 
used. 

To make the resistance Bmall, the leads were of copper 7 mm. in diameter, 
and all connections were made in mercury cups. About 6 feet of No. 12 
advance wire was inserted in the circuit. This wire had a negative tempera¬ 
ture coefficient, and so in a measure compensated for the rapid increase in the 
resistance of the copper wire of the solenoid due to rise in temperature. 

The total resistance of the circuit was about 0*70 ohms, and when 110 volts 
was applied to it the current in the coil was 160 amperes. As the number of 
turns in a centimetre length of the solenoid was 18*1 a simple calculation gave 
the strength of the field as 3,600 Gauss. 

Visual observations of the green line in the field showed a beautifully dear 
doublet. The sharpness of the components would indicate that the resolution 
was complete, but one could not be absolutely certain that it was,so as the 
magnetic field waB small. 

The various orders of the green line showed faintly on either side of the 
central order in which most of the light was concentrated, and these orders 
were used to estimate the magnitude of the magnetic separation. The separa¬ 
tion of two adjacent orders at this wave-length, calculated from the constants 
of the Echelon, was equal to 0*495 A. In two seconds time it was not possible 
to make measurements of the amount of separation, but two observers agreed 
in estimating that the separation was about oue-fifth of the distance between 
adjacent orders of the Echelon pattern. Therefore the estimated magnetic 
separation of the two components of the line fvas 0*099 ± 0*009 A. As no 
electronic jump, it may be stated, gives rise to suxglet spectral lines with normal 
doublet Zeeman components we have taken tl ’s result of our observations to 
indicate that the line X 5577*35 A can be resolved magnetically into a normal 
Zeeman triplet for,* with a field of 3,600 Gauss, the normal separation of the 
outer components of such a triplet should in the case of a spectral line having 
the wave-length 5577*35 A, be 0*105 A. The fact that only two components 
were seen fits in with this'conclusion, for the central component of a normal 
triplet being polarised parallel to the magnetic field could not be seen with 
longitudinal observation. 
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XI.— Interpretation of JtetuUe. 

Through the work of Sommerfeld* Land4, Backf and others, the principles 
underlying the theoretical treatment of the Zeeman effect have become well 
established. It is now possible to predict with practical certainty the type of 
resolution that a spectral line, will undergo in a magnetic field. It is only 
necessary to know the energy levels in the atomic edifice between which the 
electronic transitions takes place that gives rise to the radiation corresponding 
to the spectral line. Conversely, when a spectral line is shown to exhibit a 
certain type of Zeeman effect it is possible to define the atomic energy levels 
between which electronic transitions may occur that can give rise to the radia¬ 
tion corresponding to the spectral line. Our problem, therefore, is to determine 
the electronic transitions that can occur in an atomic system that will give rise 
to a singlet spectral line that is magnetically resolvable into a normal Zeeman 
triplet. In this connection we have made a study of the Zeeman effects of 
all types of singlet lines resulting from electronic transitions between energy 
levels representing atomic atates defined by the spectral terms usually designated 
by the letters 8, P, D, F and G. Assuming the spectral terms to have any 
multiplicity up to that of a sextet we find that the only electronic transitions 
within the range of terms indicated that can occur that will give normal magnetic 
triplets are the following:— X P X S; X D ~ X P; X F X D; X G ~ l D; X P > X P; 
X D ~ l D; X F ~ X F; X G ~ X G. Our conclusion then is that the green line 
X 5577 *35 A must originate in a transition from one atomic state to another 
represented by one of the types included in this group. 

Now it seems to be established from the results of the experiments described 
in this paper that the green line X 5577 *35 A has its origin in oxygen, and the 
question that arises is: Are any of the types of electronic transitions given 
above possible with the spectral term schemes worked out up to the present 
for atomic oxygen ? 

In a paper published recently by McLennan, MoLay and Grayson Smith! it 
was shown in detail by the use of the theory recently put forward by Pauli,$ 
HebanbergH and Hundf that it is possible to work out a complete spectral 
term scheme for the atom of any element. In this paper such a scheme waik 
worked out for oxygen, and it was shown to include three groups of connected 
* ‘ Atombau and SpektralUnien,’ 4th Ed. 

t Back and Landt,' Zeemaaeffekt usd Multiplettatruktiur,’ published 1926. 
t ‘ Boy. 800 . Proo.,’ A, vol. 112, p. 76 (1926). 

1‘ Z. f. Phyrfk,’ vd. 31, p. 765 (W25). 

(T Z. f. Physik,’ vol. 32, p. 841 (1026). 
t ‘ Z. 1 Phyrik/ voL S3, p. 346 (1025). 
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terms. These are given in Table III tinder the designations of A, B and C. 
Diagrams of the terms of each group with the terms arranged in the order of 
their magnitudes are shown in figs. 4, 5 and 6. Diagram A, it will be seen, 
consists of triplet and quintet terms and includes transitions corresponding to 
most of the well-known arc lines in the spectrum of oxygen. It will be seen 
that the spectral line X 5577 -35 A finds no place in this scheme. Neither should 
one expect to find the given line appearing in it, for the scheme doeB not include 
any spectral terms of the singlet type. Such terms, however, are included in 
both of the schemes B and (J where the terms are either of the singlet type or 
of triplet multiplicity. Moreover, the various types of terms *S, *P, 'D, *F, etc., 
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are represented in both schemes, and electronic transitions of the types ~ *P; 
ip ~ ij), etc., are provided for in both of them. Accordingly in each scheme 




Fro. 6. Fro. 6. 


then we should expect to find a distinct spectrum for atomic oxygen that would 
include singlet spectral lines that could be resolved by a magnetic field into a 
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normal Zeeman triplet. There are a number of electronic transitions possible 
then under either scheme for the atom of oxygen that, in so far as resolution by 
a magnetic field is concerned, could give rise to radiation of the wave-length 
5677*36 A. 

Of all the electronic transitions that might possibly give rise to the radiation 
X 5677 *35 A some are more probable than others. The three deepest energy 
levels of the oxygen atom give rise to the spectral terms 3 P 01a , 1 D a and 1 S 0 . 
Of these 8 P 0ia is the deepest term in the scheme A, and according to theory it 
should be deeper than 1 D 3 . Again, l D a is the deepest term in scheme B, and it 
again should be deeper than l S 0 which is the deepest term in scheme C. 

When the oxygen atom is in its most stable state it gives rise to the spectral 
term 3 P 012 - When, however, it is in the state that gives rise to the spectral 
term 1 D a or in the one that gives rise to the spectral term 1 S 0 it is said to be in a 
metastable state, and when in either of such metastable states it is impossible 
for it to revert by the emission of radiation to the state that gives rise to the 
spectral term 3 P 0 i 2 * From the principles now generally accepted as under- 
lying the analysis of spectra it would appear that the atoms of oxygen should 
be rendered capable of emitting radiations comprising the wave-lengths of 
scheme A more easily than they could be rendered capable of omitting those 
provided by the system of spectral terms given in scheme B. Similarly it 
would probably be more difficult to make the atoms of oxygen emit the wave¬ 
lengths provided by scheme C than to make them emit those embraced by 
scheme B. 

If now we try to decide which of the schemes B or C the spectral line X 6677 *36 
A is most likely to originate in, we find two lines of argument may be followed 
that lead to entirely different results. On the one hand, practically all but a 
few of the known lines in the spectrum of atomic oxygen have been assigned 
to scheme A. Since this scheme of wave-lengths is the one most easily obtain¬ 
able from oxygen atoms, one might naturally expect that with increased stimula¬ 
tion the atoms of oxygon would begin to emit radiation having the wave¬ 
lengths provided for by scheme B before those provided for by scheme C. As 
the wave-length X 6677 *35 A is one of the few that we can obtain from atomic 
oxygen that does not fit into scheme A, it would be natural then to assign it to 
scheme B, the system next most easily obtainable. 

On the other hand, it seems that the green line X 5577*35 A is the only line 
appearing in the spectrum of the aurora that has as yet been identified as 
belonging to oxygen. Again, in the spectrum of the light of the night sky the 
line X 6677 -35 A is the only spectral line that has been recorded. Not a trace 
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of any of the well-known lines of atomio oxygen embraced by the scheme A 
has been observed in the photographs of this spectrum taken by any observer. 
This result, which is so remarkable that it merits very special consideration, 
might lead one to the view that when oxygen atoms aTe in the Btate to emit 
radiation of the wave-,length X 5577 *35 A, they are in the Btate from which they 
are very unlikely to revert to the states that give rise to the spectral terms 
provided by scheme A, to the states that give rise to the emission of the 
wave-lengths comprising the ordinary arc spectrum of oxygen. 

As an application of the generally accepted empirical rules, regarding the 
structure of spectra, would lead one to the view that the reversion of oxygen 
atoms from the states represented by the term scheme C to the Btates repre¬ 
sented by the term scheme A would be always less probable than for their 
reversion from the states given by the terms of scheme B to those provided by 
the terms of scheme A, one is led naturally by the line of argument Bet forth 
above to assign the radiation of wave-length X 5577 • 35 A to the term system set 
forth in scheme G, i.e., the one farthest removed from scheme A. 

Under each of the schemes B and C electronic transitions to the lowest level 
would give the strongest lines in the spectrum corresponding to the scheme. 
One might, therefore, be inclined to think that the spectral line X 5577 • 35 A 
would result from such a transition. When we remember, however, that the 
corresponding transitions in the known arc spectrum as represented by scheme 
A produce wave-lengths that fall far in the extreme ultra-violet region, it is 
highly improbable that any transition to the lowest term either in scheme B 
or scheme C can give rise to radiation falling in the visible spectral region at 
X 5577*35 A does. It is more probable, therefore, that the green line radiation 
is produced by one or other of the electronic transitions to the level next higher 
than the lowest one. Such selected transitions are indicated in both the schemes 
B and C by arrowheads attached to the continuous lineB that correspond to 
possible transitions for the production of the radiation X = 5577 *35 A. 

But the whole question of the exact position of radiation of the wave-length 
5577*35 A in the spectral structure for atomio oxygen is as yet rather vague. 
It is clear that two new schemes of spectral terms are possible for atomic 
oxygen in addition to the ordinarily accepted one, and that under each of these 
new schemes ample provision is made for an electronic transition that could 
give rise to the radiation constituting the auroral green line. The immediate 
problem before us will be to find some way of stimulating the atoms of oxygen 
to emit not one only but a number of the wave-lengths that are possible ones 
under the two new schemes. With such wave-lengths available it should be 
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less difficult to locate the exact position of the wave-length 5577*36 A in the 
spectral edifice of atomic oxygen. 

We have seen that by adding the rare gases, helium, neon and argon, in turn 
to oxygen, it is possible to enhance more and more the intensity of the radiation 
X 5577 * 35 A relative to that of the other types of radiation that up to the present 
time have been shown to be included in the spectrum of atomic oxygen. The 
question is, can any form of stimulation be devised that will result in the 
radiation from oxygen of wave-length 5577*35 A being relatively so Btrong 
that with exposures of moderate duration this wave-length will be the only one 
recorded on spectrograms of oxygen so stimulated. There are indications that 
ozone may be a factor included in such stimulation. 

XII .—Summary of Main Points. 

1. The green lino X 5577*35 A has been shown to occur in pure oxygen and 
with greatest intensity when the oxygen was at a pressure equivalent to 2 mm. 
of mercury. 

2. With oxygen at 2 mm. pressure in a discharge tube the intensity of the 
line X 5577 *35 A was shown to increase with the strength of the current in the 
discharge tube. 

3. It has been shown that the line is due to oyxgen and not to any impurities 
that might be present in the discharge tube. 

4. The green line appears with increased intensity in the spectrum of oxygen 
when mixed with one or other of the three rare gases, helium, neon and argon. 

5. A very groat increase in intensity, both absolute and in relation to othor 
oxygen lines, was obtained when oxygen was mixed with argon. 

6. The Zeeman effect of the green line from longitudinal observations gives 
a clear doublet with a separation equal to that of the outer components of a 
normal triplet. 

7. Some considerations based on the properties of the oxygen green line 
X 5577*35 A are presented in favour of the view that the line originates in an 
electronic transition between two singlet spectral terms that are included in 
one or other of two new schemes of singlet-triplet terms that have been shown 
to be possible for oxygen in addition to the ordinary well-known triplet-quintet 
scheme. 

One of us, J. II. McLeod, is indebted to the National Research Council of 
Canada for the grant of a bursary that enabled him to participate in this 
work. 
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(Received August 10,1926.) 

Introduction and Summary .—In Mux well's equations of the electromagnetic 
field, 

^ = curl h (a) 

- e <*> 

iliv e — 0, div h - - 0 (c, d) 

the properties of the field, in regions containing no charges, are described in 
terms of two vectors, e and h, which in the general case may have arbitrary 
magnitudes and directions at any given point of space and time. Although 
e and h are the quantities most closely related to experiment, they are not 
the only ones in terms of which the field can be described. The description 
oan in fact be given in terms of any definite functions of e and h by making 
the appropriate substitutions in (i). The equations obtained by such a trans¬ 
formation cannot of course describe properties of the field which are not ulti¬ 
mately implied in Maxwell’s equations; they may nevertheless lend them¬ 
selves more readily to determining what these properties are. 

It is shown in this paper that this is the case with a certain transformation in 
which, instead of in terms of e and h, vectors making an arbitrary angle with each 
other, the equations are expressed in terms of two vectors, R and u, at right angles 
to each other, and of a scalar function of position, a. The equations obtained 
reveal that the most general electromagnetic field in regions not containing 
charges can be represented by a vector R of invariant magnitude, the lines of 
which at each point are in motion at right angles to themselves with a definite 
velocity u relatively to the observer. They show further that small moving 
elements of the field can be constructed which can be regarded as keeping their 
identities permanently as they move. The movement of these elements takes 
place under the action of a simple form of stress in accordance with the funda¬ 
mental laws of dynamics. In addition to their translatory motions and 
independent of them, the elements exhibit in the general case co-ordinated 
rotational movements. By their translatory and rotary movements, and the 
changes of shape which result from them, they fix definitely the local time rates 
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of change of the field. In fact every property of the field can be specified 
directly in terms of these moving and rotating elements. A field element is 
a space section constructed in a natural way from the four dimensional entity 
which constitutes the field in space-time. Considered in space-time as a four 
dimensional element, it appears as an element of action, and it is a result of 
the analysis that the general electromagnetic field can always be divided in a 
natural way into such elementary units of action. The properties which 
characterise them are of a kind which suggests and is consistent with the possi¬ 
bility that both field elements and the corresponding elements of action may 
have a finite magnitude in the field. 

These results were obtained originally by translating into terms of space and 
time properties of the four dimensional electromagnetic tubes which have been 
derived in a previous paper.* Tt is proposed here to develop them directly 
from the fundamental equations without referring to four dimensional theory 
except occasionally. 

Equations in terms of p, q, a.—Consider two vectors, p and q, defined by 
the relations 

p ss e cos a + h Bin a 
q = — e sin a + h cos a 



where a is an arbitrary angle. Solved for e and h these equations give 

e = p cos a — q sin a i 
h = p sin a -f q cos a J 

and substituting these values in (1) we get, after a little reductionf 
^ - curl q - q ^ + [py<x] = 0 (o) 

+ curl p + p^ + [ qV «] = 0 (b) 

div p — (qv«) = 0 (o) 

div q + (pya) = 0 (d)^ 


(») 


(4) 


* Milner, * Phil. Mag.,’ vol. 44, p. 706 (1922). 
f Making use of the identities 

curl suf> = <f> ourl a — [av$], 
div aqfc =*= <f> div a f (avtf>). 

where tf> is a scalar quantity. Equation (4a) corresponds not to (la) but to (la) cos a + 
(16) sin a, (46) to — (la) sin a + (16) oos a. In (4) and the later vector formula, so alar 
products are denoted by round, and vector products by square brackets. Heaviside- 
Lorcmtz units are used throughout, with e»l, 
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These equations are of a more general type than Maxwell’s, since in addition 
to the six independent variables formed by the components of p and q they 
contain a seventh in the arbitrary scalar quantity a, whereas there are only 
six independent variables in Maxwell’s equations. We can, consequently, 
while still retaining the full generality of the electromagnetic equations, choose 
« so that p and q satisfy any given single condition. We shall choose the con¬ 
dition that p and q shall be permanently at right angles to each other, and 
add to (4) the equation 

(pq) 0. (4e) 

By (2) the condition for this is found to be 

= <5) 

When a — 0, (eh) = 0, and the electric? and magnetic forces of the field are 
perpendicular. In this case equations (4) reduce to Maxwell’s form, p being 
identical with e and q with h. In the general case a forms a parameter which 
measures the departure of the electric and magnetic forces from orthogonality. 
On the other hand, a cannot be expressed in terms of p and q, since these are 
always orthogonal; p and q, in fact, represent five independent variables, « is 
the sixth. 

By means of (3) the dynamical properties of the field can be expressed in 
terms of p and q. We find at once 

W = i(e a + h a ) = £(P 9 + q l ) («) 

G = [eh] = [pq] (6) 

n„ = l (e* + h a ) n — (en) e — (hn) h 
= i(P* + q 1 ) n - (pn) P - (qn)q (c) 

W is here the energy density, G the momentum density, and II, the vector 
force outwards due to Maxwell’s Btress across a unit plane whose normal is n. 
It is noteworthy that each of these quantities is given in termB of the new 
variables by precisely the same relations aB m terms of e and h. Since, 
however, p and q are orthogonal an important simplification can be made in 
connection with the stress system. If we make successively in (6c) (1) n || p, 
(2) n || q, (3) ni r p and q, we see that the stress consists of a principal tension, 

n ! = (7a) 

along the direction of p, an equal pressure 

n 8 = + i(p*-g») 

along q, and a pressure 



n.-+M^+rt 


(75) 

(7C) 
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along the third of three perpendicular directions, that of [pq]. Like e and h, 
p and q define IT,, but unlike e and h, p and q are completely determined 
when the three principal stresses of Maxwell’s system are given. We have, 
in fact, from (7) 

P = (Ra - Rj) 1 along II, (on 
q = (n 3 - n 2 )‘ along n 2 (6) j u 

Equations on Special Axes .—The perpendicular directions of the principal 
axes of Maxwell’s stress system mark out naturally a special co-ordinate system 
in the field, the use of which produces considerable simplifications, without 
affecting the generality of the results in any essential way.* For simplicity 
we shall henceforward employ this special co-ordinate system, and understand 
by Ox, Qy> 0 z axes drawn, at any point in the field taken as origin, in the 
directions of p, q and [pqj respectively. With this understanding we have at 
the origin 

7>v=J>i = 7a = ?i^O, 


and equations (4), when written in full and simplified by omitting zero terms, 
become 


& o 

at m dx 


It+lt + Tt+'S 


+ •*=“ 0 


<«) 

('>) 


dp v 

<5 T 

-!t+ 

§ 2 . 

dx 

0 a 

9 dt 

0 a , 

to 

dq x 

~Si 

+ ¥ 

Sz 

■ 0 a 

+j, s 

i ^a n 

+ f 5“° 

(d) 

0 p, 

3 1 

_ 3?.. | 

31 + 

ha 

<ht 

, 0 a 

= 0 

to 

h* 
3 1 

4 . fy*- 

+ 75® 

% 

0 a 

~ q Tx 

~ 0 

(/) 

& 

OX 

+ ^ + 

?Z 

0 a 

q T y 

= 0 

(9) 


(h) 


(9) 


* The only limitation produced is that the equations obtained Bhould not be differentiated 
to the second order without consideration, since they contain without showing them zero 
quantities of which the differential coefficients are not zero. 
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Equations in terms of R, w, a.—Consider now in place of p and q two vectors 
R and u, also mutually perpendicular, which are defined thus: 

® — (p 8 — ?*)*> (10o) 

and coincides everjrwhere in direction with p ; 

u — q/p, (106) 


and is everjrwhere perpendicular to p and q. 

At the origin R acts along Ox, u along 0 z. The relations (9) may be expressed 
in terms of R and u, but instead of their Cartesian components it will be con¬ 
venient to use as variables the magnitudes of R and u and the infinitesimal 
angles dO w , <IQ„ through which, at a point of space or time near the origin, 
their directions have rotated from the fixed axes Ox, 0 y, O z. 

To do this we substitute in (9) the values 


P = 

q = 


R , . dR 

, dp x — dp — 


R udu 


Ru 


(1 - M 8 ) 1 (1 — M 8 ) 3 ' 8 


(l-« 8 )* 
obtained from (10) and 


i _ , _ w dR * h du 

3u> dq y = dq — - - -rsa + 


(1 — M 8 )* (l — M 8 ) 1 


JJ JJ 

dp v = pd% v = ^ _ w 2^i dQx V * dp z = p iO w — ^ 

dq x = qdOyx = - (T ~ 3 j r dO,„, dq, « qdB v , - d0„ 


> ( 11 ) 


which follow by simple geometry from a consideration of the rotation in the 
planes of xy, yz, zx of the perpendicular lines representing p and q. 

The result of the substitution is to give, after some algebraical reduction, 
the following set of eight equations* which are completely equivalent to the 
fundamental electromagnetic equations (1). 


* Although the sets (12) and (9) are equivalent, the single equations do not correspond 
exactly to each other. Two equations of (9) have been combined algebraically in some 
eases with the objeot of giving a more symmetrical form to the set. 
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i®+-!?)+rh®+«£)+fc- 


1/SR , 3R 

BUT + "IB 


-■ l + r ^>^ + “^)= 0 


0a , 1 9« , u 8Q„, , 

dx 1 — u 2 dy 1 — it* \ 02 


■, ( 12 ) 


3a_ 1 0M _ 

dy 1 — w® dx 

®+•!)-( 

<lr + “i) - (- 




/0x , 0a\ /86 ct , 88^ 06^ A ... 

< 0 r + u £Mif 4 =0 (A) J 

Transformation equations of new field variables .—Light is thrown on the mean¬ 
ing of (12) by examining the transformation equations of the variables in it. 
These may be readily determined from the transformation equations for e and h, 
and the equations which define the variables in terms of e and h. For the 
present purpose it is only necessary to consider the transformation due to a 
velocity of the observer along the special axis 0 z. The effect of transformations 
along other axes is considered at a later stage (p. 44). We have if ej, h x \ etc., 
represent the component electric and magnetic forces as observed in a co¬ 
ordinate system S', (x'y'z't'), which moves along the axis of z with velocity v 
relative to the system S, (xyzt), 

/ _ e x — vh v , , _ A x + ve, 1 
* (1 -«*)*’ * (!-«»)* 


* > _ e, 4- oA. 

* (1 - «»)* ’ 


K — ve. 


* (1-v 2 )*’ v (l-t>»)* 

e,' = e„ V - K ] 

We find at once from (2) that p and q transform in the same way as do s and h, 
and that R ( = (p* — q a ) 1 ) is invariant, as is also a by (6). The transformation 
of «is given by 

3» — 

- ftl- ft / P« _I _ 

V* (1 - «*)*/ (1 - i_2r„ 1 — uv * 


(14o) 
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Similarly 


dQJ 

_ d P* 

ii 

i 

ii 


(145) 


P* 

p * (i-.fc) 

1 — uv 




\ pJ 



u'dQJ 




(14c) 


P* 

1 — uv 



dQJ 


+ t)l 

'»(*-*) 


*• 

p: 

(I-*")* / 

(1 - t>*)^ 



i+.f* 

-— 

1 ~ V^- 

P* 

but since p and q are perpendicular we have here 

hs. = _ 2 * = _ «, 

Px 

so that 

d%; = de xv . (i4i) 

In order to transform (12) from S to S' we substitute in it the following values 
for the undashed variables, obtained by solving (14): 


1 + u'v ’ 

de,= 

1 4- u v 


du = 


l~v* 
(1 + u'v)* 


du'. 


u 




“ 1 d9 "’ 


(15) 


and also the values of the differential operators, obtained at once from the 
Lorentz transformation, 


a i /a _ a\ 

a e (i — her 

a. i /a ay 

3< (i—«*)*w a*'/* 


(16) 


all other variables and operators are invariant. 

On making these substitutions each equation of (12) is found to be invariant 
in form. This indeed is only to be expected as the equations are derived from 
the fundamental ones (1) which are also invariant in form. There is, however, 
this difference between (12) and (l), that, whereas no simple physical ideas can 
be attached to the transformation equations of e and h, those for the variables 
in (12) have in every oase a straightforward geometrical meaning. Thus when 
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the phenomena are expressed in a co-ordinate system S' which is moving 
relatively to S with a velocity v in the direction Oz, the vector u transforms 
precisely as would a velocity parallel to Oz; d0 tt precisely in the way in which 
a small angle in the plane of zx, which in S is moving with the velocity u 9 
transforms ; d0®* is invariant, as a small angle in the plane xy moving along Oz 
with velocity u (or with any velocity) would be ; wdO^ transforms in the same 
way as a small component velocity along 0 y, present in a body moving with the 
velocity u along Oz, would transform. Every other variable in (12) (except 
z and t) is invariant. Now these transformations are exactly those which 
would apply to a vector the curved “ lines of force ” of which at the origin 
lie in the direction Ox, and which in the sysfcom S are moving everywhere in a 
direction perpendicular to their lengths with velocity u. 

The equations thus load directly to a view of the field as constituted of moving 
lines of the vector R, a conception which, contained as it is in the fundamental 
equations, is by no means suggested by them in their usual form. A little 
consideration shows that this conception of the field is not merely a possible 
one, but is one which must necessarily be adopted when the variables are 
expressed in terms of R, u , etc. Their transformation equations are the only 
means we have of determining the meaning of the variables. If u and udQ yl 
transform like velocities, they must be velocities, just as dO^ and dQ^ are the 
angles which their transformation equations show them to be. It is unnecessary 
to give a proof that the transformation equations (14) have the meanings 
described except in the case of d0 ZXi for the corresponding formula are given 
in numerous text-books. The proof for dO*, is as follows : 

Let a pair of lines, one being the line Ox, form an angle dQ«° when viewed by 
A°, an observer at rest in relation to them. To an observer A moving with 
velocity — u along Oz relatively to A° the angle will appear as a moving angle 
of magnitude 

d% x = d0 M ° (1 - u 2 )*, 

in consequence of the Lorentz contraction. Let A' move relatively to A with 

velocity 4* v along Oz, and therefore relatively to A° with velocity V U . 

1 — uv 

He will observe the angle as 

I —uv 

Eliminating d0 a ° between these equations we obtain (14b). 
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Since d$ m and liave the transformation equations of angles it might 
perhaps be expected that would transform like an angle also, but it does 
not. The reason is really pointed out by the equations themselves, for in the 
picture of the field derived from them, there is not in the y direction a moving 
physical line as there is along Ox . Consider two neighbouring points of the 
field which differ by d0 w . One is a point of a line of R moving with velocity u 
along Oz, the other a point of another R line moving with velocity u + du along 
a line making an angle with Oz whose component in the plane of yz is rf0 Vi . 
All that an observer can appreciate concerning these points is their velocities, 
and the y component of their velocity of separation du v ~ — udB^ must behave 
on transformation like a transverse velocity, as the equation derived for it 
shows that it does. 

An alternative interpretation, - There is Another transformation, quite different 
from that of Lorentz, to which the sot of equations (12) is invariant. If we 
substitute in it throughout y for x, x for y, L/w for u, — da for da, the component 
equations are transformed in such a way that the set as a whole is reproduced 
unaltered. This shows that an alternative picture of the field is possible, in 
which a vector R is directed along O y and is in motion with the velocity 1/a 
(or more generally <?ju) in tlxe direction Oz, To every property of the moving 
linos which can be proved for the first picture a corresponding property is equally 
true of the second. We shall not here, however, consider this alternative 
picture further, beyond observing that it represents a different method of section 
into space and time of the four dimensional entity which must be regarded as 
the fundamental reality of the field. 

Electromagnetic Field Tubes and Elements .—The properties of the field may 
be expressed in terms of tubes of It constructed in the same way as are Faraday 
tubes; small elements of these cut off by transverse sections everywhere 
perpendicular to R will be called “ field elements.” Let OG, fig, 1, be such an 
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Fig. 2. 
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element, infinitesimal in size and approximately rectangular in shape. OA is 
a curved line of force of R of length passing through the origin; 00 a line 
of length z x at each point coinciding in direction with u, OB one of length y x 
at each point perpendicular to R and u. The remaining edges are drawn in a 
similar way, parallel to R, u and [uR] respectively at each point of the field 
through which they pass.* 

A number of geometrical relations may readily be deduced between the 
variations in the lengths of the sides of a field element and those of the angles <28. 
Thus in the face OF, fig. 2, drawing CH, AK parallel to OA, OC, we have 


ZHCF — *1^“ > HF==;ri a* : 
whence 

30« _ 1 0zi 

3 z z x 3a; * 

Similarly by considering other faces 

39^ __ 1 dy x > 
dy 2/1 dx * 

30 ot _ 1 3g t 
3 z z t 3 y 9 


i. KAF = x\ , 

FK ~ ^ * 

30 m _ 1 3*i 
dx x x dz * 

(17a) 

C3 <<> 

-i t? 

ii 

(176) 

39 w _ l 3^1 

3 y yi 3z' 

(17c) 


Further in equations (12) instead of the time rates of increase of variables 
at a point fixed in space, xise those appropriate to the moving element. If 
3/3 % represents the former for any property of the field, and $/& the local 
time rate of increase of the property in the moving element (both measured in 
the same space-time system of a given observer), we have the ordinary hydro- 
dynamical relation between them 


x _ 3 , a 


(18) 


Field equations in terms of moving elements .—On using (17) and (18), (12) 
may be written 


* An element so described will not in general be closed, due to twist (r/. toe. cit., p. 713), 
bat this will not affect any use here made of it. 
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The primary field properties which characterise the moving element are 
six in number, its R, u , a, 0 X „, 0**, 0,*. The time 
rate of increase of each of these is given by the 
equations of (19) in terms of the original size and 
shape of the element and the space derivatives of its 
R, u , and a.* 

To express the variation of the properties of the 
element itself the rates of alteration of its size and 
shape are also required. These may be deduced as Fig. 3. 

follows:— 

Let OACF, fig. 3, represent the xz face of the element at t = 0, O'A'C'F' the 
displaced face at i = 8 L Drawing AL parallel to 00' we have 00' = uSt, 

CC' - (u + Zi Iji) St, CC 7 - 00' = O'C' - OC = 8*; A'L = ~18<, 

30 

AA' = uSt, Z A'AL = Xi . From these relations, supplemented by similar 
ones for the yz face and by (17 o, c), the following expressions for the rates of 



* Terms like mean that the element is twisted (in this case about the axis of z), 
0 * 

1 Px 

they may be included with terms like — ^ in the word “ shape.” 

x* 01/ 


VOL. OXTV.—A, 
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increase of the three edges of the element x t y l 2 , may be readily 
obtained. 


§£l 

8t 


« 


dxi 

"3a" 


81 


= u 


If 





( 20 ) 


laws 0 / Motion of Field Elements .—By means of (19) and (20) the time rate 
of increase of any property of the moving held element can be determined directly. 
We shall apply them to calculate the rates of increase of the element’s total 
momentum and energy. 

By (6) and (10) we have for the momentum and energy densities 


G = 


R 2 u 

1 -« a> 


and consequently 


w _,R* (!+«*) 

W ~* 

- R*u 
& — l ~ WJfa 


for the momentum of the element and 




R g (1 + «*) 

1 — u* 


Wi 


for its energy. 

The following equations can be deduced from the first four equations of (19), 
on using (20), 


&-*(i 

5 “ Wi) “ - '» 5; (taViwuMe J 


(«) 

(b) 

(c) 


(21) 
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The left hand and central expressions of (21) represent the time ratesof increase 
of the components of the momentum, and that of the energy, of the element. 
It can be shown that the right hand sides stand respectively for the x, y, z 
components of the resultant force, and for the resultant activity, on the moving 
element of a stress system, consisting of a tension — P = — JR* along the 
R direction of the element and an equal pressure -+■ P in all directions 
perpendicular to R, which accompanies the clement in its motion. 

To do thiB, let us express the forces due to this stress on the various faces of 
the element OG (see fig. 1). On the three faces OE, OF, OD, containing the 
origin, the respective forces are — Py x Zi along Ox, + Pz&i along 0 y, + P*iyi 
along 0 z. On the three opposite faces the corresponding forces are 

+ { p yi*i+*i^( p yi*i)]> - |P2 1 * 1 +y 1 ^(Pz 1 * 1 )|, -{p®i2/i+«i|^(P*i3h)}, 

but as a result of the curvature of the lines these act in directions rotated from 
Ox, 0 y, 0 z by the component angles 


?o rv 
a* ’ 


*1 


Bx 


Vi 




S y ’ 


t)0„ 




respectively. The terms of the x, y, z components of the resultant force can 
readily be picked out, giving 


F x = -f xi ~ (Pyizi) — Pzi*i. yi ^ — Px x y x . z x (a) 

F* = — y \gp ( p *i*i) + r«/iZi. Xi ^ — Pxxjri. Zi (b) 

F, == - *1 4 (Pa-iyi) + Pyi«i. Xi — PzjXi. (c) 


( 22 ) 


In consequence of the geometrical relations (17) these are identical with the 
right hand sides of (21a, 6, c) respectively if we write P = JR*. 

The rate at which work is done on the element by the moving stress is obtained 
from the activity of the stress over the two faceB OD and CQ, which are per¬ 
pendicular to the velocity u, for on all the remaining faces the stress itself is 
perpendicular to u. The activity of the stress on the first face is Pas^ti, and 
0 

consequently — z v ^ (Par^u) iB the net rate at which work is done on the element. 

Putting P = JR* this is identical with the right hand side of (21d). 

The stress system 


P„ = JR*n - (Rn) R 


(23) 
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moving with the element ia simpler than the system n„ (6c) in that the principal 
tension and pressures are here all equal, whereas in (6c) II 3 is different from n t 
and n 8 . Maxwell’s stress system IT, expresses the flow of momentum in the 
field past an arbitrarily fixed plane, but it does not, and cannot, account for the 
flow of energy past such a plane, the reason being that the stress is formulated 
as fixed in space, and it is therefore dynamically incapable of doing work. 
C unnin g ham * was the first to point out that in the electromagnetic field a 
moving stress is required to account simultaneously for both momentum and 
energy changes, and he has determined the necessary velocity of its motion. 
The conception of moving elements derived here is in general agreement with 
his results. 

The four equations of (21), which express the facts that the rates of increase 
of the momentum and the energy of each element are equal respectively to 
the resultant force and to the activity of the moving stress upon it, and which 
may be written symbolically 


S-J'**' 


(24) 


(where S is the surface of the element and u the velocity at each point of it) 
are derived from and are equivalent to the first four of the equations (12). We 
may say that one half of the fundamental equations of the electromagnetic 
field, when transformed bo as to express the laws of motion of field elements, 
are found to be identical with the fundamental equations of mechanics. 

Flux of R infield tubes .—The conception of field tubes would not have a great 
physical significance unless a property of constant flux can be associated with 
them. The point can, of course, be examined by equations (19) and we find 
at once from (a) that 

1 0 ._ u 88„ 

R~ 1 - u« 8 1 ’ 


(25) 


which shows that the flux of R over the section of the tube is not constant along 
its length. 

It is to be observed, however, that the true criterion of the objective existence 
of a moving entity is not to be sought for, when we take account of the teachings 
of relativity theory, in the properties of the tube as appreciated by a fixed 


* E. Cunningham, 1 Roy. Soc, Proc.,’ A, vol. 83, p. 110. 
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observer. It is on the constancy or otherwise of the “ proper ” flux, or the flux 
as it would be perceived by an observer who is at rest relatively to an element 
of the tube, that any conclusion as to its physical reality must be based. 

Proper relations characterising field elements .—The proper relations which 
characterise an element can be determined by transforming (12) with the velocity 
v — u along the z axis. In consequence of the nature of the transformation 
equations it comes to the same thing if we write in either (12) or (19) u = 0 
(but not of course du — 0) everywhere except in the term u d% n . This term 
represents, as has already been mentioned, a single quantity, the infinitesimal 
transverse velocity — du v , and it must be retained as such in the transformed 
equations. The result of the transformation is to give the following set of 
proper equations. In what follows all proper relations, which hold only in 
the Bpace-time measure of an observer to whom tho element appears to be at 
rest, are marked with a star. 


I 4 - ! _l L : 

R 3.C yi <5x Zi 37* 

JL 4- 2 i _ 

R dy x\ Fy dt 

1 0R , 1 0j-j , c 'll. 


o («) 


We get from (a) 


X UJ.V | x J \ 'Cy 

R dy x\ Fy dt 
1 0R , 1 0J-J , c 'll. 

rFs + 7I *57 + *5T 

J_ SR . S, Si/ s 
R S t ?y ?z 

Sa . Si/-* _ j v 

<2* _ ty, _ dy*! ^ 0 

fiy dx dt 

Sa SO^ , Sffy f 

s _ ‘sr + sr = 0 

3* 38 t> 39„ . 

5T~1?--Sir 


. fyl _ dftg 
dx dt 

30„, . du y 

5T+ 57 


i a 


which shows that the proper flux is constant along the tube. Hence the tubes 
fulfil a requirement for objective reality, which we have seen is more fundamental 
titan would be that of the constancy of the actual flux. To a fixed observer 
who sees the tubes in different parts of the field moving with various velocities 
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in different directions, the want of constancy of the directly observed flux is 
what should be expected, since the moving sections of the real four dimensional 
entities undergo the Lorentz contraction, while R itself remains invariant. 

General conditions for permanent existence of moving tubes .—When a field of 
force in general is representable by a system of moving tubes, certain conditions 
must be satisfied if each tube is to retain a permanent existence as an individual 
during its movement. These conditions, three in number, are now discussed in 
reference to electromagnetic tubes. 

(1) The flux must remain constant with the time. This is satisfied for electro* 
magnetic tubes as regards the proper flux for we have by (26(2), since here 

du„ _ J_ djfa rUf 1_ dz x 
dy Ui ’ ?z «, ~ct ’ 


1 

Ry t zi cl 


(Ry l z l ) =• 0. 


(28*) 


It must be observed, howevor, that the condition is not satisfied for the flux of R 
in the space-time system of a fixed observer. From (19c, d) and (20) we find 
in fact 


1 H 


RyiZi M 


£(% l2l ) = - 


u 6 U 

1--«*& ' 


(29) 


Nevertheless, a vector may be constructed the flux of which does remain constant 
during the motion to a fixed observer, for (29) can be re-written in the form 


(1 - ti 8 )» 8 f R 
RyiZx ((1 — u'-) 1 


yi«i 



(30) 


which shows that the flux of the vector —-—r over the cross section of the tube 

(1-M*)« 

does not change with the time. Because of the constancy of its flux this vector 
would be appreciated more directly than R itself by a fixed observer. 

(2 and 3) The nature of the further conditions will be evident from fig. 4 
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which represents the as face of a short length of a tube OF and the Bame tube 
O'F' after the lapse of a short time St. Drawing O'E parallel to OA, we have 


AK = 00' « «Sf, AA' = (u + x,|£) 8t, jl KO'A' » ^ St, 


whence 


Wa 

St 


(hi 

dx’ 


Similarly for the rate of bending in the xy plane we get 


SO# 

St 


Sn u dO ty 

— — mV 1 . 

CT, CX 


(31a) 


(31ft) 


It is only when these equations are satisfied that the points of each It line which 
bounds a tube will move to corresponding |>oints of a displaced lino, i.e., that 
the tube will move without breaking up and losing its identity. Translated 
into Cartesian notation the three conditions (29) become identical with the 
three components (1) in the direction of R, (2 and 3) perpendicular to it, of the 
vector equation 

^ — curl [uR]. (32) 


Reference to equations (19) shows that the conditions (31) are not satisfied 
except in special cases. If the derivatives of a aro everywhere zero, a condition 
which includes the important case of all fields in which the electric and magnetic 
forces are perpendicular to each other, the conditions (31) are satisfied by 
(19/, g, h) and the electromagnetic tubes will keep their identity as they move. 
In this case R — e (1 — u 2 ) ! and the electromagnetic tube becomes identical 
with a moving Faraday tube, having for a fixed observer a constant flux of e 
(</. (30)). The whole of the equations (19), and the results deduced from them, 
in this case (a = 0) become directly applicable as a theory of moving ordinary 
Faraday tubes. However, when e and h are not perpendicular, a and its 
derivatives are not zero; the equations (31) are then not satisfied and we must 
infer that a theory of moving permanent tubes, whether simple Faraday tubes, 
or the more general electromagnetic tubes, is not possible in the general fields 
Rotations of field elements. —Nevertheless, a theory of moving field elements, 
short lengths of tubes of R such aB have been described, is not only possible 
but may be readily developed from the equations. The second half (e...h) 
of equations (19) contains a description of the way in which the electromagnetic 
tubes (including the Faraday tubes to which they reduce when a = 0) break 
up when they do not possess permanence. The physical ideas involved can 
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be seen best by considering the simpler proper equations (26) instead of the 
more general ones (19). The latter represent the same things but the expressions 
for relative rotations of moving elements are more complicated when stated 
in the space-time system of a fixed observer. 

(26/) may be written 

tx + F y - a***'- () 

Her© dQ^/dt denotes the proper angular velocity Q, with which the x or tensional 
axis of an element is rotating in the plane zx. According to the equation it is 
composed of two parts. The first, — dujdx, is produced by the motion of the 
tube of which the element forms a part: if this existed alone the tube would 
maintain continuity of existence (cf, 31a). But there is a second part, 
r)a/3y = <i)y, of the total angular velocity Cl v , which makes the stress axis 
rotate faster (or slower, according to sign) than it would do were the motion 
of the whole tube the only cause of rotation. 



Fig. 0. 


The effect of both terms is shown in fig. 5 which represents in the xz plane 
several contiguous elements a i9 a*, b v etc., all having the same proper flux 
and the positions of each a short time later. In the initial position R-tubes 
such as a x ... a 4 , b x ... 6 * of constant proper flux can be formed from adjacent 
elements, and the mqtion is such that at a time 8 f later the line OA of the tube 

< 4 ... <*4 has been displaced to O' A'. The angle KO'A' is thus 8t. The actual 


rotation of the axes of the elements & is, however, not KO'A' but KO'A", 

of 

da 

where A'O'A" - — and the only tubeB of constant proper flux which 
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«an be formed now lie along the line O'A". Elements constructed in the new 
field must lie along this line, and the only way in which we can get a physical 
picture of this change, i.e., one in which there is continuity in time of something 
objective in the field, is by viewing the elements themselves as rotating into 
the new positions along Q'A". We may then say the old tube a t ... a* is broken 
up and the elements align themselves along their tensional axes into a new 
tube o a 62 c 3 d A which is again immediately broken up by the motions. Thus 
while the instantaneous tubes have no continuity of existence, being continually 
formed from different elements, the elements themselves, each characterised 
by its proper flux of R constant with the time, may be supposed to keep their 
identities permanently in the field. Each element is in a state of independent 
rotation relatively to the tube of which it forms instantaneously a part. 
3a/3y is its proper angular velocity about the y axis relative to the tube and 
similarly by (26g) 3a/3z = <o, is that about the z axis. 

There is also in general a rotation of each element about Ox, the axis of its 
instantaneous tube, for by (26e) we have 

i>n du, 3® /$\ 

2ilx ~ 1 ^~Tz =s - 5 - () 

This formula is different from the two previous ones, since in orthogonal fields 
(x — 0 ) £ 1 , is zero, and a tube has no rotation about its own axis due to its 

3a 

velocity w. Accordingly in the general case — g- measures twice the absolute 

proper angular velocity of an element about the tube axis, a velocity relative 
to the tube not coming here into consideration. 

The last equation of (26) completes the scheme for a by giving its proper 

30 

+ which is twice the space 

rate of twist of a tube or element about its x axis. 

The scalar product of e and h in the electromagnetic field has not hitherto 
been recognised to have any special mechanical significance, but these con¬ 
siderations show that there is a certain mechanical interpretation for it. a is 
a measure of (eh), and the gradient of a at each point determines a certain 
intrinsic angular velocity of rotation of the stress axes which in non-orthogonal 
fields is present superposed on the rotation produced by the motion of the 
tubes. 

The proper equations developed above are identical with those whioh have 


00 

time rate of increase as being equal to 
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beendeduced in a previous paperf dealing with the properties of four dimensional 
electromagnetic tabes, except for the fact that there the equations were expressed 
in terms of imaginary time. The results of this paper are thus the interpretation 
in space and time of the properties of electromagnetic tubes which were there 
derived in four dimensional form. As time elapses, i.e., as the observer’s 
hyperplane moves through the four dimensional field in the direction of his 
time axis, the section which it makes of the four dimensional entity is such 
that it can be divided into moving elements x l y 1 z i which have the properties 
described above. 

An element of action in the field .—The conception of the field elements in 
states of individual rotation, whereby old tubes or R are broken up and new 
ones continually formed, may be used to determine a characteristic time 
which can be associated with each element. This is most naturally taken to 
be the time between the corresponding points of two successive breaks, c.g., the 
time elapsing between the two states shown in fig. 5. 

The action of an element reckoned over this characteristic time will then pro¬ 
vide a naturally determined infinitesimal element of action in the four dimensional 
field, the magnitude of which we proceed to determine. Tn the special axes 
on which the proper equations (26) are expressed, the y and z axes are not 
fixed, other than being confined to lie in the given plane yz. We can con¬ 
sequently choose them so as to make the rotation w which tends to break up 
the tubes be wholly in the plane zx. With this choice oj 2 — ?a/3z = 0, and 3« j?y 
is the whole angular velocity <o of the element relative to the tube of which 
it forms a part. 

If the field elements are drawn as in fig. 5, even when Xfl&i are 
infinitesimal, the consideration of the intermediate stages between corres¬ 
ponding points of successive breaks presents obvious difficulties, since the only 
successive tubes which can be formed are separated by finite angles. For the 
same reason, moreover, elements of this shape cannot represent on the microscopic 
scale the changes in the field given by Maxwell’s laws. If Maxwell’s laws 
are to apply microscopically, the successive B-tubes must be capable of 
being drawn at infinitesimal angles with their predecessors. To accomplish 
this we must construct the elements of such shapes that z 1 is infinitesimal 
compared with x v When this is the case we can determine t x by writing 

«<i - (*) 

x i 

t ‘ Phil. Mag.,’ vol. 44, p. 705 (1922). 
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From this we get the following relation between the yz and xt faces of the space 
time element : 

- *« - * | - v. <•»*> 

where Aia is the change in a which occurs in passing from one element to a 
corresponding part of the next in the y direction, this being now defined as the 
line in the yz plane along which « has the maximum gradient. We may also 
suppose that an element is characterised by the magnitude of its proper 
flux, and write 

= AF. (34*) 

In the ordinary theory, as there is nothing supposed to be moving, there is no 
definite indication of what ought to be taken as the action density of an electro¬ 
magnetic field ; it is usually taken, somewhat arbitrarily, as 

| (e 2 — A 2 ) = JR 2 cos 2a. 

We shall here, howover, take it as JR 2 , since this may be proved to represent 
the density of the Lagrangian function of a field element in motion. In the 
case under consideration where the element is viewed at rest, this gives 
for the action A of the element its proper energy considered for the 

proper interval t x which elapses between its alignment with its neighbours 
into two successive tubes. We then get for it the expression 

A = \R%yiZih = • (36) 

The magnitude of this infinitesimal element of action iB fixed when AF and A t a 
are assumed given; it is invariant to the Lorentz transformation with the 
velocity in any direction. It should be observed, however, that the element 
x \yi z ih does not stand for a uniquely defined region of space-time. While y x 
and z x are fixed in magnitude and direction by A 1 a and AF, this is not the case 
with x x and t x individually. By (33) only the element of surface x x t x and tho 
plane in which it lies are fixed. This point is of importance in the next section. 

Differences between field dements and ordinary matter. “ Longitudinal ” 
Transformation .—The properties of tho field elements which have been found 
above are to a large extent those by which we distinguish objective existence. 
A field element, unlike the tube from which it is constructed, possesses a per¬ 
manent identity, that is to say, if we construct at any point an element in a 
known electromagnetic field, we know its velocity and direction of motion and 
also its angular velocity at each instant, so that we can, theoretically, trace its 
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position, size, and shape as an individual entity characterised by a constant 
flux throughout the whole history of the field. Moreover the looal values oi 
e and h are fixed by the dimensions and motion of the element, and the altera¬ 
tions in these can be pictured as caused by the action according to the laws of 
mechanics of the mutual stresses of adjacent elements on each other. This 
brings us near to the possibility of constructing an atomic theory of the electro¬ 
magnetic field, but one must guard against attributing to an element more 
of the properties of ordinary matter than it possesses. There is an important 
respect in which its properties differ from those of ordinary matter, in that it 
has been regarded as capable of moving only in a direction at right angles to 
its length. An element of ordinary matter must necessarily be considered 
capable of moving in any direction, since its motion in any direction can always 
be produced by giving a velocity in the opposite direction to the observer. On 
the other hand, in a theory of moving lines, such as that to which in the first 
place the transformed electromagnetic equations led, no conception other than 
that of perpendicular motion is feasible, for unless we can identify the points 
on a line, motion along its length has no meaning. The equations, however, 
lead finally to the consideration of field elements which do, so to speak, identify 
the points on a line, and it is necessary to consider whether the motion of a 
field element along an electromagnetic tube is a possible conception and if so 
what it means. 

The question can be examined by transforming the equations (12) or (26) to 
a co-ordinate system having an arbitrary velocity v in the x direction. The equa¬ 
tions of transformation are readily obtained in the same way as equation (14) 
for transformation with velocity in the z direction. They are very complicated 
expect’when u — 0, in which cubo they reduce to the following simple forms 


d 0 „ — 
du, = 

a _ 

dx 


d6j,' — vdu,’ 

(l-®*)* ’ 
ifo/ — v dftj 


dB„ = 


-, dll.. = 

(l-v 2 )* ’ v 

i / a _ a\ 

(i -v*)‘w v SFr 


<Z0, W ' — vdu.’ 
(1 — v 2 )* 

duj — v dQ„' 
(1 - v*)» 1 


a i 
ar a-® 8 )* 




r 


(36) 


These transformations must only be applied to the proper equations (26). 
The undashed quantities are the field variables of (26), the dashed ones the 
corresponding variables for an observer A' moving with a velocity v along X 
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relative to A°, the observer of the undashed system. Now if we express (26) 
in terms of the dashed variables by substituting in it the values (36), the result 
» to leave it entirely unchanged in form. Consequently, the possibility of 
constructing a field element which may be viewed either as being at 

rest or moving only in the direction perpendicular to its length is a matter 
entirely independent of any velocity along the tube which may be assigned to A'. 

A' may of course consider the old element x^y^ v which to him will appear 
in motion along the tube, and express the properties of the field in terms of this. 
This would necessitate the postulation of a flux of energy and momentum 
along the tube, carried by the moving element. It iB well known that on the 
Poynting flux of energy in the field we can superpose a flux of arbitrary magni¬ 
tude in a closed circuit, accompanied by a corresponding momentum, without 
destroying the validity of the electromagnetic relations. The energy and 
momentum carried by the longitudinally moving element would form a flux 
of this character. There is no logical inconsistency in this, but there is also no 
necessity for it. A new element, x^y^z^ constructed so as to have the simpler 
property of being at rest or in motion only transversely, and in agreement with 
the ordinary expressions for the flux of energy and momentum, is the one on 
which A' would naturally focus his attention. 

It is to be observed that the new element x{y{z{ with its corresponding 
time does not map out, as a portion of matter would, identically the same 
region of space-time as the old element x$fa with its The space-time 
elements x^zfa and x{y{z^l{ nevertheless differ from each other only in 
that the equal rectangular faces x^ and x^ty are constructed with their sides x t 
and as/ drawn in different directions in the same fixed xt plane. This arbitrari¬ 
ness of the xt face in the construction of an element of action is one to which 
reference has already been made. It is precisely of the same type as a similar 
arbitrariness in the yz face, but in consequence of the hyperbolic geometry 
of the xt plane it shows itself in this physically different way. 

An interesting result of this analysis is that properties of field elements have 
been deduced which from a physical point of view it is difficult to reconcile 
with the idea of elements of infinitesimal size. Can we imagine really infinitesimal 
physical elements, in states of independent (although co-ordinated) rotation 
with respect to each other, and separated from each other by surfaces of slip 
as indicated crudely in fig. 5, unless they are finite in size ? It is true that 
similar cases present themselves in hydrodynamics, where i nfinit esimal elements 
of matter in rotation are assumed in dealing with the vortical motion of liquids, 
but here this neglect of the real molecular constitution of the medium is only 
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made as a mathematical convenience. It must be admitted, however, that 
from a purely mathematical point of view the difficulty raised need not exist. 
A field element is essentially a constructed quantity, mapped out along the 
natural lines of the electromagnetic field in the same way as a Faraday tube 
element (of which it is the generalisation) is mapped out in an electrostatic 
field. In consequence of the rotation of the Btress axes, constructed elements 
in the field successive in time lie at small angles with respect to their predecessors. 
Mathematically there is no necessity to assert that there is any continuity 
between them, i.e., that they are their predecessors turned round through a 
small angle. There is, however, some justification for the more physical 
point of view which would regard an element itself as being in rotation, because 
it possesses in the constancy of its proper flux the chief, if not the only, property 
by which an entity in the field can be distinguished. 

Without attempting here to discuss further the question of the actual finite* 
ness or otherwise of an element, it is nevertheless interesting to observe that 
the assumption that in an electromagnetic field finite and discrete field elements 
actually do exist would not be inconsistent in any way with the truth of Max¬ 
well’s equations as macroscopic equations of the field. A collocation of finite 
elements, endowed with the property of permanence, and subject to the stress 
and laws of motion which have been deduced for them, could by a reversal 
of the argument be shown to give rise exactly to Maxwell’s equations for the 
average field over regions containing a sufficient number of elements, although 
inside the elements only a limited form of the general equations would be valid. 
It is further a point of interest to note that, sinoe field elements are the space 
sections of four-dimensional elements of action, such a theory would formulate 
the general electromagnetic field in space-time as being constituted of finite 
elements of action. 
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Stark Patterns Observed in Helium. 

By J. Stuart Foster, B.Sc., Ph.D., Assistant Professor of Physics, McGill 

University. 

(Communioated by A. S. Eve, F.R.S.—Received November 1,1926.) 

[Plates 6-8.] 

This paper* is mainly a report of further observations on the Stark-effect 
in helium made with a view to establishing various definite Stark patterns 
for the series lines. It thus appears as an extension to an earlier paperf in 
which it was pointed out that a plan for Stark patterns is contained implicitly 
in the Bohr perturbation theory of the Stark-effect as developed by KramersJ 
to predict connections between the hydrogen fine structure and the components 
observed in high fields. This plan, which on the perturbation theory might 
be expected to make its appearance in helium,§ receives somewhat detailed 
support from the present data, and will be outlined in later paragraphs. It 
should be stated now, however, that while the detailed analyses here given 
may be regarded as an extension to the observations by Starkf) and Nyquist.^f 
they offer definite reasons for a rather extensive revision of the complex 
analyses reported by Takamine and Kokubu.** 

Soon after his discovery of this effect Starkff suggested that it might be found 
to be of the same nature for the various members of a single spectral series. 
He noted, in particular, that on the early plates certain principal and sharp 
series lines of helium were merely displaced without being split by the applied 
electric field. In the following paper Stark and KirschbaumJJ gave the 
results of a more complete examination of the Stark-effect for the series lines 
of orthohelium, parhelium, lithium, and the doublets of calcium. With the 

* A brief report of part of the present research was given in ' Nature,’ vol. 116, p. 135 
(1925). 

f Foster, 4 Phys. Rev.,’ vol. 23, p. 687 (1824). 

t 4 Z. f. Physik,’ vol. 3. p. 199 (1920). 

| For a general discussion of the Stark-effect in helium see N. Bohr, 4 The Quantum 
Theory of Line Spectra,’ Part III, p. 108 (1922). 

|| 4 Elektrische Spektralanalyse chemisoher Atome,’ Leipzig, 1914. 

H 4 Phys. Rev.,’ vol. 10, p. 226 (1917). 

** 4 Mem. CoU. ScL, Kyoto,’ vol. 3, p. 275 (1919). 

tt * Ann. d. Physik,' vol. 43, p. 965 (1914). 

tt ‘Ann. d. Physik,’ vol. 43, p. 1017 (1914). 
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single exception oi the parhelium line X 3614, which appeared to be double, 
they found all principal and sharp series lines simply displaced. The two 
components of each calcium doublet were shifted in the same direction, and 
by nearly the same amounts. 

The above results for helium in the visible region were confirmed by Nyquist, 
who used very high dispersion and in some cases higher fields. As regards 
the analysis of the line X 3614, it is highly probable that the additional “ com¬ 
ponent ” was in reality the new combination line 2P-5G, Plato 7 (H). Evidence 
for such a conclusion was supplied by the writer in the above-mentioned paper. 
Simple displacements of principal and sharp series lines were also observed by 
Takamine* during his examination of the Stark-eifect in the spectra of many 
metals. 

It is thus the observed general rule that in electric fields all single lines of the 
above mentioned series have but one parallel component and one perpendicular 
component; commonly the former has the greater displacement. So far as 
the writer is aware, there is no conclusive evidence of an exception to this rule. 

Starkf and his pupils); have presented an attractive view of the effects in 
the diffuse and “ diffuse principal ” series of both parhelium and orthohelium, 
according to which the number of Stark components increases by unity as 
we pass from one member to the next in each series. This view does not agree, 
however, with the earlier observations by Brunettif and Nyquist, both of whom 
adopted the Lo Surdo method for the examination of Stark-effects. The former 
found the components in the diffuse series more numerous than those accepted 
by Stark; the latter first showed quite clearly, with published photographs, 
that new and entirely separate lines were included in the groups which previously 
had been regarded as components of the diffuse series alone. Moreover, as 
suggested by Bohr|| and the writer,^ the " diffuse principal ” series of 
Stark must be regarded as series of line groups of the type 2S-mQ (2s-mq 
in orthohelium). Evidently we must abandon Stark’s view, and look a little 
more closely into these groups to determine the nature of the splitting of the 
various lines which have a single frequency in very low or zero field. 

By means of a suitably modified Lo Surdo source, the Stark analysis of the 

* ‘ Aetrophys. Joum.,’ vol. 60, p. 23 (1919). 

t ' Ann. d. Phyrik,’ vol. 66, p. 677 (1918). 

t Liebert,' Ann. d. Physik,’ vol. 66, p. 586 (1618). 

$ ‘ Aecad. Lincei,’ vol. 24, pp. 719-723 (1916). 

|| Lao. cU. 

IT eft. The paper contains an example of a method by which a combination line 
may sometimes be identified even in cases where it appears only in high fields. 
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helium line groups has been somewhat extended in the present research. The 
new data are in harmony with a definite scheme for Stark patterns, which will 
now be described. 

In the definition of the states of the hydrogen atom in low fields Kramem 
employs, in addition to the total and azimuthal quantum numbers, n, »j, 
a third number n a which determines the component of angular momentum 
about an axis parallel to the field. The orbit rotates uniformly about this 
axis. With the consequent restrictions ( 1 ) n S », S « a 2:1 and ( 2 ) An a = 0 , ±1 
(corresponding to parallel and perpendicular components, respectively) the 
character of the splitting of the fine structure lineB is determined. Kramers 
showed that with increasing field the energy remains a single-valued function 
of the quantum numbers, so that the components remain sharp and become 
identified with the Stark-Epstein* components through the relation 
(«j, n 2 , n 3 ) Epstein = [ (n x — n 2 ), (n — » x ), »J Kramers. 

We note that the Stark patterns for the fine structure lines are dependent 
upon the azimuthal quantum in initial and final orbits, that is, are constant 
within a fine structure “ series.” Owing to the restriction Aw a — 0 , ± 1 , 
only four patterns are expected in the Balmer groupsf; viz., 


par, compts. 
perp. compts., 


2 

- in the series 2 a — n k , k = 3, 4,5 .... 

O 

2 

- in the series 2 a — «„ only. 

2t 

I » » 2 a — m 1 and 2 X — n k ,k — 2, 3, 4- 

^ » ,» only. 


As examples of all four patterns have been found in the corresponding series 
of both orthohelium and parhelium during the present investigation, it seems 
probable that this plan may serve as a more general key to the Stark-effect 
than was at first anticipated. Fig. 1 has been prepared, therefore, to indicate 
more clearly the detailed connections in the first three members of the Balmyr 
series. The upper figures represent components produced by light in which 
the electric vector is parallel to the applied electric field; the lower figure? 
represent perpendicular components. The theoretical fine structure triplets 
are shown at zero field. Upon application of a very weak field, many additional 
fine structure lines are expected to appear. With a scale chosen to restrict 

* P. Epstein, * Ann. d. Physik,’ vol. 60, p. 488 (1818). 
f The spin on the eleotron is neglected. 
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The Stark components appear in two groups corresponding to the two fine 
structure groups in which they originate. The dotted lines represent those 
contributed by fine structure lines emitted when the electrons pass to the 
orbit. The full lines indicate the more numerous components connected with 
the fine structure lines produced when the electrons fall into the 2 S orbit. 
Again to save space, the Stark components are assumed to have a perfectly 
symmetrical Stark-Epstein arrangement at a field of about 1400 v. /cm. Straight 
lines are used to show the connections with the fine structure. The actual 
variations of the displacements with increasing fields has not been calculated 
for all field strengths. According to Kramers the relation is quadratic in 
very low fields. 

The Stark components are labelled with the initial azimuthal quantum 
number associated with the fine structure line in whioh they originate. This 
emphasises connections not everywhere evident in the diagram, and enables 
one to recognise the above-mentioned patterns, which are contributed by the 
various series within the fine stnjgture. 
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It will be noticed that in many cases two perpendicular components from 
different fine structure lines take nearly identical positions at moderate fields, 
and thus form a single component in the Stark-Epstein group pattern. To 
make clear the theoretical connections, these are labelled with two appropriate 
numbers. Such connections are, of course, essential to the theoretical recog- 
2 ’ 

nition of the pattern 

<5 

The intensity of each component in high fields, as calculated by Schrodinger* 
on a quantum mechanics basis, is represented in the figure by the length of the 
vertical line immediately under it. Some of these intensities have already been 
checked quantitatively by Chalk and the writer, f It is to be emphasised, 
however, that the central ^-components of and Hj, which experimentally 
as well as theoretically appear to vanish in high fields, are nevertheless essential 
to the complete picture of the Stark-effect in hydrogen. 

Even in hydrogen, experimental gaps still remain in the theoretical patterns 
just mentioned. Several components have not been observed (H„, p, A = ± 8; 
H,s, pi A = ± 14) or are doubtful (H y , p, A = ± 22; Hj, p, A = ± 32, and 
g, A = ± 30). We are here considering the combined researches of Stark 
and many others. In any single investigation the gaps are more serious. 
This fact is mentioned as a warning that complete analyses can scarcely be 
hoped for in other elements, where the displacements and 
separations are less. 

Experimental Arrangements. 

The main features of the Lo Surdo source were mentioned 
very briefly in an earlier paper. The portion which is of 
most interest .is that near the cathode (fig. 2). The 
pyrex glass tube has an internal diameter of 1*3 cm., and 
contains, besides the electrode E and means for adjusting 
the same, a block of lavite A. This material is easily 
worked into the desired shape and is then hardened by 
heat treatment before being placed in position. The seal 
between the glass and the lavite is made as good as possible 
without actually obtaining adhesion through excessive heating. B is a hoJe 
2*5 mm. in diameter; its centre is 1*5 mm. from the axis of the main tube. 
As is well known, the light is rather intense within the Crookes’ dark space of 

* ‘ Ann. d. Physik,’ vol. 80, p. 437 (1026). 

t Foster and Chalk, ‘Nature,’ t^g.118. p. 692(1926). 



Fig. 2. . 


*. 9 . 
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Lo Surdo tubes. A slit 0*5 mm. wide is cut through the lavite wall to allow 
this light to paBS through the side tube and out to the spectrograph. For 
the study of central components it is necessary to use a still narrower slit, 
and thus prevent any glow in the side tube. Normally, however, the glow 
is very useful, as it produces an excellent comparison line at zero field. The 
width of the slit is never greater than 0*75 mm. It passes through 3 mm. of 
lavite, and has a vertical height of 5 mm. At the gas pressures employed, 
this includes a little more than the so-called dark space. The cathode itBelf 
is an aluminium rod 6 mm. in diameter and 4 cm. long. It is clamped in an 
adjustable sleeve C, which rests against the lavite. By means of this arrange¬ 
ment, the cathode surface is drawn back about 0*3 mm. from the lavite imme¬ 
diately above it. The cylindrical surface of the rod is reduced slightly in diameter 
at the top. An annular space about 0*3 mm. wide is thus formed between the 
cathode and the surrounding lavite wall. The electrode may be revolved 
about its vertical axis by means of a ground glass joint, to one portion of 
which is attached a flexible steel wire. At the other end of the wire is a brass 
plug, which fits loosely in the sleeve already mentioned. Between this plug 
and the cathode a coiled spring is compressed. The various parts are held 
together by a pin D, which may move in limiting slots through the sleeve. 
The spring holds the cathode firmly in position. The anode, placed 12 cm. 
from the cathode, is a heavy aluminium disc 4 cm. in diameter. The surfaces 
of both electrodes are initially clean and smooth. 

The tube contains a mixture of pure helium and hydrogen gaseB. The 
discharge is produced by applying 5 to 10 k.v. from a source of direct current 
to be described in a later paragraph. Under these conditions, high fields are 
developed in the Crookes’ dark space. When the cathode surface is placed 
very close to the lavite immediately above it, the field reaches a maximum 
at the cathode. Upon drawing the electrode back to the position indicated 
in the diagram, it is found that the maximum field is developed a fraction of a 
millimeter above the cathode. The latter distribution may also be obtained 
by enlarging slightly the hole in the lavite near the cathode surface with the 
cone-shaped end of a somewhat larger drill. In these cases, the effective removal 
of the surrounding lavite wall, with consequent decrease in density of charges, 
is probably the principal factor determining the distribution of the field. We 
shall not discuss this very complex phenomenon further; but simply state 
that the distribution can be controlled and reproduced. Best Stark analyses 
axe obtained by arranging to have a maximum field slightly above the cathode 
as first observed by Nyquist. 
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This source gives a strong steady light, and has a relatively long life. The 
design is such as to effectively insulate the cathode from the sputtered metal 
which covere the wall of the small hole through the lavite. 

The bombardment of the positive ions produces a small conical hole in the 
exposed cathode surface.. This has a diameter of Q ■ 75 mm., and with a normal 
current (8-10 mil. amp.) reaches a depth of 1 mm. in about three hours. The 
photographs indicate that during this time the equipotential surfaces near 
the cathode are Blightly modified as well as shifted. The disturbance to the 
original potential distribution is less in the smaller tubes. 

The cathode was rotated continuously in preliminary experiments; but this 
procedure was later abandoned. A cathode which fits well enough to prevent 
the discharge from flashing back of the cathode surface (with accompanying 
drop in applied voltage) cannot be turned with certainty by a small electro¬ 
magnet. It is found more practical to turn the electrode by means of a ground 
glass joint when tho need arises, i.e., when the pitting is excessive or the dis¬ 
charge unstable. The position of the cathode is read on a scale attached to 
one member of the glass joint. In the examination of weak lines the cathode 
is turned to a new position after about three hours, and the exposure continued. 
Provided both pits are of normal character, this motion does no harm to the 
analysis. During the first ten hours the source improves with age. 

When necessary the cathode is refinished, and the lavite surface cleaned 
with suitable tools. Each such treatment enlarges the diameter of the effective 
discharge tube, and so leads to the establishment of weaker fields. 

The high potential apparatus is designed to supply 100 mil. amps, at 10,000 
volts. It is a compact portable unit assembled from parts supplied by the 
General Electric Co. Sixty-cycle alternating current passes through a con¬ 
trolling rheostat and the primary of the high potential transformer. The 
centre of the secondary coil is used as a neutral point, and the half-waves are 
rectified by two kenotrons. Tho pulses are reduced by two 2 mf. condensers 
connected in series, and placed in parallel with the tube. Still further reduction 
is effected, and the discharge made more steady, by an inductance of 400 henrys 
and a water resistance in series with the tube. The applied voltage is read on an 
electrostatic voltmeter, and is kept constant by small adjustments of the rheostat. 

The vacuum system needs no detailed description. A large oapacity assists 
in maintaining constant gas pressure during exposures. Various mixtures 
of hydrogen and helium are kept sufficiently pure by constant communication 
with a charcoal bulb immersed in liquid air. The total pressure was 2 mm. 
during most of the experiments. 
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The light from the tube first passes through a Wollaston prism and is then 
focussed on the slit, with suitable magnification, by an F. 6*3 Tessar lens. 
While the total spreading of the components is determined by the maximum 
field and the dispersion, the slope of the lines on the plate depends upon the 
magnification, which in each case is made large enough to permit good resolution. 

A Hilger E1 quartz spectrograph has proved satisfactory for the examination 
of the Stark-effect in the series 2S-mS and 2s-ms of helium. In the case of the 
latter series, the Tessar lens was replaced by a quartz-fluorite achromat supplied 
by Hilger. This investigation has been carried out at McGill University, 
particular attention being paid to polarisations. The remaining photographs 
were taken in a glass spectrograph the dispersion of which varies from 1*5 to 
8 A/mm. They were obtained by the writer while National Research Fellow at 
Yale University, and have been withheld from publication until the opportunity 
arose for the completion of the group of Stark patterns reported below. 

Observed Stark Patter ns . 

In the following analyses of Stark effects for certain typical series lines of 
helium each complex pattern which is in harmony with the present scheme 

contains one or more components first observed by the writer. 

2 

The Pattern -.—This is a most interesting pattern; since its appearance 

O 

in hydrogen necessitates the overlapping of certain ^-components. Great 
difficulties must be overcome to obtain direct experimental evidence of its 
existence there, and this fact lends added interest to its actual appearance in 
helium. 

Measurements in fields up to about 50 kv./cm. have been made for the par- 
helium diffuse series line 2P-4D, X 4922, Plate 7 (J); the orfhohelium com¬ 
bination line 2p|-4/, X 4470, Plate 6 (B); and the s-components of 2^-5/, 
X 4025, Plate 6 (C). These are given in Table I and plotted in figs. 3 and 4. 

Hi the case of X 4922, field strengths are accurately known from the displace¬ 
ments in H/s appearing on the same plate. Most of the remaining new measure¬ 
ments are for lineB unaccompanied by Balmer lines. The field strengths have 
been found indirectly, therefore, from simultaneous photographs of H and He 
lines which appear on other plates obtained with less dispersion and more 
intense light. As a result, the measurements of the relative displacements 
of components is in general more accurate than that of the field strengths. 
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Table I. 

(a) '2P-4D and 2P-iF in electric fields. 


p-components. 

^-components. 


Ay in cm.- 



Ay in om.- 1 . 

Field in 



Field in 



kv./om. 

2P-4D. 

2P-4F. 

kv./om. 

2P-4D. 

2 -4F. 



H 

m 


+ 6*0 

6*6 

- 1*0 

1 

7*6 

— 

k imm 

16*8 

3*5 



-2*1 3*8 

3; 1mm 

228 

7*0 



0*02 8*2,4*8 

! rH 

34*5 

11*5 

12-5 


12*8, 11*5,0*6 

13*0 

44*5 

10*8,15*5 

14*4 

44*8 


15*0 


(6) 2pi -4/ and 2p t -id in electric fields. 



2 />!-*/• 

2p t -4d. 

Field in 
kv./cm. 

s-comp. 

Avmcm.-i 

s-onmp. 


13*5 

+ 11*6 

- 3*0 



10-8, 12-4 

— 3*2 



33*5 

10-8 

9*2. 7*8 



14-4, 17*2, 180 

i) 2, 7*2 



50*0 

22*9, 24*3 

13*3,14*7 



18-0, 22-8. 24-4 

11*6,14*0 

j 



(c) 2 p v a -5/; 8-componetUs only. 


Field in kv./om. 

Ay in om.- 1 measured from d line. 


2 Pi - 5/ only. 

34 

2-28, 4-20 

44 

2-10, 5-38, 0-10 


Doublet separation; 1*00 cm.*' 1 . 


i In order to show the necessary detail, the photographs are enlarged from 
the original plateB. The magnification may be determined from the-contaot 
prints, which are marked with the corresponding small letter. Since it is 
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desired to reproduce the relative intensities of components as faithfully as 
possible,retouching has been avoided during the preparation of the enlargements. 
(In Plate 6 the engraver has slightly enhanced 2S-4P and 2S-5F in low fields.) 
The present photograph of the X 4471 group shows rather marked differences 



Fro. 3. 

between the p and s-components as compared with the earlier analyses reported 
by Nyquist and by Takamine and Kokubu. The analysis is assumed to apply 
to the stronger component (itself a doublet on the Heisenberg* theory); since 
the spectrograph could not resolve the normal components of the diffuse ««««« 
• ‘ Z. f. PhyBik,’ vol. 38, p. 411 (1926). 
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line at zero field. In the latter respect the analysis of the following group in 
the series, viz., X 4026, has been more successful. Here the diffuse “ doublet ” 



Fro. 4. 


if. clearly resolved; but the large magnification used at the slit allowed the 
examination of only the s-components. There are three such components 
arranged like the s-components of 2p-if as regards both relative positions and 
intensities. Moreover, two of the components have weak companions running 
parallel to them. The separations are just equal to that of the diffuse “ doublet,” 
while the relative intensity shows a noticeable variation. Apparently the two 
commonly observed fine structure components trace out almost identical 
patterns, the one being slightly displaced from the other. This constant dis¬ 
placement observed over a range of high fields makes it seem almost certain 
that the stronger component (Heisenberg doublet) remains unresolved in this 
analysis. 

By reference to fig. 1 it is seen that the hydrogen p-components of this pattern 
have small separations, whereas one a-component is rather well spaced from 
the remaining dose pair. The p-components are usually of nearly equal 
intensity. One a-component is strong in each pattern, and one at least is 
relatively weak. All these characteristics are found in the helium patterns 
of this type which have been photographed. 

2 

The pattern -.—This pattern has been found during the present series of 

experiments, for all members of the parhelium combination series 2P-mP 
which appear on the plates. Some uncertainty arises in the case of 2P-7P 
however, since the connections of the s-components are not clear. As already 
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noted, this is the only parhelium series which might be expected to have this 
pattern. 

The chief experimental difficulty lies in the fact that one s-component of 
each line is relatively very weak. The examples, 2P-4P, Plate 6 (E), and 
2 P-5P, Plate 7 (K) (wide slit) are typical. The measurements made on these 
lines and on other members of the series 2P-mP are given in Table II, and 


plotted in fig. 5. 

Table II.—Series 2P-mP. 

(a) m = 4; v cal0 , = 20357 • 96. (In X 4922 group.) 


^-components. 

components. 

Field in kv./om. 


Field in kv./om. 

Av in cm.- 1 . 

14-4 

0-3 

■ns 

0*8 

22-8 

2-0, 2-6 


2-5 

34-4 

40,6-2 


4*5, 6*2 

44-2 

6*5, 9*5 

H 

7-1,9-8 


(6) m = 5* ; v ».|, — 22807*72. (In X 4388 group.) 


7-9 

1-2 


10-6 

2*3 


14-2 

3-9, 5-3 


18-4 

6-4, 9-0 

9*9, 13-2 


23-3 


28-9 

14-4, 18-7 


34-7 

19-3, 24-7 


38-0 

22-5, 28-3 

40 


•65. 


Field in kv./cm. 

*- oom P- 

a-comp. 

A* in cm.-i; P' 00 ** 
s-comp. 

3-2 

1-0 

4-0 

(-) 

(-> 

7-0 

6-5 

13-0 

4-0 

10-0 

15-2 

17-0 

31-0 

15-0 

2iPo 

26*8 

33-0, 39-0 

54-5 


55-0, 41-0 

34*8 


72-5, 63-5 

44-0,50-0 ! 

67-7,52*7 


* Bata taken from an earlier paper, loc . cit. 
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Quite recently I have found a similar analysis for 2p-5p on plates where the 
maximum field is 130 kv./cm. As the separations are still very small, however, 



and the check from other lines not wholly satisfactory, this is not reported As 
a final analysis. 

The Pattern i. —Particular interest is attached to this simple pattern, which 

Stark, Nyquist, Takamine, and others have observed for the members of principal 
and sharp series of many elements. Owing to the isolation of the lines and the 
simplicity of the pattern, any variations therefrom should be most easily 
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detected. Takamine ami Kokubu* have, in fact, reported a splitting of the 
indium lines XX 4438, 4121, and 3965, in a fine analysis. This has the appear¬ 
ance of direct experimental proof that Stark patterns, in helium at least, do 
not remain constant within a single Bpectral series. As these few lines thus 
assume a prominent position in the Stark-effect, they have been re-examined 
by the writer. 

The spectrographt has a dispersion of 1 • 6 A/mm. at X 3965; hence a magni¬ 
fication of 3 was used at the slit during the examination of this line and the 
X 4026 group. This ma gnification permitted the analysis of light of but one 
polarisation. On several plates the e-component of X 3965, Plate 6 (G), is 
unusually sharp, and simply displaced. The new components found for 
2j>j, ,-5/ on these plates indicate that the analysis is probably complete. A 
similar and equally satisfactory analysis of X 4438 is shown in fig. 3. The 
line X 4121 also has single components. Observations on the lines 4438 and 
3965 are recorded in the following table, and plotted in fig. 3. The displacements 
of 4438 are negative, not positive as represented in the figure. 

Table III. 


(o) 2S-AP in electric field ; e-component only. 


Field m kv./crn. 

A? in cm.- 1 . 

34 

5*0 


44 

8-3 



(6) 2P-5S. 


Field in kv./om. 

A? in cm.— 1 , 
p-component. 

Ay in cm.— 4 . 

# -component. 

3*5 

— 0*5 

- 0-2 

8-1 

— 

0-2 

10-0 

0*82 

1*07 

27-3 

2-00 

2*60 

41*1 

5-75 

5-28 

47-4 

7-05 j 

7*43 


These results definitely disagree with those published by Takamine and 
Kokubu. In fact, the disagreement is not limited to the few lines just mentioned, 
* hoc. cit. 

f Foster, ‘ Joum. Op. Soe. Am. and R.B.L,' voL 8, p. 373 (1924). 
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but extends to include the line groups XX 4922,4472,4388,4026, i.e., the greater 
part of that section of the Stark-eflect in helium which was examined by these 

authors. According to them, the patterns ^ and ^ do not exist. More complex 

3 L 

analyses are found for many of the lines. In a comparative study of these 
conflicting analyses, we have to deal with the fact that within a single line 
group (e.g., X 4026) Takamine and Kokubu find for one line (2p-5d) more com¬ 
ponents than the writer, for another (2p-5/) less. The explanation is very 
simple, and lies in the instability which may arise in Lo Surdo tubes containing 
high fields and high current density. Abrupt changes in the field distribution 
sometimes produce spurious components, as represented in Plate 7 (M). Here 
the analysis of the He X 41188 group is in good agreement with Takamine and 
Kokubu - ", yet from 1I Y it is seen to be wrong. Evidently during part of the 
exposure (2 hrs.) the well-known pair of strong p-components on either side of 
the normal H T have remained in a certain position, and later shifted (following 
rather abrupt change of current from 8 ma. to 2 ma., the voltage being kept 
constant for an additional exposure of six hours) in such a way, let us assume, 
that the inside component took approximately the position formerly occupied 
by the outside one, while the latter moved out to form a spurious component. 
This explains the relative intensities in this photograph as well as in the 
drawings by Takamine and Kokubu. It also explains the appearance of 
analyses which are often too complex where strong components exist, while 
for the same reason weak components are lost. Finally, in accord with this 
interpretation of their plates, the spurious p- and ^-components of the sharp 
and principal series lines (as represented in their drawings) have the same 
relative displacements and intensities. 

The Pattern This simplest of all patterns might be expected in the com¬ 
bination series 23-mS and 2s-ms only. Stark has already reported the ortho¬ 
helium lines with single displacements; the present experiments were under¬ 
taken simply to determine the polarisation, not previously mentioned, and to 
see if any perpendicular components could be found. 

The orthohelium lines 2 s-m ; m — 5, 6 , 7, together with the accompanying 
2e-mq groups have been examined by Mr. H. B. Hachey and the writer, and 
will be reported in detail later. The line 2 s- 6 «, X 2850, is shown in Plate 6 (D). 
The light was so directed through the spectrograph that the s-components of 
unpolarised lines were much the stronger, yet no such component of this line 
appeared. The other members of the series presented a similar appearance. 
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In these experiments a field of about 6-10 kv./cm. was needed to give the 2«-ma 
combination lines appreciable intensity. 

Liebert has reported 2S-6S with a single displacement, polarisation not being 

given. 2S-6S is now found with the pattern i, Plate 6 (F). The displace* 

meat toward the red is 20-1 cm.' 1 in a field of 87 kv./cm. This value for the 
field is found by extrapolation from earlier measurements of the D line, accord¬ 
ing to which the displacement is proportional to the field except in very low 
fields. 

As a supplement to the earlier paper, measurements of the s-oomponents 
of the group 2P-6Q, X 4388, are giveh in Table IV, and plotted in fig. 6. The 



Table IV.—X 4388 Group in Electric Field; s-components only. 

Av in cm.— 1 measured from D line in zero field. 


field in kr./om. 

SP-SP. 

2r-5G. 

2P-5F. 

2P-5D. 

3*5 

, 

6*75 

1*9 


- 2*60, 

- 4*00 

81 

26-6 

10-0 

1-06 


- 6*30, 

- 7-86 

16*0 

30-6 

14-8 

1*8 


-10-0, 

-16-0 

27-3 

38*8 

220 

1-8, 

-3-00 

-17*0, 


411 

60*8 

30*6 

1». 

-6*65 

-20-0, 

—87-0 

47-4 

87*6 

36-0 

1-8, 

—8*86 

-ao-s, 

-44*6 
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displacements are conveniently measured from the normal position of the 
diffuse series line. 

Comparative Review of the Stork-effect in Hydrogen and Helium. 

Since the observed Stark patterns of neutral helium have been found to be 
of exactly the same character as those in the theoretical relativistic Stark- 
effect predicted for hydrogen, it is reasonable to assume that the hydrogen 
picture is essentially correct, and need receive only slight unobservable 
modifications due to the spinning electron. On this view, it is found, in 
accord with general theoretical expectations, that all the outstanding 
characteristics of the Stark-efiect are the same for the two elements. First, 
as regards individual lines: - ■ 

(i) Asymmetric displacements. The only symmetric Stark-effect in 
hydrogen is for the first member of the Lyman series, and its symmetry 
is limited to the first order effect. (In hydrogen, as well as in helium, 
the line groups presenting a symmetrical appearance as a whole are in 
reality composed of highly asymmetric individual patterns.) 

(ii) Appearance of “ new ” combination lines in electric field. 

(iii) Change in relative intensity of components with increasing field. 
This phenomenon exists in hydrogen as well as in helium, where it is 
well known. 

(iv) Vanishing p-components. 

(v) Displacements showing non-linear relation with the field in low fields. 

(vi) Second order shift toward red in very high fields.* 

(vii) Constant patterns within a single spectral series. 

(viii) Change in direction of displacements within a series. Examples of 
this phenomenon are found in 2P-mF and 

Since all these characteristics have been directly observed in helium, it is 
evident that, experimentally, the Stark-cffect is in reality much better known 
in helium than in hydrogen. 

Group Similarity. —The individual lines are grouped to form symmetric' 1 
patterns, which are somewhat similar in the spectra being compared. There 
are, of course, no single groups in helium comparable to complete Balmer lines. 
The helium groups due to transitions to the 2S (and 2s) orbit correspond to the 
dotted components in fig. 1, and are far removed toward the ultra-violet region. 

* Takamine, 'Mem. Coll. Sci., Kyoto,' vol. 3, p. 271 (1910); also Foster, ‘ Astrophys. 
Journ.,’ vol. 63, p. 191 (1926). 
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Within each of these groups the relative intensities* are quite similar to the 
asyrametrio gradation in the hydrogen dotted groups, Plate 7, (H); 6, (F); 
fig. 7. 



Fro. 7.—Densities of p-components of 2S-RQ at 35 kv./cm. 


Because of the different types of lines involved, more interesting' complex 
group patterns are possible for the other set of helium lines (2P~mQ) and (2p~mq), 
which appear mainly in the visible region. These we may compare with the 
Stark-effect for hydrogen, keeping in mind that gaps must occur corresponding 
to the absence of the violet lines just mentioned. Moreover, the series lines 
are not arranged in the same order in the three systems owing to the inversion 
of the parhelium mP terms. This, together with the large separations, within 
the groups, of the sharp and orthohelium p-p combination lines, leads to certain 
modifications in the displacements and intensities within the individual 
patterns. Part of these modifications are understood on present theory. 

As early as 1913 Bohr j* showed that a weak external electric field can have but 
small influence on a series lino in cases where the initial orbit is greatly perturbed 
by the inner electrons. The rapid rotation of the orbit then leads to a small 
time mean value of the perturbing potential due to the applied field. Thus 
terms far removed from hydrogen terms are little affected, as may be seen best 
in data recently collected by Stark.J This explains, at least in part, the fact 
that the magnitude of the Stark-effect for any line within a group is largely 
governed by its position relative to its neighbours. Especially in the groups 
of lines due to transitions from levels of low principal quantum number, this 
is rather marked. 

The spacing of the helium components of a single line necessarily shows a 
deviation from that of the hydrogen components, owing to the relatively 
small effect of experimentally high fields on the 2P and 2S levels (2p and 2s 

* The writer wishes to thank Dr. Stetson of Harvard University for the use of a suitable 
photometer, and Drs. J. B. Green and F. Kurrelmeyer for assistance in observing photo¬ 
graphic densities. 

t * Phil. Mag.,’ vol. 27, p. 806 (1918). 

t 1 Ann. d. Physik,’ vol. 78. p. 428 (1926). 
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also). Farther, many helium components vanish when they show, in any 
field, a displacement noticeably less than that expected from the behaviour 
in lower fields. This phenomenon has been observed for p-coraponents in the 
2 P-wiQ (and 2 p-mq) groups only. It leaves permanent gaps in the group 
patterns of the p-components, and makes it impossible ever to observe complete 
individual patterns for all of these lines. Many of them are weak, and they 
aO vanish in fields less than that needed for their resolution. 

Examples of the great similarity which develops between the Stark-efiects 
for hydrogen and helium when » becomes larger are shown in Plate 8 (A, N), 
where the arrow indicates a newly observed component of 2P-6G. This 
similarity is, of course, almost entirely due to the hydrogen-like character of 
the initial orbits. The patterns can never become identical, even for large 
n and large fields, because of the relatively small effects on the final orbit. 
The great similarity as regards relative intensities of s-components is not 
surprising if one observes that Kramers’ estimates of intensities of Stark com¬ 
ponents in hydrogen may be made to agree very much better with experiment 
by total neglect of amplitudes in the final orbits. 

A detailed explanation of the principal experimental facts contained in this 
paper will be published shortly. It is based on quantum mechanics, and agrees 
satisfactorily with the observations at all field strengths. 


Summary. 

1. A modified Lo Surdo discharge tube is described. 

2. Four Stark patterns, each constant within its appropriate spectral series, 
and in harmony with a scheme based on the theory of the relativistic Stark- 
effect, have been found in parhelium and in orthohelium. 

3. The general characteristics of the Stark-effect in hydrogen and in helium 
are reviewed, and found to vary mainly in the range of field strength at which 
the more interesting features appear. The experimental facts are more 
completely known in helium. 

4. Reasons are given for an extensive revision of the Stark-effect in helium, 
as reported by Takamine and Kokubu. 


VOL. 0XIV.—A. 
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DESCRIPTION OP PLATES 6-8. 

Plate 0.— <B) is from the glass spectrograph; six prisms; exposure 30 minutes. The 
line X 4471 is particularly difficult to analyse. The spectrograph having slightly less 
resolving power than is needed to separate the components of the “ doublet/’ each strong 
Stark component is for this reason diffuse on the red side. The diffuse character is possibly 
further enhanced by the unresolved third ^-component. While two p-componente are 
clearly seen on many plates, it has been observed that their separation increases very little 
in the higher fields employed in these experiments. It is nearly the same at 60 kv./cm. 
and 75 kv./cm., (b t ) and (b«). 

(C) taken with six prisms; exposure 40 min*; shows unusual detail in the central 
section of the X 4020 group* 

(D) is from the El quartz spectrograph, exposure 2 hours. Two of the 2a - mg groups 
may be seen in (d). 

(E) The outside ^-component appears to be newly observed; since its low relative 
intensity is quite different from any earlier reported. 

(F) This photograph, from the quartz spectrograph, exposure 2 hours, shows the marked 
symmetry of the 2S - mQ groups which develops in high fields (compare Plate 7 (H)), 
Here the G line is the strongest member of the group in the maximum field of 87 kv./om. 
whereas the corresponding line inthe 2P - 5Q group (see(Jfe)) vanishes at 28kv./cm. (‘ Phys. 
Rev.,* 23, 607, 1024). Throughout the group, the p-components are displaced more than 
the ^-components. 

Plate 7.—(1) is from a plate taken with six prisms, exposure 1 hour. The spur on the 
D line is probably due to a faint ordinary discharge in the side tube. The strong component 
of the D line is double. As the helium lines are much sharper than the hydrogen lines, 
the latter do not act as a check on the present very small separation. Since the double 
line is the strongest component with a large displacement, it may have become double 
through an unsteady discharge. Such an action oould not be detected in this particular 
photograph. The D line is soon to be split at about 3 kv./om., whereas the F line remains 
sharp up to 18 kv./cm. at which field a weak component breaks away rather abruptly. 

(J) This analysis was obtained with six prisms, exposure 1 hour. The two ^-components 
of the diffuse line are difficult to separate, as was the case with X 4471. 

(L) Exposure 8 hours. This photograph Bhows a new combination line, 2P-0F, 
reported in the earlier paper. 

PLATS 8.—The photograph (A) of Ha and the parhelium group X 4144, was taken in the 
glass spectrograph with three prisms, exposure 50 minutes. The maximum field is 38 kv./om. 
The corresponding orthohelium group X 3820 is seen in much higher fields at (N). The 
latter print is from a plate exposed for one hour in the quartz speotrograph. 
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On the Mutual Potential Energy of a Plane Network of Doublet*. 

By J. Topping, M.Sc., Ph.D., Beit Scientific Research Fellow. 

(Communicated by Prof. S. Chapman, F.R.S.— Received November 26,1926.) 

Introduction. 

§1. The object of this note is the determination of the mutual potential 
energy of a distribution of small electric or magnetic doublets lying in a plane 
with their axes perpendicular to the plane; reckoning the potential energy 
from a state of infinite dispersion of the doublets. The doublets are supposed 
to have a definite electrio or magnetic moment, the same for all, whoBe value 
is determined by their constitution and does not depend on their mutual action. 
The problem bears on the energy of a layer of polarised molecules on the surface 
of a fluid, and the question as to the value of the energy, for a given number of 
molecules of given moment per unit area, was put by Dr. E. K. Rideal to Prof. 
S. Chapman, at whose suggestion the writer undertook this investigation. 

In actual surface layers the mode of packing of the molecules is not always 
known, and therefore two special cases are considered, in order to determine 
how the mode of packing influences the energy, the number of doublets per 
unit area being given. It is supposed that the doublets form either a simple 
square network, or an equi-triangular network; and it appears that the mutual 
potential energy differs only by about 2 per cent, in the two cases. It is there¬ 
fore possible to give (§ 4) a fairly definite estimate of the energy, which is likely 
to be approximately true for any probable mode of packing of the molecules. 

§2. The mutual potential energy of two doublets of moments p and p' 
respectively is given by : 

W = ££.'(cos e - 3 cos 6 cos 6'), (1) 

where c is the angle between the axes of the doublets and 6, 6' the angles between 
the line joining the doublets and the axes of the doublets respectively. 

If the two doublets are parallel, and perpendicular to the line joining them. 
* — 0 and 0 = 0' = 90°, so that 

( 2 ) 

Hence the mutual potential energy per doublet of a series of co-planar doublets 
of equal moments p, with their axes all perpendicular to the plane, is given by: 

W = *SpV (8) 

* 2 
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where r is the distance of any doublet from the particular one considered, and 
the summation extends over all the doublets of the plane. 

We shall consider two special cases: viz., when the doublets are situated 
at the net-points of (1) a square network, and (2) an equi-triangular network. 

Case I .—Taking the side of the elementary squares of the lattice to be a, we 
can express the distance r of any doublet from the given doublet (taken as the 
origin) in the form :— 

= + a* (4) 


where l and m are two integral parameters, measured in perpendicular directions 
along adjacent sides of the squares. All the net-points of an infinite network 
will be included by both l and m assuming integral values from — oo to + oo. 

Thus, the mutual potential energy per doublet of an infinite series of doublets, 
each of moment p, arranged at the net-points of a square network of side a, 
with their axes all perpendicular to the plane, is given by : 


W = *. 



V 


i 

|- » n *) 3/2 ’ 


( 6 ) 


the dash in the summation sign indicating that l and m do not assume simul¬ 
taneous zero values. 

Case II .—If a be the length of side of the elementary triangles of the network, 
the distance r of any doublet from any given doublet (taken as origin), can be 
written: 

?* 2 — a 2 (J2 — l m m 2) (6) 


where l and m are integral parameters, measured in directions along two sides 
of the triangles inrlined at 120° to each other. 

Thus the mutual potential energy per doublet of such an infinite equi-triangular 
network of doublets, each of moment p. and with their axes perpendicular to 
the plane, is given by : 



1 

(P -*m + m 2 ) 3/2 ' 


(7) 


where l and m take all negative, zero, and positive integral values excepting 
simultaneous zero values. 

§ 3. The double summations on the right-hand sides of equations (6) and (7) 
ore Zeta-functions of the second order, and they can be evaluated by means 
of some formulas which have been recently given by Lennard- Jones and Ingham.* 


* - Roy. Sue. Proc..* A, vol. 107, p. 636 (1925). 
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In the notation of their paper the generalised Zeta-functions of Epstein are 
defined as follows. Let 

k 

?(«)“? («t..... Mfc) = s d^UK U M (d Kll = d^.), 

l 


be a positive definite quadratic form in the k variables u 1 , 
determinant 


dii ... dt 


u 


... d ki 


— D (>0), 


« t , with the 


and let tjj, ..., ^ and A 1( ..., A* be two series each of k real numbers. Then 
the generalised Zeta-functions associated with the form q and with the 
" characteristics ” ( g) and (A) is defined by: 


Z 


9 1 
hi 


?* (*)« — V gbri (Aj/ t -v 

h k 9 > o 


+wo {q Hi + gi . h+9k)} 


( 6 ) 


Ihe summation extending to all integral values of l v l k , for which 
q -f- <7n .... + 0, and so to all integer values except, in case 

g v ...,9k areintegral, the combination — g v ..., —g k which makes, q = 0. 
Equation (8) may be written in the more compact form: 


k Z 


9 

h 


(s), = 2 

»><i 


lqd+9)V- 


From this definition it follows that: 


(«') 


y'y_i_ 

-» (? + m 8 p 


- 2 Z 




*1 W 




where qi — u* -1- w 2 2 and o B is the number of representations of n as the sum 
of two squares. 

From lemma 1 of Lennard-Jones and Tngham’s paper, taking x = 25 (> 0) 
and * = 5 (an integer 0), we have on effecting some simple reductions: 


2 Z 


so 


« 3.6.7.9.11.13 1 6.7.9.11.13 


„-i« 3 * 2 + 6!' 2 s . 6 5!' 2 s . 125 

_ y 3,5... ( 2v + 1) Q„ (26) , R 
2 l '*v! ‘ o*V+J75 


where 

and 




20 


25V+S75 


( 10 ) 


Qv(25) = S (25 




„ , ,3.5...13 Gs,<26*>) 


5*» 


(16/2), 




(11) 
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hy lemma 4, in which the function G iB such that 


G M (X) <* 1 + : 


I/, i 11 , 54\ 

V + X+SV 1 


if 0-< |i << 6, X > 0 by lemma 5. 

It is therefore necessary to evaluate Q„ (25), and this can be done without 
much difficulty, the values being as follows : 


Q v (25) 68 948 15 748 291 252 5 745 124 118 062 228 

which are useful in the evaluation of the summation given by equation (9) for 
other values of«(s = 3 in this case). 

Also from equation (11) it can be shown that G 5 j (25rc 2 ) <1*07 and since 
*Z l (10/2)* < 6 certainly, it follows that 

|Rt | <(M)00 006. 

Thus evaluating the expression on the right-hand side of equation (10) it is 
found that: 

*Z ® (3) tl = 9-033 623 + Ri where IB,| <0-000 006 

= 9-033 6“, (12) 

where the double set of figures indicates the limits of error. 

Again from the definitions of the generalised Zeta-function it follows that: 

rjs = S % = 2 z I 0 I (3) 4 , (13) 

(r - lm + m*)*' «=i» ' I u I 

where q* = w,® — u x u, 4- « 2 a » and b n is the number of representations of » 
in the form (l* — bn 4- wi*) with l and m integral. 

In this case D = f (>0) and we have: 

*71 0 I r 6 » | n 3-6.7.9.11.13 1 5.7.9.11.13 

I 0 I 6! (D* ’ 2 6 .5 5!' 2 6 .125 


• 3.5...(2v4-1) Q'.(25) , p 


where Q\ (26) = S (25 - n) b n 

n~l 

and 




qt being the form reciprocal to q t so that 

92 = 4/3 («,* — U X U2 4- «,*). 
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The valnes of Q'„ (26) have to be found and they are as follows:— 

v 0 1 2 3 4 6 

Q'„ (26) 84 1 110 18 282 338 610 6 694 194 137 842 060 

In fixing an upper limit to | R a j we need some estimate of 2 Z | ® (15/2) tfi 

which equals (3/4) a ' 2 .*Z ^ (15/2 ) v By comparison with the value of 

*Z H (3)^ we can safely say that 2 Z || (15/2 ) 7j < 9, whence it follows 

that: 

|Ro| > 0-000 007. 

Hence by equation (14) we have : 

2 Z ® (3) 9 , = 11-034 177 + Ra 

= 11-034 lfj, (15) 

the double set of figures indicating the limits of error. 

It might be noted that the double summation represented in equation (13, 
may also be evaluated as follows : 

The equi-triangular network can be divided into six exactly similar networks. 
The net-points of one such sector are represented by l varying from 1 to oo, 
and m from 0 to (l — 1 ), (the origin ( 0 , 0 ) excluded). It follows therefore that: 


J0 l <10 * -1 J 

(/ 2 - Im 4 - m 2 ) i/2 ** if io (<* — Im m*) Sl 

i 1 1 1 * 

- - <» 7S5 + TT5 + ^ ^ - 


,]■ <“> 


| l8 /2 * 4 . i /2 ‘ 33/2 1 + ' 9 

The summation included in the right-hand side expression can be evaluated 
by an algebraic method, and its value has recently been given,* viz.: 


2 2 1 -5-—-5-5 = 0*5215 793. 

Im d- m a ) 3/a 


Hence we have: 


S'S - 8 —- - - t = = 6 [1-839 0294] - 11-034 1764. (18) 

(r — Im + 

This result is in excellent agreement with that found from the Zeta-function 
formulae given in equation (15). 

* Chapman, Topping and Morral), * Hoy. 800 . Proc.,’ A, vol. Ill, p. 41 (1926). 
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§4. Returning to equation (5), the mutual potential energy per doublet 
of the infinite square network of doublets is therefore given by: 

W = 4. ^.9-033 6 . 

2 a -' 

The number n of doublets per unit area is 1 /a 2 , so that the mutual potential 
energy per unit area in the presence of an infinite square network of doublets is 

W = 4 . E. 9-033 fi = 4w'"V - 9*033 6 . (19) 

" a" “ 

This is given in ergs per square ora. if n be the number of doublets per square 
cm. and p. be expressed in O.G.S. units. It can easily be transferred into heat 
units (calories) on dividing by the mechanical equivalents of heat J. 

Similarly from equation (7), the mutual potential energy per doublet of an 
infinite equi-triangular network of doublets is : 

W - 4. 11-0342, 

a 

and since there is one doublet to each rhombus of area \c?y/ 3 , so that 
ft — 2\/3/3o a , the mutual potential energy per unit area of an infinite 
equi-triangular network of doublets is : 

W ^ J.. E. 11.0342 -= . 8-892 7 ( 20 ) 

t# (V 

the units being as given above. 

It appears therefore from equations (19) and (20) that the mutual potential 
energy per unit area is practically the same for a square network of doublets 
as for an equi-triangular network, provided there be the same number of doublets 
per unit area in each case. 

Thus for chemical purposes, as in the case of surface films, owing to the limits 
of accuracy of the experimental results, it will be immaterial whether the net¬ 
work be considered square or equi-triangular. The mutual potential energy 
per unit area of the surface may therefore be written in the form :— 

W = KV*. (21) 

where k is approximately equal to 9, and n is the number of doublets per unit 


area. 
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On the Sparking Potentials of Discharge Tubes containing 
carefully Purified Electrodes . 

By James Taylob, M.Sc., Ph.D., A.Inst.P., Fellow of the International 
Education Board, Physics Laboratory of the University of Utrecht. 

(Communicated by 0. W. Richardson, F.R.S. — Received December 2, 1926.) 

Introduction. 

The present paper describes the results obtained in a continuation of some 
earlier work carried out on the electrode surface phenomena of discharge tubes 
in their relation to the sparking potential function.* 

The discharge tubes used previously contained a filling-gas of neon-helium 
mixture, and the electrodes were of nickel or iron. It was found that there 
was an increase of the sparking potential with “ flashing ” or discharge. This 
increase was termed “ polarisation,” In certain cases relatively large polar¬ 
isations were observed. Polarisation could be reduced or eliminated in many 
cases by passing a discharge in the reverse direction through a polarised tube, 
or by resting it for a few hours. 

Experiments showed that the polarisations were reduced to small values by 
the introduction of sodium on to the electrodes, and that the actual values of 
the sparking potentials were concurrently considerably lowered. 

A theory of the sparking potential was given. It was assumed that electrons 
were given off from the kathode by the photo-electric effect of the radiation 
accompanying the neutralisation of the positive ions at the kathode surface. 
According to this hypothesis, the sparking potential should be a function of 
the photo-electric emissivity of the kathode surface. 

Assuming the above hypothesis a theory of the electrode surface phenomena 
was given in which it was assumed that the passage of a discharge modified 
layers of gas occluded or absorbed on the electrode surfaces. Results indicated 
that the modifications were of two kinds—one of a permanent nature which 
changed the photo-electric emissive power of the kathode, and was consequently 
accompanied by a change in the sparking potentials, the other of a temporary 
nature due to the charging up of the surface layers and the consequent forma¬ 
tion of electrical double layers. The layers were supposed to inhibit elec¬ 
tronic emission from the kathode and bring about the polarisation effects. 

* J. Taylor, "On the Sparking Potentials of Glow Discharge Tubes,” ‘Phil. Mag./ 
▼ol. 3 (1927). 
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The work to be described in the present paper deals with the first type of 
electrode surface phenomena in which the changes of the sparking potential 
function are due, not to a transient charging up of the surface layer, but to 
permanent surface modifications. 

Description of Apparatus. 

For the purpose of investigating the sparking potential function for pure 
metal electrodes—or rather for electrodes of which the surfaces were as pure as 
possible a discharge tube of special form was constructed. It comprised an 
electrode in the form of a tungsten wire, surrounded by a coaxial tungsten 
wire spiral, the whole system being therefore of the same form as the filament- 
grid system of a thermionic valve. The geometrical disposition of the supports, 
etc., was such that discharge always took place between tlie inner wire and the 
surrounding spiral. A diagram of the tube is given in the figure. It was “ baked 



out ” for many hours at high vacuum at a temperature of over 300° C, The 
tungsten wire electrodes were thoroughly cleaned and “ degassed ” by heating 
them strongly electrically for six hours in high vacuum. When the electrodes 
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had been brought to this condition which at least approximated to a clean, 
“ gas free w Btate, carefully purified dried argon gas was introduced into the 
tube to the required pressure. 

The filling-gas was continuously purified by utilisation of a quartz furnace 
containing heated calcium. In order to test the quality of the gas, a discharge 
tube with plane-parallel electrodes was included in the apparatus. Any change 
in gas quality was denoted by a change in the sparking potential of this test- 
tube. Tests were made from time to time during the work, but the sparking 
potential was found to be constant, consequently in the later experiments 
this test was dispensed with, because of the excessive gas-capacity of the test- 
tube. 

The experimental arrangements for the determination of the sparking poten¬ 
tials were similar to those used in previous work.* A source of constant and 
adjustable potential was connected in series with a resistance of 450,000 ohms 
to the discharge tube which was shunted by an electrostatic voltmeter. The 
potential was gradually raised until discharge occurred. The discharge was 
of a feeble nature (usually of the “ corona ” type,* and of a few microamps, 
in magnitude), and was confined to the space between the wire and the coaxial 
spiral. 

Experimental Results for Tungsten Electrodes formed in High Vacuum . 

.Experiments were carried out on two tubes of similar form and similar results 
were obtained in the two cases. Using S as kathode, it was found that the 
first discharge took place at a definite potential and the succeeding ones at 
progressively decreasing potentials. The value of the sparking potential 
decreased gradually under the action of the discharge to a minimum value 
after which it increased again. Table I is illustrative of the results obtained 
with one tube. In the results given the first discharge took place with S as 
kathode, so that the value (2) given for W as kathode does not represent the 
actual value for a vacuum-formed surface on W, In the example given the 
values for the sparking potentials with both $ and W as kathodes finally attained 
values approximating to the initial ones. This, however, was by no means 
always the case. There appeared to be great differences in behaviour accord¬ 
ing to conditions, and the previous treatment of the wires, f In all cases, 
however, it was found that the sparking potentials for both S and W as kathode 

* Taylor, loc. cit. 

t Compare with experiments on the photoelectric emission of metals as influenced by 
temperature, e.p., Welo, ‘Phil. Mag.,' vol. 2, p. 463 (1926). 
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were higher initially with the “ clean tungsten ” electrodes (the initial sparking 
potential was constant and definite) and decreased with discharge to a minimum 
value which varied according to conditions. 

Table I. 

»S denotes tungsten spiral, W coaxial wire. The numbers at the side of the 
sparking potential values give the number of the discharge in the time order 
in which they occurred. Tungsten electrodes “ formed ” in vacuum. Pressure 
of argon 3*94 mm. Diameter of tungsten wire 0*3 mm.; diameter of spiral, 
6 mm . ; length, 16 mm.; number of turns, 10. 

S kathode. (1) 273 (3) 249 (5) 249 (7) 250 (9) 251 

W kathode. (2) 215 (4) 235 (0) 237 (10) 237 

W kathode. (11) 239 (12) 239 (13) 241 (14) 242 (15) 244 

Sparking 

potentials W kathode (16) 245 (17) 246 (18) 247 (19) 247-5 
Remained fairly steady At this value. 

S kathode. (20) 251 (21) 254 (22) 257 (23) 261 (24) 262-5 

S kathode. (25) 203 remained fairly steady at this value. 

After this point, in almost all, though not quite all, cases, a considerable 
but slow increase in the sparking potential values occurred. In some few 
cases the final values were even higher than those characteristic of the “ clean 
tungsten.” 

The changes were definitely due to the passage of the discharge and were 
not in any way attributable to the change in the gas condition.* This was 
proved by experiments which showed that the gas quality remained constant, 
and further from the fact that the sparking potential values did not change 
when the discharge tube was rested for time periods long in comparison with the 
duration of the experiments determining the sparking potentials. The lack of 
change of the values with time and the fact that they were not altered appreci¬ 
ably by passing discharges in the reverse direction through the tube, showed 
that the changes were not due to temporary electrical double layers, but to per¬ 
manent alterations in the nature of the electrode surface. 

Experimental Results for Tungsten Electrodes formed in Pure Argon . 

A series of experiments were undertaken in which the tungsten electrodes 
previously “ formed ” in high vacuum were reheated for various periods of 
time in argon gas which was continuously purified. 

* It was also definitely proved that the changes were in no way connected with look of 
initial ionisation to produce the discharge. 
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The proceeding was as follows:—S or W was heated electrically to the desired 
temperature for the required time and the tube was then rested for about 
10 minutes before taking readings. Any impurities given of! by the heating 
were absorbed by the calcium and by a liquid air trap which was continuously 
used throughout all the experiments. Actually, the quantity of impurity 
given off was exceedingly small for the tube had been “ baked out ” previously, 
and S and W heated for many hours at the highest temperature consistent 
with safety. In any case, no time changes apart from the actual change due 
to the discharge were observed. 

The results obtained were almost the same as those for the vacuum-formed 
electrodes, except that the initial sparking potentials were usually lower than 
for those. Nevertheless, in many instances, the values approached those for 
the vacuum-formed surfaces. Tables II and III give some of the results 
obtained. 


Table II.—Pressure of Argon, 3-94 mm. 


Sparking Potential 
of first discharge. 

S Kathode. 

Treatment of Tube. 

Volts. 

i 

273 

S and W heated strongly in vacuum. 

26S 

S heated strongly for 10 minutes in the gas. 

263 

Ditto. Ditto. 

264 

S heated dull red for 0*5 minutes in the 

261 

gas. 

S heated strongly for a few minutes in the 

264 

gas. 

S and W heated strongly a few minutes in 
the gas. 

267 

S heated very strongly a few minutes in 
the gas. 


Table III.—Pressure of argon, 3*94 mm. 


Sparking potential 
of first discharge. 

W Kathode. 

Treatment of tube. 

(All heatings took place in 
the gas.) 

Volts. 


240 

W heated strongly for 10 minutes. 

241 

Do. 

239 

Do. 

261 

W heated strongly a few minutes. 

245 

S and W heated a few minutes together. 

266 

W heated very strongly for a few minuteB. 

251 

W heated a few minutes. 
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The result of heating appears to be as follows:—If S was heated, then its 
final condition was very similar to that which it would have attained in vacuum, 
but the condition of W was unaffected except for an indirect effect due to the 
heating it underwent by conduction and radiation. If, however, S was heated 
very strongly, tungsten from its surface evaporated on to W and formed a 
new surface there. Whatever the nature of the surface layers that were formed 
under the action of the discharge they were modified or done away with when 
the wires were heated in the pure argon gas. The sparking potentials were not 
quite the same as those attained by heating in vacuum, so that it must be 
assumed that the heating did not drive off so much of the surface layers in 
the gas as in vacuum, or alternatively, that the change in the surface structure 
was not so great as that obtained by heating in vacuum. 

Another important point which will be considered later, is that the actual 
relative values of the sparking potential for S and W as kathodes depended 
largely upon the condition of the electrodes and not merely upon the geometrical 
distribution of the electric field between the wire and the coaxial spiral, a result 
which follows the assumption, until recently held, that the sparking potential 
was independent of the nature of the kathode surface.* By comparing the 
results in Table III for W T as kathode, with those in Table II for S as kathode, 
it is seen that normally, when the electrodes were most probably in the same 
condition, the sparking potential was lower for W as kathode than for S as 
kathode. This is in accordance with the usually accepted results.* In cases 
where S and W had undergone different treatment, and were, therefore, presum¬ 
ably of different surface conditions, the sparking potential for W as kathode 
could be less than, equal to, or greater than, that for S as kathode, according 
to circumstances. Table IV gives some illustrative results. 


Table IV.—Pressure of Argon, 3*9 mm. 


Sparking 
of first di 

S Kathode. 

PotentialM 

ischargos. 

W Kathode. 

Treatment of tube. 

(AH heatings took place in the gas.) 

Volts. 

Volts. 


273 

251 

W heated strongly a few minutes. 

244-5 

245 

8 and W heated for a few minutes. 

204 

247 

S and W heated strongly for 10 minutes. 

247 

255 

W heated very strongly for a few minutes. 

267 

25ft 

S heated strongly a few minutes. 

251 

251 

W heated for a few minutes. 


* Townsend, " Electricity in Jars.” 






79 


Sparking Potentials of Discharge Tubes . 

The condition of the anode was found to exert little, if any, action on the 
values of the sparking potential. We may conclude, therefore, that the value 
of the sparking potential depends upon tho surface condition of the kathode. 

Experiments with “Untreated, ” Electrodes . 

A tube of similar form to that described above was used, and it was filled 
with gas, etc., in exactly the same manner, the sole difference being that the 
electrodes were not “ cleaned ” by electrical heating. Table V gives the 
results obtained. The initial values of the sparking potentials were small 
and increased both for S and W as kathode as the process of degassing ” or 
driving off the surface layers of gas was carried out. 

Table V.—Tungsten Tube with Argon as filling Gas, Pressure — 2*80 mm. 


Sparking patenting 

Treatment of tulu* 

W Kathode. 

S Kathode. 

(All heatings in i?as ) 

Volta. 

197-200 

Volta. 

245 

Untreated. 

193-195 

213-245 

W heated dull red 3 minutes 

217 

255 

W heated dull rod 20 minutes. 

225 

271 

\V heated dull red 10 minutes. 


Experiments on Nickel Surfaces . 

Some experiments were carried out in which nickel was evaporated upon the 
tungsten electrodes in an atmosphere of argon. The results appear to be quite 
different from those obtained with tungsten electrodes. The first discharges 
occurred at a less potential than the succeeding ones, and the sparking potential 
rose to a maximum and approximately constant value. With S as kathode 
the sparking potential for the initial discharge was 217 volts and rose to 244 
volts with discharge. A similar increase took place with W as kathode. 

Experiments with “ Sodimnated ” Electrodes . 

Sodium was introduced electrolytically through a side tube provided for the 
purpose,* and was evaporated on to the tungsten electrodes. After the tube 
had been rested for a few hours, the sparking potentials were redetermined. 

* For method see Taylor, loc. cit, Cf. Warburg, 1 Ann. d. Physik,’ vol. 40, p. 1(1890); 
Burt, 'Phil. Mag.,* vol. 49, p. 1168 (1925); and *Joum. Opt. Soe,,’ vol. 11, p. 87 (1926). 
See also Taylor, * J. Soi. Inst., 1 vol. 4, p. 78 (1927). 
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PTevioaB to introduction of the sodium the values were 266 volts with S as 
kathode, and 261 volts with W as kathode. These values were those 
determined after S and W had been heated to yellow white heat for ten minutes 
and then rested. When the electrodes were sodiumated the values were 
122 volts with S kathode and 106 with W kathode. The falls of the sparking 
potential values were consequently great. The electrodes were then treated in 
a manner described in Table VI, in order to drive off some sodium from one or 
the other electrode. After each heating the tube was rested several minutes 
and the sparking potentials were then redetermined. 


Table VI.—Pressure of Argon — 8-9 mm. 


Sparking potentials. 

Treatment of tube. 

S Kathode. 

\V Kathode. 

Volts. 

Volts. 


122 

. 106 

Both electroden “ sodiumated.” 

136 

214 

W heated at dull red heat for 1 - 5 minutes. 

H2 

08 

S heated for an instant to dull red. 

ir»2 

115 

S heated dull red for a second or two. 

157 

03 

Do. 

163 

101 

jS heated dull ml for 10 second*. 

230 

108 

Do. 

254 

no 

Do. 

254 

in 

Do. 

253 

112 

S heated dull ml for 20 seconds. 


From the table (second line) it is seen that when W was heated to a dull-red 
for 1*6 minutes the sparking potential had risen by 108 volts (W kathode). 
The value attained was not that characteristic of the original tungsten 
electrode, so that it is evident that the heating had not entirely reproduced a 
tungsten surface. At the same time S had evidently become heated to a 
alight extent by conduction and radiation, and some of the sodium had 
evaporated. This brought about an increase of 14 volts in the sparking 
potential with S as kathode. In the next operation S was heated for on extremely 
short time. It was found that the sparking potential (S kathode) had risen 
a further 6 volts, whilst the value for W had fallen from 214 volts to the value 
98, showing that sodium had evaporated from S on to W. The table shows 
the continuation of similar treatments. It is seen that when S was heated 
for 10 secs, or more, that W also became heated by conduction, etc., and lost 
some of its sodium, so that the sparking potential increased in value. In 
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some previous work" 1 with parallel-electrode discharge tubes in which the 
electric field was uniform over considerable areas, results on sodiumated 
electrodes indicated that the “ sparking potential is a function of the composi¬ 
tion of the kathode over a considerable area.” The results given in Table VI 
further support this conclusion. The effect of introducing sodium upon the 
kathode is to diminish progressively the sparking potential as the amount of 
sodium is increased, until a constant value is attained when the electrode is 
completely sodiumated. The heating reduces the quantity of sodium per unit 
area. We may assume that a film of a few atoms in thickness will act in all 
ways as a sodium electrode. With un insufficient quantity to produce such a 
film there will be “ bare patches ” and the electrodes will be “ mixed ” ones. 


General Results . 

The above described results are in accordance with those of the previous 
work. 

The sparking potential is a function of the nature and condition of 
the kathode surface, and varies continuously with changes of the latter, 
depending upon the mean composition of the “ working ” part of the kathode 
surface. In other words, the sparking potential is a gross effect of ions, a 
result in accordance with the theory of the sparking potential described in the 
introduction to this paper. 

Simple Theory for Parallel-Plate Electrodes . 

The actual mechanism of the initiation of the self-sustained electric discharge 
is still obscure. The usually accepted hypothesis is that of Townsend.! 
Another theory has been advanced more recently by Holst and Oostorhuis.J 

The experimental results obtained on the development of the currents before 
the self-sustained electric discharge sets in, is fairly conclusive “in showing 
that ionisation is principally due to the direct effect of collisions of electrons 
with molecules of the gas.”§ 

Adopting Townsend’s method of regarding the production of currents by 
the above process, for the simple case of a uniform field between plane-parallel 
electrodes, we arrive at the well-known expression for the number of positive 

* Taylor, loc, ciU 

t Townsend, “Electricity in Gases,” ‘Hand. d. Rad.,’ vol. 1, p. 283 (1020). 

t Holst and Oosterhuis, 4 Phil. Mag.,’ vol. 46, p. 1117 (1023). 

{ Townsend, ‘Phil. Mag.,* vol. 45, p. 44 (1023). 

VOL. CXIV.—A. 
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ions arriving at the kathode, if N 0 be the number of electrons produced at the 
kathode by the action of external “ ionising agents,” 

N = N 0 (t** - 1) (1) 

where "a is the average number of molecules of the gas ionised by an electron 
in moving through a centimetre in the direction of the electric force,” and x 
is the distance between the electrodes; a is a function of the pressure of the 
gas, and the magnitude of the electric field. The neutralisation of these 
positive ions at the kathode surface will be accompanied by the emission of 
radiation,* of which some falls upon the electrode surface and produces the 
emission of photo-electrons. Let the ratio of the number of electrons given off 
the kathode by the photoelectric effect to the number of positive ions neutralised 
there be y. Then wo obviously have the following condition for tho production 
of a self-sustained discharge, 

yNo(^-l)3=N 0 , (2) 

and consequently the sparking distance sri, for an electric field of X volts per 
centimetre (which corresponds to the value a for the number of electrons 
produced per centimetre by one electron), is given by 

y(e a '‘-l) = l. (3) 

and the sparking potential v c is given by 

«V -= Xr, = *lo g LU (4) 

a y 

Equation (3) is precisely the same as the equation given by Townsend, except 
that y has a different significance.It is readily seen how this hypothesis 
can bo fitted into the relation obtained by Holst and Oosterhuis.J 

The variation of the function y, which is a measure of the photoelectric 
emissivity of the kathodic surface for the radiation accompanying the neutraliza¬ 
tion of the positive ions of the gas, would entail a whole manifold of possible 
variations of the sparki ng potential f unction r,. y would be variable according to 
the condition and mean composition of the working ” part of the kathode 
surface, and would be subject to variations with the gas-to-metal potential 
changes, and the transient electric double layers set up by electrical charges 
on the kathode surface. 

We may reasonably attribute the effects of the change of the sparking 
potential in the case of the tungsten electrodes to changes in the surface layers 

* Thomson. ‘Phii. Mag,’ (May, 1925); ibid., vol. 2, p. 9, p. 074 (1926). 

t Townsend, loc. tit. 

J Holst and Oosterhuis, loc. cit . 
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of gas on the kathode. This was the position maintained in previous work on 
the electrode surface effects. It is, of course, also conceivable that many of 
the above described effects were due to changes in the surface structure of 
the metal of the kathode ; in any case, such changes would be accompanied 
by a corresponding change in the function y. 

The results, indeed, are very analogous to some of those obtained for the 
variation of the photoelectric emissivity of metals.* It is hoped to continue 
experiments in which both y and v c will be measured simultaneously. 

Summary. 

A description is given of experiments on the sparking potentials of a discharge 
tube containing a filling gas of argon and comprising a tungsten wire electrode 
surrounded by a coaxial tungsten wire spiral electrode, both of which could be 
purified by heating electrically in vacuo or in argon. 

Experiments with “ sodiumated ” electrodes are also described. 

The conclusions are : - 

The sparking potential is a function of the nature and condition of the 
kathode surface and varies continuously with changes of the latter, depending 
upon the mean composition of the “ working ” part. It is higher for the first 
discharge between “ vacuum-formed ” tungsten electrodes, falls to a minimum 
value with continued discharge, and then increases again to a definite value. 

The results are interpreted as being due to the change of the photoelectric 
emissivity of the kathode, duo to changes in surface gas layers. 

A theory of the sparking potential is given in which it is assumed that the 
extra ionisation required to initiate the self-sustained electric discharge is 
brought about by the emission of electrons from the kathode surface due to 
the photoelectric action of the radiation accompanying the neutralisation of 
the positive ions at the kathode surface. 

For parallel-plate electrodes the hypothesis yields an exactly similar relation 
to that given previously by Townsend,f 

y (e a/ ‘ — 1) r — 1, 

y, however, has a different significance ; it represents the ratio of the number 
of electrons given off by the kathode by the photoelectric effect, to the number 
of positive ions neutralised there. “ a is the average number of molecules 
of the gas ionised by an electron in moving through a cm. in the direction of 
the electric force ” (X volts per cm.), and x t is the sparking distance. 

y varies with the condition of the kathode surface. 

* See (t) footnote, p. 75. t Townsend, loc • cit. 

u 2 
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Quasi-uni molecular Reactions. The Decomposition of Diethyl 

Ether in the Gaseous State. 

By C. N. Hinshelwood, Fellow of Trinity College, Oxford. 

(Communicated by H. Hartley, F.lt.S.—Received December 8, 1926.) 

Introduction. 

During the last few years we have made in Oxford an investigation of a 
number of gaseous reactions with the chief object of applying the principles 
of the kinetic theory and discovering the mechanism of “ activation.” In 
order to make clear the bearing of the fresh experiments described in this paper 
it will be convenient first to give a brief summary of the general development 
of the enquiry. 

1. At first the only homogeneous reactions which could be discovered were 
bimolecular reactions. The rate of these could be expressed by the equation— 
number of molecules reacting = number entering into collision X e^ K RT — 
which had been applied by W. C. M. Lewis to the decomposition of hydrogen 
iodide. E is the “ energy of activation.” The conditions under which this 
equation is rigidly applicable are—(a) the two molecules participating in the 
reaction require independent activation to the extents E x and E a respectively, 
where E x + E 2 — E, though the separate values need not be known; (b) the 
energy of activation in each molecule is confined to two degrees of freedom, 
and (c) nearly all the collisions where (a) is satisfied are fruitful. Assumption (a) 
is very general and a highly probable one; assumption (6) is approximate 
only, but the equation remains very nearly true for any small number, one, 
two or three degrees of freedom. Since it is found to agree with experiment 
we may conclude that in most bimolecular reactions activation of the two- 
colliding molecules in some simple manner in a few degrees of freedom is a 
necessary and sufficient condition for chemical change. 
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2. The decomposition of acetone* at about 500° C* now proved to be a 
unimolecular reaction, and the number of molecules reacting in unit time 
appeared to be about 10 5 times greater than the number which could be activated 
by collision in a manner at all similar to that characteristic of a bimolecular 
reaction. Analogous results had been found by Daniels and JohnBton for 
nitrogen pentoxide.f It thus seemed that there must be some fundamental 
difference between the mechanisms of bimolecular and unimolecular reactions. 
This was brought out more sharply by the observation that the decomposition 
of acetaldehyde—a bimolecular reaction—although chemically similar to that 
of acetone, fell into line completely with other bimolecular reactions. 

3. It was natural to turn at first to some form of radiation theory for uni¬ 
molecular reactions, since, in spite of all its difficulties, this theory is not com¬ 
pletely excluded from the realm of possibility. It must be emphasised that 
the difficulty does not lie in explaining how a unimolecular reaction can be 
determined by collisions -the theory of Lindemann provides for this—but 
in the apparent insufficiency of collisions. In the course of a discussion Prof. 
Lindemann suggested to me that the best plan would be to extend the idea of 
energy of activation to include not merely energy of some specific kind but 
energy of all kinds in every possible distribution in a large number of degrees 
of freedom, the only condition being that the total should exceed E. Plenty 
of collisions might be available to produce this kind of activated molecule. 
Some of tho consequences of this suggestion were worked out in a recent paperf 
and may be summarised as follows. 

The chance that a molecule contains in n degrees of freedom energy greater 
than E is no longer e K ttT but 

g’ httT (K/KT)fr 1 


A correction (£« — 1) RT has, however, to bo added to the value of E which 
is derived in tho usual way from the Arrhenius equation. 

In a unimolecular reaction it is only necessary that one of the molecules 
in a collision should be activated. We might assume that under favourable 
conditions all the energy of two molecules in collision could pass into one, 
but this is very unlikely. To calculate the number of collisions from which 
a molecule emerges with energy greater than E it is best to proceed as follows. 

* ‘ Roy. Soc. Proc./ A, vol. Ill, p. 245 (1026). ‘ J. Amer. Chem. Soc.,’ vol. 43, p. 53 

(1921). C/. Tolman, ibid,, vol. 47, p. 1524 (1925). 

t ‘ Roy. Soo. Proo.,’ A, vol. 113, p. 230 (1926). 
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Suppose statistical equilibrium to be established in the gas, and let the chemical 
change be ignored. Then -number of molecules (N 1 ) of which the energy 
rises above the limit E in unit time — number (N a ) the energy of which falls 
below E. Since E is a very large amount, possessed by exceptional molecules 
only, the vast majority of activated molecules which suffer collisions will have 
their energy reduced below E. Thus N a is very nearly equal to number of 
collisions X fraction of molecules with energy greater than E, i.e., to 

Z.e- ^(E/RT )*"- 1 

I jw - 1 

Hence from the condition for statistical equilibrium N a is also nearly equal to 
this. This argument was tacitly assumed in the former paper. 

If n is large this expression is much greater than the simple exponential 
and the discrepancies of the order 10 5 which were mentioned above can be 
wiped out by assuming a sufficient number of degrees of freedom in the molecule. 

Turning now to the experimental evidence, it is in fact observed that whereas 
bimolecular reactions which only require the simple exponential expression 
are usually transformations of comparatively simple molecules such as HI. 
Cl a O and N a O, unimoleeular reactions seem to be characteristic of more complex 
molecules. The next step in the experimental investigation is therefore to 
test more thoroughly the definite hypothesis that unimoleeular reactions are 
mainly confined to molecules with large numbers of internal degrees of freedom. 

For these molecules, with the usual sort of values of E and the extended 
idea of energy of activation, there will be enough collisions for Lindemann’s 
mechanism* to work. We must now consider this mechanism. Unlike the 
simple molecules such as HI, which probably react at once if at all, the more 
complex molecules have an appreciable time of relaxation, and having gained 
the total energy E in n degrees of freedom will not, on the average, react until 
after a small finite time, before the lapse of which they may lose their energy 
again in another collision. Thus at high pressures the rate of activation and 
de-activation may be great compared with the rate of chemical change. Under 
these circumstances the removal of molecules by chemical transformation does 
not seriously affect the Maxwell distribution. The number of molecules 
reacting in unit time is then a small constant fraction of the number of activated 
molecules, which in turn is a small constant fraction of the total number. Hence 
the reaction satisfies the unimoleeular law. 

But it can only satisfy the law exactly at pressures above a certain limit: 

* 4 Trans. Faraday Soc,,’ vol. 17, p. 508 (1022). 
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at some pressure sufficiently low the law must begin to fail ami give place to 
one approximating more closely to a bimolecular law the lower tho pressure. 
Attempts to detect this phenomenon in the decomposition of nitrogen pentoxide* 
have given negative results so far, but the unimolecular velocity constant of the 
decomposition of propionic aldehydef appears to fall sharply at pressures 
below about 80 mms. If it is assumed that at this point there are just enough 
collisions to activate the molecules it can be calculated that 12 to 11 degrees of 
freedom in the molecule arc necessary. This is a very plausible result, but 
standing alone can hardly bo considered conclusive. There is always the possi¬ 
bility of some undiscovered complication, and although the existence of any 
factor which would make the results of the experiments with propionic aldehyde 
unreliable was shown to be exceedingly unlikely, it is none the less desirable 
to examine as many examples as possible. If a whole scries of substances 
appear to react by the Lindomann mechanism it is very improbable that all 
the results can be due to a deceiving coincidence. 

To study tho behaviour of molecules with large, numbers of degrees of freedom 
we have to rely chiefly on organic compounds in the gaseous state. The present 
paper deals with the decomposition of diethyl ether. The decomposition of 
dimethyl ether is also being investigated and an account of the experiments 
will be published later. 

The diethyl ether reaction proves to be simple kinetieally. It is unimolecular 
over a wide range of pressures, but falls off in its specific rate at lower pressures. 
This falling off does not occur, however, in presence of an excess of hydrogen, 
which appears to be abb* to keep the number of activating collisions above the 
critical limit. The chemical result of the decomposition is not quite a simple 
one, though reasons are given in one of the following sections for believing that 
this fact does not affect the simplicity of the reaction kinetics. It was satis¬ 
factory, however, to find that the decomposition of dimethyl ether proceeds 
in accordance with the simple equation CTI 3 OCH 3 = CH 4 + CO + II 2 , where 
there is less room for complications which might produce an illusory effect 
of simplicity. None the less the reaction of the dimethyl ether is exactly 
analogous kinetieally to that of tho diethyl ether. This fact is mentioned m 
anticipation because it strengthens very much the conclusions of this paper 
about the nature of the diethyl ether reaction. 


* Hunt and Daniels, * J. Amor. Chem. Soc.,’ vol. 47, p. 1602 (1025); Hirst and Hideal, 
‘ Roy. Soc. Proc./ A, vol. 100, p. 520 (1025). 

t Hinshelwood and Thompson, ‘ Roy. Soc. Proc.,’ A, vol. 113, p. 221 (1026). 
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The following table shows the influence of the complexity of the molecule 
upon the type of reaction mechanism by which it decomposes thermally:— 

Bi molecular. Uni molecular. 


HI 


N,0 


01,0 

U 3 


UH a OHO 


N.O, 

(SO.CI.) 

CH.COCH, 

O.C.H, 
f'H ,. O . OHj 


ronatant haa normal value at 0*01 mm. 
data incomplete. 

no oWrvfttions on falling of eonatant. 
ronatant falls off below 80 mm. 

t* *. .1 160 .. 

.aw .. 


Wo have also made experiments with methyl acetate and with methyl alcohol, 
but the reactions of each were too much influenced by the surface of the silica 
vessel to allow the isolation and measurement of the true gas reaction. 


The nature of the products of decomposition of diethyl ether . 


The decomposition of ether in the gas phase does not yield ethylene and 
water according to the equation C a H 5 . O . C a H ft = 2C a H4 + H a 0, but consists 
in the separation of carbon monoxide from the molecule. The hydrocarbon 
residue, of the empirical composition C S H| 0 , is relatively somewhat richer in 
carbon than methane, the most stable hydrocarbon, and re-arranges itself to 
give mainly methane, a little ethylene, and a certain amount of a higher hydro¬ 
carbon which is probably ethane. The process of decomposition seems to 
take place more or less thus - 


CsHa.O.CstTj 



> 2CH* + (Ms - 


with a rapid combination of the CH a — residues to give ethylene. 

The net result is thus CO + 2CH 4 + £C 2 H 4 . According to this equation 
there would be about twice as much methane as carbon monoxide and about 
four times as much methane as ethylene. Actually the amount of ethylene is 
slightly less, and there is a little ethane. The following are the analyses of 
the products of complete decomposition at temperatures towards the extremes 
of the range over which tV* velocity measurements were made 


co 

OH, 

C,H, 

CO, 



587' 

477 

Per cent. I 

Per pent. 

28*7 

27*9 

55-3 

544 

7*8 

8-9 

8-2 

8-8 

00 

0-0 
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It is to be noted that the character of the decomposition does not alter over 
this range of temperature. 

It has long been recognised that a rather complex set of products may be 
formed from one molecule in a single act of decomposition. There may be a 
rapid re-arrangement of the residual fragments after a part of the molecule 
has been split off, and it is not necessary to suppose a complicated series of 
consecutive reactions. Bone observed,* for example, that acetaldehyde, 
which decomposes at 500° C. into carbon monoxide and methane, could at 
higher temperatures yield free carbon and hydrogen. These were not formed 
by the subsequent decomposition of methane first produced, since at the tempera¬ 
tures in question methane was still quite stable. Sabatier also supposes the 
rapid re-arrangement of the residual fragments from a simple decomposition 
to be responsible for the large variety of products which are formed in certain 
pyrogenic reactions. 

In making the measurements of reaction velocity the method employed was 
exactly similar to that described in previous papers, and depended upon 
observing the rate of increase of the total pressure as the decomposition pro¬ 
ceeded. This can be regarded as a measure of the rate of reaction of the ether 
itself as long as any subsequent re-arrangements are rapid compared with the 
primary breaking up of the ether molecules. Apart from the general probability 
of the assumption that this condition is fulfilled, the following direct observations 
are evidence that it is. First, the reaction obeys a unimolecular law in a way 
which would be unlikely if the rate of pressure increase were determined by 
a series of consecutive changes of comparable rates. Secondly, the approach 
to the “ end-point ” of the reaction is quite definite as may be seen by reference 
to the figures in the next section. 

There is, however, another possible source of disturbance to which careful 
attention must be given. If hydrocarbon residues such as CH a — exist 
momentarily in the free state, then their fate may be influenced by pressure 
and by temperature in a way which makes the rate of pressure increase at one 
temperature or pressure bear a relation to the actual rate of ether decom¬ 
position different from that which it bears at another temperature or pressure. 
However, the table already given shows the products to be the same at different 


* * J. Chem. Soc.,’ vol. 87, p. 910 (1Q0.>). In this paper Bone and Smith describe the 
thermal decomposition of acetaldehyde and of formaldehyde—though not from the kinetic 
standpoint. Reference to this very important work should have been made in the intro¬ 
duction to the paper by Hinshelwood and Hutchison on the kinetics of the former reaction. 
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temperatures. The total pressure increase is also constant, as the following 
figures show. 


Temp. 

1 (J. 

Initial 

PlVhftUI*. 

Total 

increase of w 
Pressure 

| Ratio. 

525 

JIM 

I 

384 

1-03 

555 

104 

357 

1*84 

588 

218 

407 

1 NO 


In all calculations the increase will be taken as 188 per cent, of the initial 
pressure. 

If pressure influenced the course of the re-arrangement, more condensed 
products would probably be formed at higher pressures. The total pressure 
increase, if it varied at all, would therefore be expected to be smaller for high 
than for low initial pressures of the ether. At 32 mm. the total increase 
was about 2-1 instead of 1*9 times the initial pressure. This is not a very 
accurate result but such deviation as there is agrees with expectation. When, 
therefore, the initial rate of reaction is measured by the actual rate of pressure 
increase the values obtained for the lower pressures will be slightly too high 
relatively to those for the higher pressures. Such small error as this introduces 
makes the unimolecular velocity constants appear to rise at lower pressures. 
Since the real fact is that they fall markedly, in the manner predicted by 
Lindem&nn’s theory, it does not appear that this error can be appreciable. 

The decomposition of dimethyl ether, CH 3 . O . CH 3 ~ CII 4 f- CO + II 2 , 
in which no unstable residues need bo supposed to play a part, is kinetically 
similar in every respect to that of diethyl ether. This gives further reason 
for believing that the diethyl ether results are not in any way illusory. 

As far as can be seen, therefore, there is no reason to suppose that what is 
measured is anything but the actual rate of decomposition of ether. 

The Kinetics of the Reaction. 

The reaction taking place in a silica bulb is predominantly homogeneous. 
Half-filling the bulb with powdered silica, which had increased the rate of 
decomposition of methyl formate sixteen times, caused little acceleration of 
the reaction. 
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Average value of k. 



594° C. 

as*’ j 

52.7° 

476 J 

434* 

Bulb empty 

Bulb and powdered silica 

0-0115 

0-00247 

0-00071 

0-000088 

o-oooooeo 

0-0097 

0-00240 

(0-00122) 

A-000006 

0-000026 


The bracketed value is probably too high as it includes the first two experi¬ 
ments of the series, which showed an abnormal behaviour probably attributable 
to adsorbed air not completely pumped off from the finely powdered silica. 
There is therefore very little surface reaction in the empty bulb, except at the 
lowest temperatures, where it may amount to about 10 per cent, of the total. 

In these experiments a wide nocked bulb had to be used in order that the 
powdered silica might be introduced easily. This leads to a certain inaccuracy. 
In all the other experiments, therefore, bulbs with capillary connections were 
used. Two samples of ether, one specially purified in the laboratory, the other 
obtained from Kahlbaum, were used. The former was kept over sodium in 
a bulb sealed to the apparatus throughout the course of the experiments. Two 
different capillary-necked bulbs were used. The various results were con¬ 
cordant as the following examples show. 

Temperature 525° C. The times are those required for the initial pressure 
to increase by 50 per cent., that is, for 26*6 per cent, of the reaction to take 
place. The initial pressure was about 200 mm. in all the experiments. 

Time. 


5' A3" 
.V 36" 
5' 47" 


Bulb. 


Ethei 

Sample. 


When the initial pressure of the ether is fairly high the reaction is kinetically 
unimolecular. One of the simplest criteria of a unimolecular reaction is that 
the time required for three-quarters of the change is exactly double that required 
for one half. 


Temj>erature 

Initial 
Pressure of 
Ether. 

" Half- 
life;’ 

4< Three- 
quarter life.” 

Ratio. 


525° 

199 

14' 10" 

29' 10" 

2-08 


555° 

194 

4' 20" 

9' 3" 

209 


588° 

218 

50" 

Wmmm 

2-15 
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The complete course of these experiments is shown in the table below, 
a is the total increase in pressure at the end of the reaction. 

x is the increase at time t ; £,» — - log l0 — 1 -—. 

t a — x 


525M\ 

a 

- 384. 

j 

j 555° U. 

a 

* 357. 

t (seconda). 

x (mm.)- 

*10 


x 

&i 0 

158 

43 

0-000326 

67 

53 

0*00104 

273 

73 

0-000335 

106 

83 

0-00118 

390 

103 

0-000350 

176 

133 

0-00115 

610 

163 

0-000358 

270 

183 

0*00116 

951 

210 

0 000362 

340 

213 

0*00116 

1,210 

243 

0-000360 

523 

263 

0-00111 

1,666 

283 

0-000348 

000 

313 

0-00101 

2,390 

318 

0 • 000320 

1,680 

343 


CO 

384 


2,350 

353 





3,360 

357 



588° C. 

a — 

407. 

t 

X 

**io 

22 

80 

0- 00432 

30 

110 

0-00456 

40-5 

150 

0*00493 

54 

190 

0-00505 

82 

250 

0-00505 

103 

280 

0-00491 

147 

320 

0-00456 

245 

am) 

0-00383 

600 

395 1 


1.920 

407 

\ The fthArp end point 

2,760 

407 

J is to bo noted. 


At lower pressures the rate of reaction falls much below that required by 
the unimolecular law; this is shown to some extent by the falling in the 
values of k during the later stages, but is made more evident by plotting against 
the initial pressure of the ether the time required for a given fraction of the 
total reaction to complete itself. In ilg. 1 the time required for 26*6 per cent, 
is plotted. In a truly unimolecular reaction the graph would be a straight line 
parallel to the pressure axis. Above 200 mm. this is nearly realised; the 
increase in the time at lower initial pressures corresponds to a fall in the velocity 
constant. 
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The curve is plotted from the values 

in a random order. ^ Bulb 1 was used. 

Temperature 526° C. 


tabulated below, which were obtained 


Initial prowuro 
of other 
(millimetres). 


Time required for 26’6 
per cent, change, i.e., for 
pressure to increase by 
50 per cent. 


487 

403 

382 

302 

210 

145 

03 

51 

25 


4' 22" 
4' 40" 
5' 6" 
5' 26" 
5' 33" 
V 14" 
8' 32" 
10' 36" 
12' 45" 


1 I'nn Of this curve the following possibilities have to> 
In seeking an explanation °f this c ^ ^ant is due to the 

considered: («) the falling in e J nnimolecular and a bimolecular 

, ^ ,d “ rl Tr^ ilL »«“>«««* <«> k 

much greater extent at low piewu* 
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(6) would require the composite reaction to become more and more nearly 
bimolecular as the pressure increased, since the rate of a bimolecular reaction 
increases with pressure more rapidly than that of a unimolecular reaction. 
The actual transition is, however, in the opposite direction; (c) must 
be ruled out because the superposition of a surface reaction on a unimolecular 
gas reaction could only cause the constant to be increased relatively at lower 
pressures; (a), therefore, seems to be the probable explanation. 

The effect of other gases on the rate of reaction . 

Helium has no appreciable influence on the rate of reaction. The following 
results were obtained at 525° C., using bulb IT. t is the time required for 26*6 
per cent, of the reaction to take place. 


trutial 
pressure of 
other (mm.). 

Pressure of 
helium. 1 

T 

(observed). 

r (absence of 
helium). 

19 5 

0 

5" 52" 

5' 45" 

293 

0 

tV 42" 

5' 15" 

10K 

200 

T 44" 

8' 5" 

135 

300 

r 35 " 

7' 12" 


Nitrogen has little influence. 


Initial pretsuio 
of ethor. 

Pressure of 
nitiogen 

i 

! T 

| (observed) 

t (absence of 
nitrogen). 

190 

292 

0' 41" 

5' 53" 

109 

287 

7' 45" 

8' 3" 

71 

288 

8' 50" 

9' 38" 


The products of reaction in excess have a slight but definite retarding influence 
at all pressures of ether. 


Initial 
pressure 
of ether. 

j 

Pressure of reaction 
products present 
initially. 

T 

observed. 

T 

(no produett) 
addod). 

209 

0 

5' 50" 

5' 35" 

237 

290 

6' 61" 

5' 26" 

94 

290 

10' 24" 

8' 40" 

60 

290 

14' 10" 

10' 10" 


None of these effects are very marked. The influence of hydrogen on the 
reaction is, however, very remarkable. A sufficient excess completely prevents 
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the falling off in the rate of reaction at low partial pressures of ether. This 
can be seen clearly from the lower curve in fig. 1. 

Temperature 525° C. 


Initial 
pressure of 
ether (rum.). 


Pwi’WUir of 
hydrogen 
(mm ). 


240 

202 

200 

293 

104 

287 

09 

292 

39 

293 


4' 40" 
4' 21" 
4' 47" 
3 ' 10 " 


An independent chemical interaction of the hydrogen and the ether seems 
improbable, since under no circumstances can the hydrogen increase the total 
rate above the limiting rate characteristic of high partial pressures of ether. 

Jt seems as if collisions with hydrogen molecules can keep up the supply 
of activated ether molecules almost as effectively as collisions with other ether 
molecules. Why the effect of hydrogen should be so specific is not evident. 

Temperature Coefficient , Heat of Activation. 

The following table contains all the important data :— 


T (abs.) 

r (.seconds) ( 

r\ nl 

_ 

&rn1cu1atn<| 

801° 

30 i 

o 0103 

_ _ 

0*0099 

828-5° 

118 

o*00202 

0-00291 

798° 

i 3i7 ; 

\) 000892 

0-0008GI 

747 M 

1 3,031 

0 0000852 

<>•0000861 

oor 

42,030 ' 

l 

0 (MHM>07 1 

0 1 >0000736 


t is the time in seconds required for the initial pressure to increase by 50 per 
cent. Each value is the average result of at least two determinations at 
pressures in the steady region. A* obwjrved is found from t by the relation 
1 188 

k — - log, ———, tlio total pressure increase being 188 per cent. Jfcc.icui.Ui 
is obtained from the formula 

lnk= 26 . 47 - 2 ^ 9 . 

The heat of activation, 53,000 calories, is not very different from that of 
propionic aldehyde 55,000 calories. The absolute rates of the two decoiq- 
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positions are nearly the same. At 800° abs. k for propionic aldehyde is 2 • 1X 10“* 
while k for dieihyl ether is 0‘92 x 10 3 . 

In the diethyl ether decomposition the value of k begins to fall at about 
1/6 atmosphere. 

At 800° abs. and this pressure the number of molecules, N, which react per 
second in lc.c. is 1-7 X 10 15 . The total number of collisions, Z, is v/2rccr 2 «w 2 , 
where a, the molecular diameter, is taken as C x 10~ 8 cm., «, the root mean 
square velocity, is 6‘19 X 10 4 cm. per sec., n, the number of molecules per c.c. 
is 9-513 X 10 18 at 800° and 760 mm. 


At 1/5 atmosphere Z = 2-0 X 10 27 . 

If E = 53.000 calories, Zc -E RT = 6-0 x 10 12 . N, the number reacting, is 
1*7 X 10 15 or 280 times greater than Ze B/KT . 

Introducing the expression for n degrees of freedom, and assuming that at 
1/5 atmosphere there are just enough collisions to account for the number of 
molecules which react 



N 

2 _ e -53,000/(1 08 x 800) 


c - | »"- 1) {33-46 + (jw-l)V ,> - 1 

iliLzi 


If n = 6, the right hand side is 85, while if n — 8, the right hand side is 402. 
The experimental value of the left hand side is 280, whence we may conclude 
that the participation of about 8 degrees of freedom will allow activation by 
Linderaann’s mechanism. 

General conclusions. 

Whatever views may be held about the interpretation of the results described 
in this paper, the experimental fact is certain that three reactions—namely, 
the decomposition of propionic aldehyde, of diethyl ether and of dimethyl 
ether—appear to be unimolecular at high pressures and assume a bimolecular 
character at lower pressures. 

It will probably be conceded that this proves collisions to be responsible 
for the activation of the molecules, and since the reactions are not in a strict 
sense transformations of isolated molecules they might be called quasi-uni- 
molecular at the higher pressures. 

These quasi-unimolecular reactions can be explained most simply by annumipg 
that Lindemann’s mechanism is operative, an assumption which » supported 
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by the observations on the influence of hydrogen, but can hardly be regarded 
as proved. 

It is premature to say whether all reactions which obey the unimolecular 
law are of this kind. The decomposition of acetone is probably quasi-uni- 
molecular, but the decontposition of nitrogen pentoxide still betrays no evidence 
of dependence on collisions at very low pressures. This can probably be 
accounted for by assuming that enough degrees of freedom are involved; 
but also it is true to say that nowhere must more caro be exercised than in 
making inductions about the mechanism of chemical reactions. At the moment 
it is better to make reactions which are shown to be quasi-unimolecular into 
a separate class, in which the nitrogen pentoxide decomposition may or may 
not turn out to be included. 

All the effects of foreign gases on the decomposition of diethyl ether can be 
explained in terms of the suggested mechanism, which allows for tho most 
specific influences, without, however, providing the means by which these 
may be predicted. 

Summary. 

The decomposition of gaseous diethyl ether is a reaction which follows the 
unimolecular law at high pressures, but becomes more nearly bimolecular at 
lower pressures. The velocity is represented by the equation 


Ink^ 26-47 


53,000 

RT * 


A sufficient amount of hydrogen completely stops the falling-off in the 
unimolecular velocity constant at low pressures ; helium and nitrogen have 
little or no influence, while the reaction products in considerable excess have 
a slight retarding influence. 

There are enough collisions to activate the molecules if the energy of activa¬ 
tion is assumed to be distributed among about eight degrees of freedom. 

These and other “ quasi-unimolecular ” reactions are most simply explained 
on Lindemann’s theory; further evidence is needed however to confirm this 
interpretation. 

A table is given showing the relation between the complexity of a molecule 
and the type of mechanism by which it decomposes. Simple molecules usually 
decompose, bimoleeiilarly ; more complex ones in a qmisi-unimoleeular way, 
as might be expected on theoretical grounds. 
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The Nature and Artificial Production of the (so-called) Voiced 
and Unvoiced Consonants. 

By Sir Richard A. S. Pagkt, Bart. 

(Communicated by Sir William Bragg, F.R 8.—Received December 21, 192b.) 

in a previous paper* experiments were described in which the various 
English consonant sounds wore defined in terms of the combinations and 
changes of resonance observed by ear when these sounds wero articulated, 
without phonation. It was also shown how these sounds could be imitated 
by models which produced similar combinations and changes of resonance, 
without imitating the shapes of the natural vocal cavities. 

These observations indicated that, in certain cases, no difference of resonance 
was observable between the (so-called) voiced and unvoiced forms of a given 
consonant type, e.g. t best ween p and 6, 0 and 8, s and z, / (sA) and 5 (zA), and 
t and d respectively. 

It was clear that the usual phonetic distinction, that p, t. k , 0, s, and / are 
unvoiced, while fe, d, g. K, z, and /S are voiced, w\as not fundamental, since both 
series could bo recognizably articulated in a whispeT, i.r., without phonation 
or voicing. 

In some cases-such as p and A, and t and d the difference between the 
two types of whispered sounds apjieared to lie mainly one of air pressure— the 
greater pressure producing the so-called “ unvoiced ” sounds p and t. In 
other cases, such as 0 and 8, the relative loudness of the various component 
resonances appeared to be different for the two types of sound. 

In the cases of 0, 3, and s , z , the air pressure appeared to be greater in the 
case of the “ voiced ” sounds 8 and z. 

In theother cases it was found that the difference (in models) could bo produced 
by a combination of differential air pressure and type of closure; the latter 
difference producing a variation in the rate of change of one or more of the 
resonances. 

It was observed that with a vowel sounding model giving the vowel i as in 
it,f an unphonated b sound, breathed by the mouth into the reed of the model, 
became a voiced p, while a similar unphonated d sound was converted into a 

♦ 4 Roy. Soc. Proc./ A, vol. 106, pp. 160-174 (1924). 
t Compare (eat) model, 4 Roy. Soc. Proc., 1 A, vol. 102, p. 769, fig. 14 (1923). 
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voiced L These observations were not followed up at the time of the original 
experiment. 

The experiment evidently indicated (l) that the resonances of the model 
were in some way characteristic of the l/d type of consonant; and (2) that the 
distinction between t and d was (in some way) formed in the operator’s own 
mouth, and was transmitted through the reed and resonators of the model so 
as to produce the corresponding (so-called) voiced or unvoiced sound m the 
model. In other words, the distinction between voiced and unvoiced ” 
consonants appeared to be one of resonance in the mouth, with or without 
a difference of air pressure. 

Experiments were made to test the position in the mouth in which the 
essential change was produced. 

To investigate the distinction between p and b, a perforated mouth stopper 
was formed in plasticene and held between the lips, so that the orifice could be 
closed and released by the thumb or finger so as to eliminate the possibility 
of differential action of the lips. It was found that p or b could be whispered 
at will, with identical actions of closure and release of the mouth orifice and 
independently of differences of air pressure. 

It was also found that a p or b, or alternatively an f or t\ could bo made 
between the lips and the exterior of a solid mouth stopper. 

To investigate the action inside the mouth, while whispering pfb or fj\\ 
a mouth stopper was made of cork with a glass window inserted, as shown in 
fig. 1, and an electric torch bulb was fitted to the inside of the window frame 
so as to illuminate the interior of the mouth while the 
consonants pjb or fjv were articulated between the lips 
and the outer margin of the windowed stopper. 

There was no visible change in the position of the 
tongue or soft palate in changing from / to u, or from p 
to b ; it was clear, therefore, that the essential difference 
was produced in the pharyngeal or laryngeal regions. 

An attempt was made to observe these regions during 
articulation by means of a laryngeal mirror with small 
attached electric light, the mirror handle being passed 
through the cork frame of the windowed mouth stopper, but the observation 
proved too difficult. 

A model was made in plasticene, as in fig. 2, in which the soft palute and 
palatal arch were approximately copied full size ; the pharyngeal portions 
were replaced by a 1-inch internal diameter rubber tube connected to the 

u 2 



Fin-1. —Mouth Stopper 
anti Fleet ne Tor* h 
Utinp. 
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air-supply pipe (from a foot bellows) by means of a perforated cork and short 
length of tube. 

Fixed vocal chords, in plasticene, were formed at the base of the rubber tube, 
with a lenticular aperture of about 15 mm. X between 0-75 and 0*5 mm,, 
as shown in section in fig. 3; the tube is shown expanded laterally (due to 
external constriction) at a point about 2 cm. above the vocal chords. 




Fig. 2. Fig. 3. 

Fjg. 2.— Plastirem* Model Mith Rubber Tube Pharynx ttnd Fixed Plasticene Voeat Chords. 
Fig. 3. Fixed Voonl Chords. Pharyngeal Constrietion and Connection to Air Supply, 

When air was blown through the model under these conditions, and the 
mouth of the model was closed and released by hand, the whispered consonant 
was p or /, according as the closure of the mouth of the model was complete 
or partial. 

The aperture of the plasticene vocal chords was progressively enlarged, and 
the whispered consonant—produced by closure and release of the mouth of 
the model—observed. 

The result was as follows :— 

Dimensions of lenticular aperture. Consonant produced. 

15 mm. X 2 mm. p or/. 

15 mm. X 3*5 mm. p at high pressure, b at 

low pressure. 
b at all pressures. 


15 mm. x 5 mm. 
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The experiment wan tried of constricting the pharyngeal (rubber) tube to 
different degrees of closure and in different positions relative to that of the 
plasticeno vocal chords. 

With a vocal chord aperture of 15 mm. X 5 turn., constriction to a slit of 
2 to 3 mm. at 3-5 cm. above the vocal chords further unproved the unphonated 
b . Such a constriction was conveniently produced by bending the rubber 
tube sharply at an angle of between 45° and 90°. 

With the vocal-chord aperture reduced to between 0-75 and 0*5 mm., so 
as to give a p or/ constriction of the pharyngeal tube at a point about 1 cm. 
above the vocal chords to a slit of 4 to 5 mm. produced no change in the p or/ 
sound. 

Further constriction of the pharynx tube to a 2 to 3-mtn. slit changed the 
p or/ to a clear h or v respectively. 

There was a marked ineroase of resonance in the model under the conditions 
which produced the b or v sounds. 

Constriction of the pharynx tube to a slit of 1 to 2 mm. aperture at any 
position from 1 cm. to 5 cm. above the vocal chords could be made to produce 
the same effect i.e., to convert a p or/ into b or v by adjusting the degree of 
constriction in each case. 

A further constriction of the pharynx tube, so as nearly to (dose this slit, 
converted the ft or v back to p or/. 

The same effect was produced by a close constriction at fi em. above the 
vocal chords, but the best effect was produced by constriction at about 1 cm. 
above the vocal chord level. 

It was found that, in the case of the writer’s own voice, an unphonated 
ft, d, g, v, z, 5, or S could be forcibly converted into its “ unvoiced ” equivalent 
p, t , ky /, Sy f and 0, viz., by external pressure on the front of the throat at 
about 3 cm. above the centre of the larynx, while whispering any one of the 
“ voiced M series. 


Conclusions. 

It appears that the unphonated ft, d, etc., or p, £,/, etc., series of consonants 
can be produced in two alternative ways. 

Large aperture at the vocal chords with the small aperture above them 
produces thep, l,f series ; large aperture at the vocal chords and largo aperture 
above them, produces the 6, d, v series. 

Small aperture at the vocal chords and large aperture above them, produces 
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the p, tyf aeries; small aperture at the vocal chords (as in the case of actual 
phonation) and small aperture above them, produces the 6 , d, v series. 

In other words, both apertures large, or both apertures small, produce the 
fc, d, v series, wheresR one large and one small aperture produce the p, f, / 
sounds. 

The constriction in the model above the position of the vocal chords seems to 
correspond with a possible action of the false vocal chords, but conclusive 
observations on the point have not yet been made. 

The results, which were obtained during August and September, 1926, 
have been recently confirmed by a further series of experiments carried out 
jointly by Dr, R. S. Clay, of the Northern Polytechnic, and the present writer, 
using a 1-inch diameter rubber tube 15 cm, long (in the clear) as the resonator 
and an adjustable tube clip for producing the upper constriction. 

The lower constriction (corresponding to that of the vocal chords) was 
produced, as before, by a slit in a plug of plasticine, and the unphonated sounds 
wore produced by air from a compression plant passed through the model. 

By closure (complete or partial) and release of the tube in various positions, 
it was found possible, for example, to produce p, /, ft and k , or 6, v, z and g , 
by adjusting the clip so as to give a slit aperture of 16 mm. for the p-k series, 
or 6 mm. for the b-g series. 

The resonance changes produced by the variations of aperture described 
have not yet been investigated. 
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Anodic Overvoltage Measurements with the Cathode Ray 

Oscillograph . 

By Eduar Nrwhery, 1).Sc., F.I.O., University of Tape Town. 
(Coimmtnirnted by Sir Ernest Rutherford, Pres.R.S.—Received December 8, 1026.) 

[Pl.VTKH 0 AN1» Irt.] 

Anodic phenomena aro more complex and more interesting in many ways 
than cathodic, inasmuch as we encounter not only overvoltage and transfer 
resistance but also solution of the electrode, passivity and valve action. Since 
the underlying principles of passivity and of valve action are still controversial 
matters, the following work was undertaken with the hope that fresh light would 
be thrown on these phenomena. 

Experimental — The apparatus used was identical with that previously 
described* except that the experimental electrode C, being now the anode, 
was connected to the grid of the thermionic valve and the standard mercurous 
sulphate electrode to the filament. 

In all cases the electrolyte was a normal solution of sulphuric acid. 

The electrodes chosen were of three types :— 

(а) Unattackable electrodes—platinum, gold, lead. 

(б) Electrodes showing passivity- nickel, iron, chromium. 

(r) Electrodes showing valve action—antimony, tantalum, bismuth. 

All the electrodes were cleaned with No. 000 emery paper before use, and all 
hud an exposed surface of I sq. cm. 

Some of the curves obtained are shown in tigs. 1-31, on Plates 9 and 10. 

Assuming that the E.M.F. of the oxy-hydrogen cell is 1 -23 volts, the potential 
difference between an oxygen electrode and the mercurous sulphate electrode 
UBed would be 0T)3 volt. In the given solution, however, hydroxyl ions are 
far more plentiful than oxygen ions, and, in fact, it is doubtful if the latter exist 
at all. It is therefore more reasonable for comparison with other overvoltages 
to assume the hypothetical hydroxyl electrode as standard, and the potential 
difference between this and the mercurous sulphate electrode then becomes 
0*83 volt. Overvoltages in the following table are calculated on this basis. 
For comparison with anodic values by other workers they must be increased 
by 0-3 volt. 

* ‘Boy. Soo. Proc., 1 A, vol. 107, p. 486 (1926), and vol. Ill, p. 182 (1926). 
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Kig. 

Kl<*t trade. 

Cui rent 
density. 

Applied 
\ alt age. 

Over- 
'v oil age. 

Transfer 

resistance. 

i Remarks. 

1 

Platinum 

ma. 

10 

volt. 

volt. 

0 1 

ohms. 

5 


2 


100 

— 

0-4 

2*5 

— 

3 

fluid 

10 

- 

0 5 

i 7 5 

1 — 

4 


100 

- 

0*5 

3 

— 

r> 

Lead 

0 1 

1 

— 

— 


ft 


0 1 

2 

— 



7 


10 


0 05 

- - 

— 

H 

• * 

lot) 


t) 7 

2 5 

— 

ft 

Nuk.-l 

1 


-1 2 


— 

10 


10 

— 

-1 1 

— 

-- 

n 


loo 

— 

l 02 

3 

— 

12 


1000 

- 

0 2 

0 75 

— 

13 

Iron 

200 

— 

- 

— 

Partly active 

14 


300 

— 


- - 


! 5 


1(H) 


0 1 

1-5 

Pft»Ml\C 

10 

M 

loot) 


0 4 

ft 75 

, i 

17 

Chi mmum 

10 


- 0 2 

K 

— 

18 

i« 

100 

- 

— ft 2 | 

3 

— 

1 ft 

Antimony 

ft 1 

1 

_ 

. - 

— 

20 

t ' 

01 

2 

—- 

- 

— 

21 

f * 

0 l 

3 

- 

- 


22 


0 1 

4 

— 


- 

23 

Tantalum 

0 ftl 

1 

- 

- 


21 

*» 

0 01 

2 

— 

j 

- - 

25 

M 

0 ftl 

2 5 

— 

-- 


2 ft 

• • 

0 01 

3-5 

— 

i — 


27 

M 

0 01 

2 5 

— 

— 

After 10 volts 

28 

Bismuth 

20-15 

J-5 


_ 

applied 

2 ft 

• t 

1ft 15 

2 5 

— 

- - 

— 

30 

»• 

15 

3-5 

- 


- 

31 


10 

ft 

' — 


' 


The measurements from which the above data have been calculated were 
taken on the original negatives and not from the prints. More accurate values 
are obtained in this way. 

Discussion of the unaltackohle and passive electrodes. -It will be at once evident 
from an examination of the photographs, figs. 1-18, that anodic and cathodic 
behaviour of electrodes show so many points of resemblance, when the electrodes 
are not attacked, that similar forces must be at work in both cases, and any 
theory which is applied to the one must also bo applicable to the other. This 
holds good also for passive electrodes but only when they are in the passive 
condition. Comparison of figs. 1-4 with figs. 11, 12, 15, and 16 shows no 
essential differences in the general characteristics of the curves for attackable 
electrodes and passive eloctrodes. This also applies to the case of lead when a 
moderate current is flowing, but at very low current densities a remarkable 
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change in the character of the curves is evident—tigs. 5, G, and 6 a. Lead is 
usually classed as an unattackable anode in dilute sulphuric acid, in spite of the 
known fact that it acquires a coating of dioxide, but these curves appear to 
indicate that a far more suitable place would be among the passive* metals. 
Pig. 5 is obtained when a constant potential difference of 1 volt is applied between 
a lead anode and a platinum cathode. A very small current (0-1 milhampere) 
flows under these conditions arid the single potential of the lead remains very 
low. When the applied jjoicntial vuis raised to 2 volts, the current at first rose 
slightly, but then rapidly fell to the previous value of 0*1 milliampere. The 
single potential of the lead after cutting off the current remained low as before. 
This is shown in fig. 6 where the lowest, curve' was obtaiued by switching off the 
main battery after the upper part, of the photograph had been taken. It may 
be noted that, in these two cases, transfer resistance appears to be absent since 
the upper and lower parts of the curves are continuous although the photographs 
do not show this well. 

After taking fig. 6, it was observed that the curve suddenly began to change 
its position and shape, the lower part rising in exactly the same way as is 
observed with nickel or iron when passivation occurs. To illustrate this two 
further photographs were taken and both printed together on one paper -fig. 
6 a. For these the applied potential was kept constant at 2 volts throughout. 
At first the curve to the left of the figure was obtained, and is a reproduction 
(on a slightly reduced scale) of fig. 6. Then the current was allowed to flow 7 
for 5 minutes without altering any part of the apparatus and a second photo¬ 
graph taken. During this time the current rose to three times its former 
value though the applied potential was unchanged. The curve obtained is 
the tipper one to the right of the figure. Finally the main current was cut off 
as in fig. 6 and the lower right-hand line w r as obtained. Comparing this with 
the corresponding portion of fig. 6 it will be seen that the single potential of the 
anode has risen by about 1*2 volts, which is much the same as the change of 
potential which occurs when nickel becomes passive. The increase in the 
current is evidently due to the change of a non-conducting film of PbS0 4 into 
a conducting film of Pb() 2 . 

It appears quite certain therefore that a lead anode in dilute sulphuric acid 
must be classed as a passive metal, and further that it ow r es its passive pro¬ 
perties to the presence of an insoluble, electrically conducting coating of higher 
oxide. 

This affords strong evidence in support of the so-called “ oxide ” theory of 
passivity, but it must be realised that other anodic overvoltage compounds 
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such as higher chlorides, iodides, etc., may possess similar properties and also 
show the phenomena of passivity. Further, in some cases the higher oxide, 
chloride, etc., may form a solid solution in the electrode surface, though this is 
probably not the case with lead in dilute Hulphuric acid. 

The fact that lead gives a visible coating of appreciable thickness is merely 
due to the porosity of the coating, and this appears to be an inherent property 
of lead and of its compounds, it is well known that lead plating on iron will 
not protect the iron from rust, etc., unless the coating is extremely thick corn¬ 
ered with other electroplated metals. Similarly lead chloride will not protect 
a lead anode from further attack by chloride ions. If the anodic overvoltage 
comjKiund is non-porous a coating of molecular thickness may be sufficient to 
show passivity phenomena, ami such a coating would be invisible if its colour 
is similar to that of the underlying metal, or if it forms a solid solution in the 
metal surface. Jt may here be noted that the lead electrode, after the treat¬ 
ment described under f»A, was covered with a brilliant red coating closely re¬ 
sembling polished metallic copper. 

Figs. 9 and 10 show the behaviour of nickel in the active state ; figs. 11 and 
12 in the passive state. The sudden rise of single potential together with the 
simultaneous appearance of transfer resistance when oxygen gas is liberated 
are well shown by these curves. 

The curv«H for iron in the active state are similar to those for nickel, and it 
was considered unnecessary to reproduce them. Figs. 15 and 16 showing iron 
in the active Htate may be compared with ligs. 11 and 12—the corresponding 
curves for nickel. 

Figs. 1H and 14 were obtained by allowing the iron electrode to remain in 
the acid in the active state for some time until it was deeply etched, under which 
conditions it is much more difficult to render passive. When the current was 
increased to 200 inilliamperes which would have been sufficient to induce passivity 
with the original electrode, the curve separated into three portions of which the 
two upper parts are really continuous although the photographs hardly show this. 
As the current was increased, the top portion became longer and brighter but 
maintained the same position vertically. At the same time the middle portion 
rose and finally coalesced with the top portion. Then, and not till then, the 
lowest portion suddenly rose to the position shown in figs. 15 and 16. The 
presence of the middle portion during partial passivity shows the existence of 
a “ charging period ” during which the passivity compound is being formed, 
and this compound is evidently destroyed very rapidly by local action on the 
electrode when the charging current is interrupted. The case of chromium, 
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figs. 17 and 18, is peculiar. Chromium is usually looked upon as a passive 
metal and it certainly has pre-eminently the power of inducing easy passiva¬ 
tion in iron, a high-chromium steel electrode being rendered passive in 
2 seconds by a current of 1 milliampere per square centimetre. Chromium 
metal, however, in dilute sulphuric acid or in dilute sodium hydroxide, solution 
fuils to show some of the most characteristic features of true passivity. 

(1) No sudden rise of single jiotential is observed in acid or alkali electrolyte. 
This may be due to passivity being induced by mere immersion. 

(2) The observed anodic overvoltage is a negative quantity referred to a 
hydroxyl electrode, whereas that for the typically passive metals is strongly 
positive. Rven highly attackable metals like aluminium or magnesium show 
positive overvoltages of 0*6 volt or more when passivated in alkali. 

(3) Very little oxygen is liberated and the metal dissolves as chromate almost 
in accordance with Faraday’s laws. 

(4) The behaviour of chromium in hydrochloric acid is similar to that 
described above. At high current densities the anodic overvoltage with 
respect to chlorine is the same as that found with respect to hydroxyl in the 
present work, — 0*2 volt. 

It appears, therefore, that although chromium may be regarded as a metal 
which is easily passivated with respect to the formation of IV" ions, it cannot 
be passivated with respect to the formation of (Y VJ ions. 

The valve metal *.—It will be at once evident from ail inspection of figs. 19 -31 
that we are here dealing with quite a different type of phenomena. Over¬ 
voltage and transfer resistance are absent and the curves are no longer dis¬ 
continuous. The current passing is so small even with high applied potentials, 
and so rapidly falls when the applied potential is kept constant, that it is 
impossible to obtain curves for definite current densities. In these experiments, 
therefore, the applied potential was fixed, and only the average current observed. 
The appearance of the curves at once suggests the charging of a condenser 
through a low resistance and its discharge through a very high resistance. The 
condenser in this case is made up of the electrode as one plate and the electrolyte 
as the other, the dielectric being formed by a film of metallic oxide of high 
insulating power. The nature of this film determines the nature of the curves 
obtained. In the case of antimony the film is invisible but appears to dissolve 
very slowly in the acid, since a small current, 0-1 milliampere, persists at all 
voltages. With a tantalum ano<le the current was too small to detect with 
the milliammeter until 12 volts were applied, when a current of 0*02 ma. 
was observed. The film of oxide produced is therefore very thin, extremely 
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insoluble, and an excellent insulator, but at the same time this electrodo shows a 
peculiar property not shared by antimony or bismuth. When the electrode is 
freshly cleaned and the experiments conducted fairly rapidly, the curves 
obtained are similar to those obtained with antimony. When, however, the 
electrode is used for some time with a high anodic voltage or still more so when 
the electrode has been ex|>osed to the air for some time, it acquires a single 
potential of about 2 volts referred to the mercurous sulphate electrode. If 
this potential is disturbed by passing a current or by short-circuiting anode and 
cathode, and the disturbing force then removed, the single potential of the 
tantalum persistently but slowly returns to this value, usually taking from 1 to 
3 seconds to do so. At the same 1 Hue the electrode acquires a peculiar tendency 
to resist rapid changes of potential so that if a potential difference, of, say, 1 
volt, be applied while the commutator is rotating at the usual speed, the rate 
of the return to 2 volts is so slow that the curve obtained is practically a straight 
line, and a series of such lines may lie obtained by varying the applied voltage 
between 0*1 and 3 volts (see fig. 27). This behaviour, which is probably con¬ 
nected with the excellent rectifying power of tantalum for alternating currents, 
is difficult to explain, and the following suggestions are, therefore, made some¬ 
what tentatively. 

The tendency to acquire a definite potential of 2 volts referred to a mercurous 
sulphate electrodo may be due either to tho formation of minute quantities of 
an overvoltage oxide or to the very slow ionisation of the normal oxide. Tt 
cannot be due to ionisation of the metal itself as that would give a potential 
opposite in sign and differing by about 3 volts from that observed. A difficulty 
arises if the ionisation of the normal oxide be taken to account for the observed 
behaviour inasmuch as all the known ionising oxides are good electrical con¬ 
ductors Pb0 2 , Mn( >*, etc.), and this oxide is an excellent insulator. Possibly, 

therefore, a very small quantity of an ionising, electrically conducting, over¬ 
voltage oxide is formed and disseminated through the mass of non-conducting 
normal oxide. This would form a large number of very small condensers which 
could only discharge slowly through the insulating medium round them although 
that medium is intensely thin, and would thus account for the observed tendency 
to resist sudden changes of potential. A further suggestion is made later. 

In the case of bismuth, the oxide coating is clearly visible and of appreciable 
thickness, and at the same time the current passing, though variable, is much 
greater than with antimony or tantalum. This iB due, not to the lack of 
insulating power of the oxide itself but to the porosity of the film formed, being 
in fact parallel with the case of lead. The condenser formed is therefore a very 
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leaky one, and until the coating has attained a thickness of about 0 a l mm. its 
discharge is so rapid that the curves obtained, figs. 28-30, look like overvoltage 
curves. Careful examination of the oscillograph screen, however, shows that 
the curves are really continuous. The upper extremities of the lower portions 
of these curves are very hazy and attenuated, in marked contrast to the 
sharply defined ends of a true overvoltage curve. Unfortunately the photo¬ 
graphs do not show this well, but fig. 31, taken when the coating had thickened 
considerably, si lows it better than the other three. 

In alkali electrolyte, bismuth behaves like antimony iu acid. Bismuth and 
nickel in alkali, antimony and lead in acid or tantalum, and lead in acid may, 
therefore, be used as electrolytic rectifying cells for alternating current, but 
rectifying action may depend also upon the oxide film acting as a membrane 
permeable to hydrogen ions but not to hydroxyl. 

It is possible with the data available from the curves, to calculate roughly 
the capacity of the condenser and also the thickness of the film of oxide forming 
the dielectric. 

Thus in fig. 21 the potential of the antimony condenser falls from 2 volts to 
1 volt during one-quarter revolution of the commutator, and the resistance 
between the filament and grid of the valve; across which the condenser is dis¬ 
charging is of the; order of one; megohm. 

The capacity of a condenser discharging from V 1 -V through a resistance It 
in time t is given by 

c _ —L _ 

Kiog. 

3 

In this case, therefore, V ~ — X 10 6 /0-7 -- 10 “ 7 farads approx. 

or = 10’* cms. 


This capacity, 0*1 micro-farad, is surprisingly large for a plate only 1 sq. cm. 
in area, and is due to the; thinness of the oxide film. 

Since most of the solid dielectrics known have a specific inductive capacity 
between 3 and 10, we shall probably be not far wrong in assuming that of the 
antimony oxide film to be about 5. 


Then 


K A 

hzil 


or 


10 ' — 


5 X 1 
47Tf/ 


Whence d -- 4 X 10~ : * mm. approx. 

Since molecular thickness is of the order of 10" 7 mm., it is quite conceivable 
that, in certain cases, condensers may be formed having a capacity of the order 
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of 10 microfarads per square centimetre. This suggests another possible 
explanation of the peculiar behaviour of tantalum. If the oxide film in this 
case is of molecular thickness, the time taken to discharge from 2 voltH to 1 volt 
through a megohm resistance would be of the order of 30 seconds. The change 
of potential during 0-1 second under these circumstances would not appreciably 
affect the position of the oscillograph spot, and a nearly straight line would be 
obtained. This, however, does not account for the tendency shown by this 
electrode to acquire the definite jaitential of 2 volts already referred to, and it 
still appears necessary to assume the formation of traces of a true overvoltage 
oxide. 

Summary. 

The behaviour of a senes of metallic anodes in dilute sulphuric acid has been 
investigated with the aid of the cathode ray oscillograph. 

Unattackable electrodes and passive electrodes (when in the passive state) 
show the phenomena of overvoltage and transfer resistance similar in all 
respects to those observed during cathodic treatment. 

Lead must be definitely placed among the passive electrodes along with nickel 
and iron, and the lead dioxide looked upon as an overvoltage compound. 

Chromium is readily rendered passive with respect to the formation of tri- 
valcnt ions, but is still active with respect to the formation of hexavalent ions. 

The cause of passivity is the formation of an insoluble, electrically conducting 
coating of an overvoltage compound which may or may not form a solid solution 
in the electrode surface. 

The reason why the coating is of measureable thickness in the case of lead, 
but invisible with iron or nickel, is that the lead dioxide is slightly porous and 
permits deeper action on the electrode surface. 

Valve action is due to the formation of an insoluble, electrically insulating 
coating of oxide or other compound forming the dielectric of a condenser of 
which the plates are electrode and electrolyte. The capacity of such con¬ 
densers may be of the order of a micro-farad per square centimetre. The 
thickness of the coating in the case of antimony is calculated to be of the order 
of 4 X 10“ 5 mm., and in the case of tantalum it is probably of the order of 
10' B min. 

It is suggested that the action of an electrolytic rectifier may be due partly 
to the condenser action outlined above, and partly to the oxide film acting as a 
semi-permeable membrane, permeable only to hydrogen ions. 
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The Energy of the Struck String.—Part I. 

By W. H. George, M.Sc., Fh.D., F.lnst.P., Motley Student, and II. E. 

Beckett, B.Sc., Research Student, University College, Nottingham. 

(Communicated hy Sir William Bragg, F.U.S.—Received December 24, 11)26.) 

[Plates 11 and 12.J 

The paper deals with an investigation of the energy of the struck string 
studied by observation of the energy lost by the hummer during the, impact. 
A systematic investigation was made of the*, influence of the position of the 
impact along the string and of the relative mass of hammer and string. For 
each value of the mass of the hammer a sharply defined position of impact 
was found at which maximum energy loss by the hammer occurs and the 
necessary conditions were studied in detail. 

In the summary of results given at the end of the paper references are given 
to the figures in the text in which the results are shown graphically. 

1. Object of the Experiments. 

The subject seems of interest from two rather different jaunts of view. 

(1) The more obvious application of the work is to the acoustics of the 
pianoforte. This instrument is unique among important musical instruments, 
in that almost the whole of the desired amount of energy has to be given to the 
system in some small fraction ( e.g 1 /boo) of a second before any sound is heard. 
In contrast with this, in the important families of the bowed-string instruments 
(violin, viola, ’cello, etc.) and m the wind instruments (organ, flute, oboe, 
clarinet, horn, trumpet, etc.) energy is given to the system almost continuously 
so long as sound is desired. One of the most fundamental problems of piano¬ 
forte acoustics would therefore appear to be that of determining the conditions 
under which the energy communicated to the system during the; impact shall 
be a maximum consistent with certain qualitatively fixed conditions. Although 
the design of the pianoforte has been evolved entirely by empirical methods, it 
was from the first realised that its sounds were too weak and of too short 
duration, and it is of interest to note in the evolution of the instrument the 
gradual increase in the mass and tension of the strings, and the use of more than 
one string tuned to a given frequency as means to increase the initial energy 
of the system. 



112 


W. II. George and IT. E. Beckett. 


In the literature of the subject we have been unable to find any references to 
theoretical or experimental work on the energy of the struck string. 

(2) The second point of view from which the work would appear to be of 
interest lies m its connection with the more general problem of absolute quantita¬ 
tive energy measurements in acoustics. The essential difficulty of these 
measurements lies m the minuteness of the absolute value of the energy of a 
single vibration of any sound of normal intensity. However, it may well be, 
as for example in the present work, that the complete time-integral of the 
energy can be measured. It would be of interest to investigate along similar 
lines the possibility of the use of a struck tuning fork as a standard source of 
sound and the method would be suitable for investigating the acoustics of 
bells and other percussion instruments. 

II. Thkoky. 

In the experimental work a small metal cylinder, suspended by threads so 
as to form a pendulum, could be made to impinge upon a horizontally stretched 
wire. The speed and hence the energy of the hammer before and after impact 
could lie calculated from readings, upon a scale, of the position of the shadow 
of the hammer formed by a point source of light. 

If the hammer, taken as a [Hirticlc of mass ttf y impinges upon Hie string with 
speed v 0 ttud rebounds with speed e, then, in the ideal ease, the energy given to 
the string is etpiul to the energy lost by the hammer \\m (e 0 2 - v*)]. This 

quantity cannot m general be calculated, but the calculation can be made for 
a number of special cases by the aid of the Kaufmana* thcoiy. Although more 
general equations can be written, they can be solved only by very tedious 
approximate graphical or numerical methods. As the more general equations,f 
giving the duration of the impact and the speed of the hammer, which would 
have to be used to calculate the energy of the string caimot be solved analytically, 
and have not yet been tested experimentally over the range ot the present work, 
their use here uould hardly justify the labour involved. It is evident from an 
examination of figs. I to 8 which show the form of the relation between the 
position of the impact and the fraction of the initial energy lost by the hammer 
during the impact, each for a special value of the relative mass of hammer and 
string, that the analytical expression of the results will be very complicated. 

* ■ Wud. Ann..' \ol 51. pp. 075 712 (1S95). 

t Raman and Bancrp, ‘ Roy. Hoc. Proe.,’ A, vol. 1)7, pp, 99-110 (1920); Das, ‘Proe. 
hid. Assoc.,’ vol. 7, pp. 13-20 (1921), and vol. 9, pp. 297- 322 (1920), 
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Tho following analysis refers to the part of the string between the bridge and 
the point at which the energy lost by the hammer during the impact is a 
maximum. 

Notation. We shall assume that the string is infinitely thin, is perfectly 
flexible, is stretched between fixed supports, and that the motion is confined 
to the horizontal plane so that the influence of gravity may be neglected. 


I = 

a = 

6 ^ 

x 

y --- 


r 

v* 

v 


c — 

H- = 

m — 

m 0 

«?' ~ 

M - 

s — 

0. - 

n t ^ 

t = 

t 

A, or B, = 

B = 

c.)i 2 = 

d Q = 


length of string between bridges, 
distance of struck point from nearer bridge, 
distance of struck jvoint from farther bridge. 

variable distance measured from a bridge along the equilibrium 
position of the string. 

variable displacement of string perpendicular to the x-axis, 
pai allei to and reckoned positive in the direction of the 
a p pr< mu hi ng ha miner. 

distance bewteen string and axis of rotation of hammer, 
initial velocity of hammer. 

velocity of hammer at instant of separation of hammer and 
string. 

speed of propagation of transverse waves on tho string, 
linear density of string. 

effective mass of hammer - - mass of a particle distant r from 
axis of rotation and cqunnomcntal with the hammer. 
m + (jl a/3. 

actual mass of hammer. 

muss of string between bridges ~ p/. 

number of partial tone. 

period of sth partial. 

frequency of sth partial. 

duration of impact. 

variable time reckoned from tho beginning of the impact or as 
stated in the text, 
amplitude of the sth partial. 

Young’s Modulus for the material of the string, 
moment of inertia of cross-section of string* 
diameter of wire. 
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Energy of the Hammer . 

Impact at Mid-Point of String. -Wo must assume that the duration (t) of 
the impact is loss than one period (ft) of the fundamental toue of the string. 
Then Kaufmann has shown that 



If we assume the hammer to he unyielding then t cannot he less than 6/2. 
In our experiments the smallest value of t/ 0 when a// -= 1/2 was found to be 
0-58 (when mj M — 0-137), we are not, therefore, concerned with velocities 
derivable from equation (1). From (2) we have 


dy 

dr 

(*<*<>) 


m \o 


4M ir 


whence lining (3) we have 


- v-) 
0<i<') 






Impact near a Bridge. —In this ease Kaufmann did not solve the equations 
rigorously, but introduced an approximation by supposing that the shorter 
portion of the string remains straight during the impact, that is the influence 
of its vibrations is neglected. The influence of its inertia is included in the 
factor w 0 = m + [j.a/3. The solutions obtained were :— 




Energy of Struck String. 


115 


From (6) we have 


_ m i 

dy y 0 e 1 a/m 7T« M“\ M*\'l 
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whence using (7) we have : - 
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Energy of the Vibrating String . 

Ta the ideal case the energy of the vibrating string in terms of the amplitudes 
of the partial# can readily be determined by simple physical considerations. 
As the ideal conditions are never completely realised in experimental work it is 
important to note them. They are that the string is (i) infinitely thin; (ii) 
perfectly flexible; (lii) stretched between fixed supports; (iv) vibrating in a 
horizontal plane ; (v) not giving up energy to the 1 surrounding space, and that 
the vibrations are of such small amplitude that (vi) the square of the inclination 
of any part of the string to its initial direction may be neglected ; and (vii) 
the tension remains constant throughout the motion. The third of these 
conditions is the most difficult to realise as is shown by the very considerable 
intensity of the sounds heard when a string is vibrating. The energy radiated 
by the string itself is exceedingly small. 

In the present work the ratio (i) of diameter to length of string is 1/3430. 
To avoid the difficulty which arises through the change in the plane of vibration 
of the string, observations of the amplitude of vibration were made upon the 
initial vibrations. The optical system used for obtaining the photographic 
records was accurately focussed for motion in a horizontal plane so that with 
the large magnification used any departure from this plane by the vibration 
string causes the effects of bad focussing in the resulting photograph. The 
ratio of the largest amplitude to the appropriate length of the string was 

1/1024. 

The shape of the string is given by :— 


(10) 
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and the velocity of any point at any time by 

(hi 8 " * STZC . S7TXI n sncl * . tfTrCTI /11V 

r|. B - t“ A '* , n_ rJ' (U > 

If we consider the string to be sounding only the sth partial then at times 
given by an integral multiple of 0„ y is zero for all values of x, and the energy 
of the string's vibration is wholly kinetic. Equation (11) then reduces to 

(11«) 

and the kinetic energy due to the sounding of tho s th partial is given by 
(“I dx = 1(1W«- ~dx = = Tc 2 n, 2 MB„ 2 . 

Hence the total energy of motion of the vibrating string is given by 

(12 

* = i 

This expression agrees with that derived by a different method by Rayleigh.* 

Effect of Stiffness of String. —We may determine the increase in the potential 
energy of the deformations of the string due to its stillness by assuming that 
tho shape of the deformations is still that given by equation (10) from which 
we have 

dr y *r*\f 2 7r . snx/ A sncl „ snct\ 

-A -= “ £ —r-sin A.cos —+ B, sin —). 

dx- , _! r I \ l l 

Since tho curvature at any point of the string is small the potential energy of 
the deformation is then given by :— 

,n 12 *v“ .s 4 71 4 / A sncl . u . snct\ 2 ( l . ,, stzX j 

4*- <oaj 2a ( A,cos— + B, sin —) \ sin 2 — ax 


Z 4 


1 1* ,n*\? a 4 7t 4 / A srotf . -O ■ atccZ\ 2 l /1QV 

^ is 1 ** X IF \ k ' 008 AT ^ B ‘ Bm T,) - 2 ’ (13) 

Since when t — 0, y -- 0 for all values of x, we have A f — 0. The potential 
cneTgy of deformation due to a single partial is a maximum when t = 0 # /4 
and the value is then given by :— 

(13*) 

Throughout the present work this is equivalent to 2-467 « 4 B, 2 (1? — 9 x 10 n ; 
d = 0-0926 cm.; l = 317-6 cm.) 

* ‘ Sound, ’ veil. 1, p. 180. 
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Special Cason .—When s -- 1 the maximum value of l\ was 0*3 cm., giving 
P.E. m R X — 0*222 ergs. The corresponding vibrational energy was 45,820 ergs. 

When .v—-3 the maximum value of Ji, was 0-0358 cm., giving 

P.E.max. = 0*250 ergs (vibrational energy = 5492 ergs). 

When s -= 7 the maximum value of B a was 0-008 cm , giving 
IMi.umx — 0*409 (vibrational energy --- 1014 ergs). 

Hence we may conclude that under tins conditions of the present work the 
influence of the stiffness of the string may be neglected. 

111. Exckmments. 

A portion of the apparatus is shown m Plate 11. 

The String, consisting of steel [nano \\ ire of diameter 0*0926 cm., was stretched 
horizontally across bridges (11) supported about 3 metres apart on massive iron 
brackets which were firmly clamped to roof posts of the laboratory. Tuning 
w r us (-fleeted by altering the tension of the. wire by screw devices attached to 
the brackets. 

Tfa' Hammer (H) which in conception was a simple pendulum consisted of a 
metal (brass or steel) cylinder suspended from two points (S) by four threads. 
In the equilibrium position the axis of the cylinder was horizontal and per¬ 
pendicular to the string, and the wedge shaped end of the cylinder just touched 
the string. The width of tin* contact us shown by measuring the width of the 
bright speck left when the hammer had impinged on the smoked string was less 
than 0*2 mm., or about 1/16000 of the string's length. The impact may, 
therefore, be said to occur at a point. 

Optical Arrangements.- The two points of suspension of the hammer threads 
were on a framework w r hich could be moved upon joists (J) parallel to the 
string. The same framework carried a “ Pointolitc ” lamp (1*) so fixed that 
the point source lay in the axis of rotation of the hammer. This source cast 
upon a horizontal scale (outside the field shown), situated about 1 metre below 
the string, a shadow of a fine w r ire pointer passing through the centre of gravity 
of the hammer. The whole apparatus is so designed that the position of any 
important part of it is adjustable in three mutually perpendicular directions. 

The Hammer-Velocity (v 0 ) at the beginning of the impact is adjustable by 
varying the original inclination (c^,) with the vertical, of the radius vector. 
In order that the initial energy of the hammer can be calculated from observa¬ 
tions of <f>Q it is necessary to ensure that the hammer falls freely from rest. This 
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was secured by using an electro-magnetically operated mechanical release (M) 
in which tho part in contact with a wire loop attached to the back ol the hammer 
moved initially with high speed along the path of the hammer and in the same 
direction. Since the path of the hammer iH a circular arc of radius about 
55 cm., whilst its shadow moves along a plane scale perpendicular to the 
equilibrium vertical radius vector (A), small differences in the position (d) of 
the hammer when at rest at the end of its rebound from the string arc easily 
read (A d — h sec 2 <f> A<£). 

if be the initial inclination with tlie vertical of the line joining the centre 
of gravity of the hammer with the axis of its path, then the speed v 0 of the centre 
of gravity of the hammer immediately before the impact is given by 

f 2/nVV/ ri iil 1 
Vo = ^ —— [1 — cos^o]| , 


d 2 / 3 

where m* is the actual mass of the hammer and 1 m' -2- 4- 4- r 2 . If the 

Itf 12 


hammer were taken as a particle we should have 1 = mr 2 . In order to show how 
nearly the hammer system approximates to a simple pendulum the values of 
m and in! for three of the hammers are shown in Table I. 


Table 1.—Approximation of Hammer System to a Simple Pendulum. 


m/M 

Diameter ol 
hammer rf 0 . 

Effective length 

of hammer f 0 . 

r 

, 'i 

Actual majw 
of hammer m\ 

I 

m. 

I Per cent, 
difference. 


cm. 

em. 

cm. | 

1 

gm. 

Km. 


o-r> 

0-53 

50 

55-5 

8-49 

8-496 

0-07 

10 

0-65 

fl-4 

55-0 | 

16-99 

I7-0J | 

0-12 

4*77 

1-20 

7-7 

55-8 I 

...1 

8104 

81-17 | 

1 

0-16 


Distribution of the Energy of the Hammer. 

In the design of the hammer system the chief aim was simplicity in order 
that the greater part of the energy of tho hammer should be represented by tho 
kinetic and potential energy of its mass as a whole, these quantities being easily 
measurable. The compound pendulum used in previous work was rejected 
because of the uncertainty of the energy losses due to flexure of the shaft and 
friction of the axle in its bearings. The system actually used has been shown 
to approximate very closely to a simple pendulum. That part of its energy 
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due to the initial displacement from the vertical becomes distributed as 
follows:— 

(i) In the rebound. 

(ii) In vibrations set up in the string system. 

(iii) In vibrations set up in the hammer system. 

(iv) In permanent deformations of hammer and string due to their imper¬ 
fectly elastic properties; and 

(v) In friction losses. 

The study of (i) forms the main part (if the present- work. Some work has, 
however, been done on (ii). For 32 special eases the necessary experimental 
observations were made, to determine the amplitude of the vibration of the 
first seven partial* of the string, and the results will be given in a later part of 
the work. 

Since the hammer never quits the string before the original wave set up by 
the impact has again reached it after reflection at the nearer bridge, it follows 
that the energy given up to the string will depend also on the nature of the 
bridges and support*. Except for the veiy lightest hammer (m/M — 0-137) 
waves are reflected several times before the impact is ended. The energy of 
the vibration of the bridges and supports is not dealt with in the present instal¬ 
ment of the work throughout which the same string, bridges and supports were 
used. 

(iii) The vibration of the hammer system consists of two parts -—the vibration 
of the hammer as a whole, and the longitudinal elastic vibration of the metal 
rod. The mass of the four threads by which the hammer w^s supported was 
of the order 0* 1 gm., whilst the mass of the hammers varied from 2-32 to 81 -04 
gm. Hence the energy lost by the vibration of the threads may be neglected. 
The supports to which they were attached were sufficiently massive and firm to 
be unaffected by the motion. Considering now the vibration of the metal rod 
as a whole, it may be noted that the vertical motion is unaffected by the impact. 
There is, therefore, no tendency to set up vibration m a vertical plane about 
an axis parallel to the string. The absence of vibration in a horizontal plane 
about a vertical axis was found by observation of the shadow of the hammer. 

The energy of the longitudinal elastic vibrations of the metal rod, which are 
evident in the high pitched metallic ringing sound heard as the hammer re¬ 
bounds from the string whose vibrations have been quickly damped immediately 
after the impact, will be discussed in a later instalment of the work. 

(iv) With the actual experimental conditions of this work permanent deforma- 
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tion of the hammer faces or the string could not be detected. Any influence 
due to lack of uniformity m the elastic properties of the string would not be 
detected as the identical string was used throughout. 

(v) Friction losses between the hammer face and the string may be neglected 
as there would be little if any tendency for relative motion between the hammer 
and the struck point of the string on account of the large radius (55 cm.) of the 
arc along which the hammer moves* and the small amplitude (say, 0-2 cm.) 
of the motion at the struck point. 

The loss due to air friction on the hammer could be determined experimentally 
by raising the framework (P in Plate 11) so that the hammer passed over 
the string instead of striking it. The logarithmic decrement was thus deter¬ 
mined for the hammer m/M — 0-5 and was found to be 0*0084. Observations 
showed that for any hammer the displacement after three half swings from rest 
was almost equal to the original displacement. The loss due to air friction may, 
therefore, be neglected. 

Another slight loss of energy is that due to the air pulse set up by the sudden 
retardation of the hammer during tin* impact. In a typical case (see Plate 12, 
fig. 8) the hammer originally moving with a speed of 05 cm./sec. is brought to 
rest in a space of about 0*3 cm. and in a time of about. 0-0075 second. This 
pulse together with the vibrations of the metal cylinder causes the noise of the 
impact. 


IV. Results. 

Oil account of the large number of variables which are known, or which might 
reasonably be expected, to influence the phenomena of the struck string a pre¬ 
liminary survey was made to determine which factors had the greatest influence 
on the energy changes during the impact, and it was found that the relative 
striking place and mass of the hammer were the two most important variables. 
These two were studied in considerable detail, but before giving the results of 
this, the larger part of the work, some consideration will be given to the influence 
of other variables. 


Influence of Singh 1 Variables , 

Tension of String, - -Throughout the whole of the present work the string was 
stretched under high tension (125*4 lbs. wt. as compared with 170 lbs. wt. used 
in pianofortes) and the influence of change of tension w’as not studied experi¬ 
mentally. It may, however, be shown theoretically that when high tensions 
are used the fraction of its initial energy lost by the hammer is independent of the 
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tension . By substituting for t in equations (4) and (8) the values of t given by 
equations (3) and (7) respectively we have 


and 


VfVo 
(" l - \> 




2 e -( 1+1, ’“) 


t’M> - 


- 6 


T iHn V <1 Ml,,/ 


tun" 


V'H* 1 --)} 

V ffl„ > H My) ^ 


and the right-hand sides of these expressions are quite independent of the 
tension. It is important to note this for it. follows that small changes in the 
velocity of rebound of the hammer would not be produced by the change of 
tension of the wire caused by una\oidnble changes in the temperature of the 
laboratory and other factors. 

Stiffness of the String.- It has already been shown theoretically that under 
the conditions of the present work this factor has not an important influence 
on the energy changes. 

Initial Velocity (<» 0 ) of the Hammer . -The influence of this factor has been 
studied in considerable detail, and an account of the results will be given in 
Part II of the work. It may be stated here that the initial velocity of the 
hammer is not an important variable, and its value in the work here discussed 
was kept constant at about 05 cm. per second, the exact value in any case is 
given in the tables. 

Relative Position (ajl) of Impact and Mass (jh/M) of Hammer. The influence 
of these two factors is set out in Table II. 'Hie first column gives the 
distance (a) in cm. of the impact from the nearer bridge. The other columns 
giving the actual observed scale readings of the position of the hammer after 
its rebound from the string show for each value of a in column V the mean 
of 10 readings of d and in columns TI to IV and VI to X the mean of five readings. 
In no case was the difference between the greatest and smallest muling of d, 
for any given value of a and «&, greater than 1 mm. 

The general nature of the results is best seen in figs. 1 to 8 in each of which 
the fraction of its initial energy lost by the hammer during the impact is plotted 
against the distance (a) of the impact from the nearer bridge. Assuming the 
string system to be symmetrical about the central plane the complete figures 
are all symmetrical about the mid-point ordinate of (a). The individual points 
used in plotting the curves are too close together to be indicated, and no attempt 
has been made to draw smooth curves through series of points. The curves 
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Table 11. -/ -= 317*0 cms.; 0 = 0*01875 hoc. ; |x — 0*0535 gra./cin.; 

(iu — 45*0 cms. 


in M 

0-137 

0 2(H) 

1 

0*397 

0*5 

0 5 

1*0 

»' 0 c*m. -nut*. 

HI HO 

04*89 

04*86 

04*83 

04*89 

05*00 

r mi. 

55-2 

55*2 

55 l 

55*5 

55*0 

55*9 

h nn. 

inn o 

150*0 

i 

150*0 

157*3 

157.* 3 

157*3 

a nn. 

mean rfnn. 

! 

0*2 

i 

• - ! 



l 

32*51 | 

! 1 

33*00 

5*3 

— 


-- 

I 

| 

— 

5*5 1 

23*92 


1 

— 1 

32-40 ! 

- 

5*0 

1 

29 1 

1 


1 


5*7 

1 


31*0 

— 

_ 1 


o*H 




- 


-- 

0 0 

23 (HK‘ 

2K-9 

30*5 1 

31*91 

' 31-90 

35*28 

7 

22*80 

28*4 

30*0 

31*51 

1 31-48 

34*00 

8 

22 10 

27*1 

29 0* 

30 43 

1 30 50 1 

34*00 

9 

21-48 

20*9” 

28*9 

30*33 

j 30-40 

i 33*50 

10 

20*50 

20*5 

28*2 

29-17C* 

! 29-30 

33*30 

11 

19*00” 

25*9 

27*4 

28*96 

1 29-10 

32 • 50 

12 

19(H)” 

25 0 

27*0 

— 

1 28 70 

32*50 

12*7 

- 


- 

28*35 

1 - 

- 


1-086 
05-00 
55-8 
157*3 


4*709 

85*00 

65*8 

157*3 


19 10 24 *0^ 

19*00 24*(K 

18*90 24*<K 


32 00 j 34*50 
31*00 | 34*40 
31*00 | 33*98 


17*50 22*5 
17 00 22*0 
10*00 21*5 



13*58 20*0 

13*00 

13*88 19*8 

13*90 

13*90 19*5 

13*90 — 

13*90 19*0 

13*90 

14*00 18*7 

14*00 

14*02 18*4 
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Tabic II—(continued). 


a <-*111 I meau d cm. 


4:1 

14*08 

_ 1 

1 

20*50 

20*52 

25*02 

28-96 1 

39 00 

42-80 

44 

14-10 

17*7 

20*0 

— 

20*58 

24 80 

28*70 

39 50 

42*60 

45 

14*12 

— 

- 


20*00 

24*00 fl 

28*52 

39-06 

42*80 

45* t 

— 

— 


20*00 

_ 

_ 


_ 

_ 

46 

14*10 

17*0 

19*0 


20-60 

24 *60 r 

28*20 

40-12 

42*92 

47 

14*10 

— 

*— 

_ 

20*50 

-- 

28*40 

40*42 

42*92 

48 

14*10 

10-5 

19*8 

20*54 

20*50 

24*6<>i’ 

28*80 

40-50 

42*90 

40 

14-20 

- 

- 

- - 

20-50 

24-out; 

29*52 

40-50 

42*90 

50 

14*20 

15*8 

19*0 

20-04 

20*50 

24*56 

30*10 

40*50 

42-60 

51 

14*20 

— 


- 

20*50 

— 

30*70 

40*90 

42*00 

52 

14*20 

15*0 

19*3 


20*50 

24*54 

31*40 

41 *04 

42*48 

52-9 



— 

20-47 

— 


— 

—. 


53 

14*20 

— 



20*40 

— 

31*94 

41-42 

42-50 

54 

14-20 

14*2 

19*0 

- 

20-30 

21*48 

32-50 

41*50 

42*50 

55 

14*30 

-- 


— 

20 40 

— 

38*08 

41*50 

42*50 

5ft 

14*30 

14 0* 

18 7 

20-41 

20*30 

24 40 

33*90 

41-60 

42*50 

57 

14*30 

— 

— 


20-12 

— 

34 48 

41 80 

42 *10 

58 

14*30 

14*0 

18*4 

- 

20-10 

24*20 

34*90 

11-90 

42*34 

50 

— 

— 

— 

— 

20 08 


35-02 

41*80 

42*12 

50 

14*30 

14*1 

18*1 

20 01 

20*00 

23*98 

35*50 

41*58 

42-00 

01 

— 


- 

— 

18-94 

23*90 

35*80 

41*48 

41*90 

62 

14*30 

14*2 

17*0 


19*80 

23*72 

35*90 

41*48 

41 *52 

03 

— 

— 


— 

19 80 

23-60 

35*80 

41*50 

41*30 

03*5 

— 

— 


19-60 

— 

_ 



_ 

04 

14*40 

14*3 

17*0 

- 

19*62 

24*10 

35*76 

41*62 

41 *40 

05 


— 

— 


10-50 

24*70 

30*40 

11-82 

41*28 

00 

14*40 

14*4 

16*0 

— 

19-42 

25*50 

36-98 

41*00 

41-22 

07 

-- 

— 

— 

— 

19-40 

26*08 

37*48 

41*98 

41 00 

08 

14-40 

14*5 

10*2 

19*02 

19-30 

27*00 

37*92 

41*90 

41*00 

00 

— 

— 

- 


19*10 

27*50 

38*12 

41-90 

tO* OH 

70 

14*40 

14*5 

15 ft 

- 

18*98 

27*80 

38*50 

41*90 

40*90 

71 

— 

— 



18*90 

28*00 

39*00 

41*02 

40*70 

72 

14*40 

14*0 

15 0 

18*54 

18-70 

27*92 

39* 10 

41*52 

10-4H 

73 

— 

— 


- 

18*50 

27*70 

39*42 

41*50 

40*40 

74 

14*30 

14*7 

14*5 

- 

18*40 

28*22 

30*48 

41*40 

40 00 

75 

— 

— 


- 

18-40 

28-90 

39 50 

41 OH 

39 04 

70 

14*30 

14*8 

14-3A 

18*04 

18-02 

29*50 

39*60 

41 00 

40 2t 

77 

- 


—. 


17-90 

30*02 

39*50 

40 52 

40*60 

78 

14*30 

14 8 

14*3* 

— 

17*80 

30*64 1 

39*48 

40*40 

40 -90 

79 

— 


— 

— 

17*52 

31*48 

39*32 

40 48 

41*10 

79*4 



— 

17*48 

_ 

— 

_ 

_ 


80 

14*30 

14*9 

14*4 

- 

17*42 

32*00 

39*00 

40*48 

41*40 

81 

— 

— 

— 

17*00 

17*30 

32*50 

38*82 

40*50 

41*48 

82 

14*40 

14*9 

14*6 

10*92 

17*10 

33*04 

38*40 

40*50 

41*58 

83 


- 

— 

16-67 

10*00 

33*50 

38*00 

40*48 

41*70 

84 

14*50 

15*0 

14 5 

— 

16*60 

33*08 

38*98 

40*48 

41*90 

85 

— 

- 

— 

10*44 

16*42 

34*38 

30*30 

40*44 

41*80 

80 

14-50 

15*0 

14*5 

17*00 

17*20 

34*50 

39-50 

40*34 

41 86 

87 

--- 

— 

— 

17*00 

17*98 

34*54 

30*70 

40*10 

41*61 

88 

14*40 

15*0 

14*5 

17*77 

18*00 

34*80 

39*98 

40*10 

41*92 

89 

— 

- 

— 

— 

18*20 

34*90 

40*00 

40*02 

42*04 

90 

14*30 

15-0 

14*5 

18*83 

19*00 

34*90 

40*40 

30-98 

42*30 

91 

— 

— 


— 

19*60 

34*90 

40 50 

39*90 

42*48 

92 

14*30 

15*1 

14*5 

20*08 

20*40 

34 76 

40 52 

39-60 

42-80 

93 

— 


— 

— 

20*90 


40*52 

39*48 

42*80 

94 

14*20 

15*0 

14*6 

20*99 

21*30 

34*50 

40*70 

39*42 

42*96 

95 

— 

— 

— 

. 

21-70 


40*70 

39*02 

43*00 

90 

14*20 

15*0 

14-7 


22*00 

33*90 

40-80 

38*98 

43*06 

97 


-— 

15*4 

22*23 

22*50 

— 

40*60 

38-60 

43*06 

98 

14*30 

16*0 

15*5 

22*60 

23*00 

32-90 

40*52 

38*50 

43*08 

99 

— 

— 

10*1 

-- 

23*50 

33*30 

40*50 

38*10 

43*10 
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a cm. 


100 

14*40 

J5-0 

101 

— 

— 

102 

14*40 

15*0 

103 

—_ 

- . 

104 

14*40 

15-0 

105 

— 

— 

108 

14*40 

14-9 

107 

—. 

.— 

108 

14*20 

15*0 

109 

— 

— 

no 

14-00 

15*0 

in 

—. 

- 

112 

14*00 

15-I 

113 

— 

— 

1 14 

13-08 

15*1 

115 

— 

- 

no 

14*10 

15-1 

117 

14-20 

- 

118 

14-48 

15-2 

119 

14*48 

— 

120 

14*40 

15-2 

121 

14 20 


122 

14*38 

15-2 

123 

14*40 

— 

124 

14-40 

15*2 

125 

13*82 


126 

14-00 

15*2 

127 

14*40 

15-4 

128 

13*82 

16*0 

129 

14-20 

16*6 

130 

14*20 

17-5 

131 

14-40 

18*3 

132 

14-10 

18*9 

133 

13*90 

19-8 

134 

14*30 

20*2 

135 

14*40 

20*8 

136 

14 50 

21*5 

137 

14*50 

22*2 

138 

14*30 

22*9 

130 

14*20 

23*4 

140 

14*40 

24*0 

141 

14*40 

24*5 

142 

13-90 

25*1 

143 

14*00 

25*8 

144 

14*90 

26-4 

145 

16*50 

1 26-9 

140 

18*40 

27-4 

147 

19*40 

27*8 

148 

21*00 

28*4 

149 

21*94 

28*9 

160 

22*90 

20*2 

151 

24*00 

20-6 

162 

25*40 

20 0 

153 

26*40 

30*3 

154 

27*20 

30*5 

155 

27*70 

30*0 

166 

28*60 

30*9 

167 

29*00 

31*0 

168 

29-30 

— 

158-8 

29*30 

31*0 


Table II—(continued), 


mean d cm. 


17*0 

23*69 

24 10 

17*4 


24*52 

18*3 

24-89 

2fS-10 

19*0 

— 

25*70 

19*5 

25*77 

26*20 

19*8 


26*80 

20-9 

20*53 

27*10 

21*4 


27*00 

21-8 

27*58 

28-00 

22-4 

.—. 

28*50 

23 0 

28 52 

28*00 

23 1 

- 

29*10 

23*4 

28*90 

29-40 

24 0 

- 

28 SO 

21-4 

20 04 

20-50 

24 r> 

— 

29*50 

24-5 

28*74 

20*40 

24*5 

— 

29*30 

! 24-5 

28 45 

29-00 

| 24*4 

- 

28-80 

; 24-0 

28-00 

28-40 

! 23-4 

. 

28*10 

| 22 5 

26 98 

27*50 

■ 22 0 


27 00 

20*9 

25-77 

26*10 

20-6 


25-40 

211 

23*02 

24*48 

21 -8 

24-25 

24-08 

22*1 

24 49 

25 00 

22 6 


25*20 

23*0 

25*26 

25 58 

23-5 

— 

26*90 

23*9 

25-86 ; 

26*40 

24-3 

— 

26*60 

24*6 


26*90 

25 0 

26-59 

27*10 

25 4 

26*86 

27*32 

25-9 

__ 

27*76 

26*3 

27*55 

28 00 

26*5 

27-85 

28*22 1 

26-9 

28-07 

28*48 

27*4 

i 

28*80 

27*8 

28*78 

29*10 

281 

— 

29*40 

28*5 

29*33 

20 66 

28-9 

1 

30*00 

29*1 

29*85 

30*20 

29*4 

— 

30 40 

20 9 

30*41 

30*50 

30-0 

— 

30*88 

30*3 

30*58 

30*90 

30*5 

— 

31*00 

30*9 

30*88 

31*08 

31*0 


31*26 

31 0 

31*13 

31*40 

31*2 

— 

31*40 

31*3 

31*38 

31*50 

31*3 

— 

31*50 

31-4 

31*53 

31*60 


33*50 

•40*48 

38*40 

33*90 

40*40 

38*62 

34*10 

40*00 

38*90 

34*50 

39*90 

30*20 

34*90 

30 80 

39*50 

35*00 

39*42 

30*90 

35*40 

39*00 

40*00 

35 60 

38*58 

40*00 

35-80 

38-30 

40*04 

35 96 

38*00 

40 10 

36*10 

37*62 

40*10 

30 40 

37*30 

40 20 


36*52 

40 20 

36 50 

36*52 

40 20 

36 62 

36*70 

40*00 

30 66 

36*94 

39*88 

36*00 

37*00 

40 00 

36-90 

37-00 

40*14 

30-80 

37-00 

40-48 

36-70 

37 06 

40-60 

36 60 

37*20 

10-00 

36 60 

37*40 

11 02 

30*50 

37 40 
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follow the values directly calculated from the observed readings of the rebound 
of the hammer, and no corrections have been applied. Emphasis is not laid 
upon the small variations, of the order 1 /40 of the large squares indicated on the 
figures, as these are possibly within the limits of experimental error. The effect 
upon the value of 1 (t*/« 0 *) of an error of 1 mm. in the scale reading (rf) of 

the rebound of the hammer is shown in Table III for several values of d , when 
d 0 - 45. 


Table III. 



Per cent. 

Value of 

Per cent, error iu 

d. 

error in 

l (v‘/>'o a ) 

l - (**/V) 


d. 

(rf„ - 45). 

(</, - 45). 

13-1 

0*7(1 

0*910 

0*15 

216 

0*46 

0*761 

0*29 

31 0 

0*32 

0*492 

0 05 

38*5 

0*26 

0*256 

1*51 

41 0 

0*24 

0 161 

2*55 

42*2 

0 24 

0* lt4 

3 68 

42*8 

0-23 

0*091 

4*70 

13*2 

0 23 

0 078 

5*48 


A comparison of this table with figs. 1 to 8 will show that all the main fluctua¬ 
tions of the curves are outside the limits of experimental errors. The greatest 
percentage error of 5*5 is represented by 1/50 of the large* squares. Before 
these results are discussed it. is important to note that wherever an attempt at 
repetition was made the results here given were always obtained . The results 
shown in Table IT, Column VT, were obtained quite independently after an 
interval of three months and should he compared with those shown in 
Column V. 

It will be seen that for very light hammers, mj M = 0-4 or less (figs. 1 to 3), 
the energy lost by the hammer increases rapidly as the impact occurs further 
and further from the bridge until a maximum point is Teached. After this the 
energy lost remains constant until the mid-point of the string is approached, 
when the energy last rapidly decreases. The length of string over which the 
energy changes are constant is shorter the heavier the hammer, until for a 
hammer of mass one-half that of the whole string the feature is lost altogether 
and we have a sharply defined maximum. With further increase of the mass of 
the hammer this maximum moves nearer and nearer to the bridge and at the 
same time diminishes, that is the fractional loss of energy by the hammer 
diminishes. Subsidiary maxima between the mid-point of the string and the 
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point of maximum energy loan by the hammer become more and more important 
as the mass of the hammer is increased. 

Wave Propagation along the String, it is natural to suppose that this factor 
has an important influence* on the phenomena of the struck string. Under 
the conditions of this work the speed of propagation of transverse disturbances 
is constant, the waves travelling the length of the string twice in one period of 
the fundamental tone. This is, of course, quite independent of the mass of the 
hammer. The duration of the impact is, however, strongly influenced by the 
mass of the hammer. On the whole, when other conditions are the same, the 
duration of the impact is greater the greater the mass of the hammer. Hence 
we may suppose that the complex subsidiary maxima especially shown in figs. 
5 to 8 are due to the fact that the heavier hammers remain in eoutuct with the 
string for a longer period of time and waves reflected from both bridges become 
increasingly important. Proceeding on these lines it seems natural to consider 
each of the curves of figs. 1 to 8 in two parts, i.r. } the portion between the 
nearer bridge and the point of maximum energy transference and the remaining 
portion between this point and the mid-point of the string. The physical 
justification for this division is given later in fig. 18. Considering now the first 
portion of the curves reference should be made to figs. 0 to lfi in which the 
fraction of the hammer’s initial energy lost during the impact is, in each figure, 
plotted against the position (lfa) of the impact. The broken curves show the 
theoretical values obtained by neglecting the vibrations of the shorter piece of 
string (see equation (0)). It is hoped in a later instalment of the work to give 
the more exact treatment which involves data on the duration of the impact. 
It will be seen that the increase in the energy loss of the hammer as the impact 
occurs further and further from the bridge, follows, in the main, an exponential 
Jaw. It is probable that the small fluctuations superimposed on this exponential 
curve are due to the vibrations of the shorter piece of the string, and it is natural 
to suppose that at such points as those marked in figs. 9 to 14 with the same 
letters A, B, etc., the later experimental work will show that at these positions 
in spite of the change in mass of the hammer the records of the impact will be 
of the same type. 

A note may here be made on the second and more complex part of the curves 
shown in the right-hand sides of figs. 1 to 8. The necessary data on the dura¬ 
tion of the impacts and on the pressure changes are not yet available, but some 
qualitative information is given in a paper by Prof. Raman and B. Banerji.* 
A graph is there reproduced showing the change with the position of the striking 
* 1 Hoy. Soc. Proe.,* A, vol. 97, p. 108 (1920). 
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point in this value of the duration of the impact as measured by the ballistic 
galvanometer method for the value m/M — 1 *68. No scale is indicated, no 
list of experimental values is given, and the theoretical and experimental curves 
are shown in different figures so that it is not possible to make numerical com¬ 
parisons. However, if the right-hand portion of fig. G of the present paper be 
inverted and placed so that the; mid-point ordinate of the curve lies on that of 
the Haman-Banerji curve it will be seen that this ordinate is a line of approxi¬ 
mate symmetry. This would indicate that there is a tendency for the energy 
lost by the hammer during the impact to be less the greater the duration of the 
impact. This would not be inconsistent with the physical mechanism of the 
impact, for the longer the hammer remains in contact with the Btring, the 
more chance there is of its regaining some of its lost energy from the impulse 
travelling in both directions along the string. 

V. Some Properties ok the Point of Maximum Energy Transference. 

We discuss now the maximum point on each of figs. 1 to 8 at which points 
the energy lost by the hammer is a maximum. 

Influence of Mass of Hammer on Position of Maximum. -In the full curve of 
fig. 17 the relative position (ajl) of the impact when the energy lost by the 
hammer is a maximum, is plotted against the relative mass (m/M) of the hammer. 
In the broad straight line the position is plotted in terms of (I/a). The branched 



M 

Fig. 17. —Influence of mass (in) of hammer upon position of impact for maximum energy 
transference from hammer to string. 
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jiorticm of the full curve shows the limits of the two etuis of the flat part of the 
energy curves (figs. 1 to 3). 

In order to test the linear relation between the relative position (l/a) of the 
impact for maximum energy change and the relative mass (wi/M) of the hammer, 
observations were made for two other values of m/M (2-28 and 3*80) in the 
regions where the maximum points were expected to occur. The observations 
are shown in Table IV, and the points on the graph are shown by the special 
mark of a vertical line through them. The value for w?/M — 1*12 was obtained 
from a complete survey with this hammer, the results of which are not given in 
this ]>aper. 


Table IV.—Verification of Linear Relation shown in fig. 17. 




/ -317-0 cm. ; 

h - 150-0 cm. 



tn — 38*77 gm 
cm., y 0 — 
- (1/2) mt 

; m M ~ 2*282; r - 55-1 

04*85 cm jaec. , initial energy 
• 0 * -- 81530 ergR. 

| in - 05-05 gm.; ml M — 3*804; r — G5-2 
tin.; r 0 =- 04 89 cm /hoc ; initial energy 
j - 138220 ergs. 

] 

ft cm. 

Mean d cm. 

v Q * - v* 

*0* 

a cm. 

Mean d cm 

v 0 * — 

».* 

32 

32 00 

0-478 

21 

30*20 

0-330 

33 

31 82 

0*480 

; 22 

36 ■ 00 

0 347 

34 

31-60 : 

0*493 

23 

36-80 

0*352 

35 

31-50 i 

i 0 493 

24* 

35*50 

O 302* 

30 

31 SO | 

0-493 

25 

35 50 

0-302* 

37 

31 SO 

0-493 

. 20 

33*50 

0-302* 

38* 

31-40 

0-498* 

27 

35-00 

0*357 

39 

31-44 

0*490 

28 

30-00 

0-347 

40 

32*00 

0-478 

29 

30-02 

0-324 

41 

42 

32*50 

33- 18 

0-403 

0*442 

30 

I _ 

37*30 

0 300 


Duration of Impact.— There are considerable difficulties in the measurement 
of this quantity and for accurate work it is desirable to use both the photo¬ 
graphic and the oscillograph methods,* each of which gives at the same time 
information on the pressure changes occurring during the impact. 

As the oscillograph used in previous work was not available, the duration of 
the impact at the maximum points was determined by the photographic method, 
and the results arc shown in Plate 12, figs. 1 to 8, and in fig. 18. In Plate 12, 
figs. 1 to 8, are reproduced photographic displacement-time records of the 

* George, * Roy. Soc. Proc.,* A, vol. 108, pp. 281-295 (1925), niul ‘ Phil. Mag,* vol. 84, 
pp. 34-43 (1924). 
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impact In each figure the time axis is horizontal and positive from right to 
left. The upper line records the motion of the observed 'point of the string and 
in each ease begins with a straight line showing the point to be at rest. Beneath 
this straight line is the edge of a dark patch inclined to the straight line, showing 
the motion of the hammer. This shows in each figure that the hammer 
approaches with uniform velocity, and rebounds with a smaller uniform velocity, 
(see especially fig. 1) corresponding to the energy lost during the impact. In 
fig. 8 it is difficult to see any difference in the slope of the two edges of the dark 
patch since the fractional loss of energy here is so small. At the point where 
the dark patch and the straight line meet contact begins. It will be seen that 
at first there is no change in the slope of the straight edge, indicating that at 
the beginning of the impact the observed point of the string starts to move 
with the velocity of impact of the hammer. When the maximum displacement 
is reached the hammer has lost all its kinetic energy since it is momentarily 
at rest. Although the struck point of the string is also at rest other parts of 
the string are in motion, and at this instant the energy of the string is partly 
kinetic and partly potential, whilst the energy of the hammer is wholly potential. 
The rebound then commences and differences in the motion of the hammer and 
the struck point of the string are evident. 

In order to measure the duration of the impact the point on the photographic 
record at which separation of hammer and string is shown must be deter¬ 
mined, An examination of the records will show' the difficulty of this deter¬ 
mination. In fig. 4 the hammer and string appear to separate and then make 
contact again twice before the impact is ended, whilst in fig. 1 there is only 
one separation. It is clearly desirable to obtain in each case information con¬ 
cerning the pressure changes during the impact, and to define clearly what is 
meant by " duration of impact.” It is hoped to discuss this in later instal¬ 
ments of the work. Kxamination of many records of the type shown in Plate 12 
suggests that in many cases the impact consists of a direct contact and separa¬ 
tion followed by one or more contacts and separations, and the oscillograph 
method has shown that these subsequent contacts are sufficient to make 
electrical contact between hammer and string. It has not yet been determined 
whether the subsequent contacts affect the motion of the string. 

To revert now to the records shown in Plate 12 : measurements were made 
of the times, reckoned from the beginning of the impact, at which separations 
occurred. For example, from fig. 6 two values were obtained. The results, 
expressed as fractions of the fundamental free period of the string, are plotted 
in fig. 18 against the relative mass of the hammer. The highest values lie on 
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a horizontal straight line for which t/ 0 = 1, anti are clearly due to the original 
wave which has traversed the whole length of the string twice. Taking the next 



Fih. 18.—Relation of wave propagation along the string to the conditions giving 
maximum energy transference from hammer to string. 

set of values of t/0 and plotting for comparison the corresponding values of 
the ratio of the longer portion of the string (6) to the whole length (l), it will be 
seen that t/0 is nearly equal to, but is always less than, b/L Hence we may 
conclude that when the energy lost by the hammer is greatest the conditions are 
such that the hammer rebounds just before the trave reflected front the farther 
bridge has again reached the place of impact. 

Maximum Eneigy Changes An examination of the upper full curve of fig. 
11), in which the fraction of the hammer's initial energy lost during the impact 
is plotted against the relative mass (mjil) of the hammer, will show that as 
the mass of the hammer increases the maximum fraction of its energy lost 
decreases continuously . The points marked with a vertical line show, as before, 
values obtained by a restricted survey near the positions predicted from the 
previous work. The dotted curve shows the theoretical values given by equa¬ 
tion (9). That the theoretical values are always less than the experimental 
is to be expected as no corrections are here made to allow for the violation of the 
conditions set out at the beginning of the theoretical part. It will be noted 
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o / 2 jn_ 3 + 3 

M 

FiO. lft. Influence of mass (w) of hammer upon the maximum fraction of its initial 
energy transferable to the string. 



wt/M 

Fig. 20.— Influence of mass (m) of hammer upon the maximum energy transferable 
to the string when the initial velocity of the hammer is constant (r/. fig. 19). 
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that the theory agrees with experiment over the range of values of w/M = 0*5^ 
— 5*0. The lower full curve shows the minimum values and is given for 
comparison. 

When the initial value of the velocity of the hammer is kept constant the 
absolute value of the maximum energy lost by the hammer increases con¬ 
tinuously with increase in the mass of the hammer. This is shown in the full 
curve of fig. 20 in which the absolute valuo in ergs of the energy lost by the 
hammer is plotted against the relative mass (m /M) of the hammer. For com¬ 
parison the broken curve is given showing the absolute value in ergs of the 
sum of the energies of the first seven partial# of the vibrating string (see equa¬ 
tion (12)) as determined experimentally. Details will be given in a later 
part. 


VI. Summary of Rksults. 

For the impact of a metal hammer at a point, of a struck string : - 

(1) The energy lost by the hammer is a discontinuous function of the position 
of the impact (figs. 1 to 8). 

(2) As the position of the impact moves away from a bridge the energy lost 
by the hammer increases exponentially until a point of maximum energy loss 
is reached (figs. 9 to 16). 

(3) The position of the point of maximum energy loss is a continuous function 
of the mass of the hammer and is nearer the bridge the heavier the hammer. 
A linear relation holds between the relative mass (mj M) of hammer (m) and 
string (M) and the relative position (Va) of the impact, for the range of values 
ml M-0-5-5'0 (fig. 17). 

(4) Measurement of the duration of the impact shows that for maximum 
energy loss by the hammer, the conditions are such that the hammer rebounds 
just before the wave reflected from the farther bridge reaches the point of 
impact (fig. 18). 

(B) The maximum fraction of the hammer’s initial energy lost during the 
impact decreases continuously with increase in the mass of the hammer (fig. 
19), but the absolute value of the energy lost increases continuously with increase 
injthe mass of the hammer (fig. 20). 

(6) For very light hammers, mfi/l of the order 0*3, the energy lost by the 
hammer remains almost constant a t its maximum value as the position of the 
impact is moved for a considerable distance along the string (figs. 1 and 2). 

Since the phenomena of the struck string are influenced by the relative 
position of the impact and not by its absolute value, Table II serves to 
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indicate at what positions of impact, lor each of the eight values ot the relative 
mass of the hammer, future investigations of other phenomena might suitably 
bo made. 
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On Detonation tf Oaseons Mixtures of Acetylene and of. 

Pentane. 

By A. Eckhton, LMi.K., and S. K. Gates, B.Sc., M.A. 

(Received December 2, PJ2tt ) 

| Pi jat us Ili-lO.J 

if a combustible gas at atmospheric pressure is ignited near one end oi a 
tube and the rate of supply of heat by combustion is greater than the loss by 
radiation and conduction, the progress of the flame will be rapidly accelerated. 
Of a sudden, detonation may occur. A detonation wave 1 ravels forward at a 
nearly uniform rate, combustion proceeding simultaneously and a “ retonatum '* 
wave travels back through the burnt gases from the kfc position of defamation/’ 
The discovery of the detonation wave by Berthelot and the researches of Mallard 
and Le Chatelicr an<l of Dixon thereon are mutters oi history. 

The purpose of the work described in this communication was to iiud the 
position at which a burning mixture of gases would develop a detonation wave 
under certain fixed conditions. The influence on such position of a change of 
strength of the combustible gas mixture and then of the nature of the diluent 
gas was studied. The effect of the addition of small quantities of certain 
“ antiknock ” compounds has also been investigated. 

It is obvious that with so many combustible vapours and so many diluent 
gases and variable conditions of initial temperature and pressure, it was necessary 
to coniine the investigation to ccrtuin substances and certain mixtures. The 
work was limited to the study of detonation in mixtures of acetylene and of 
jmntane vapour in presence of the amount of oxygen required for complete 
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combustion and diluted with varying amounts of nitrogen, oxygen, argon, 
carbon dioxide and excess of fuel. 

Investigations have shown* that a change of rate of combustion is produced 
by a change in the diameter of the tube in which the combustion is carried out. 
The wider the tube up to a certain limit, the later will detonation set in. Tubes 
of the same diameter and material have therefore been used throughout this 
work. 

If. Experimental Methods. It is unnecessary to give a detailed description 
of the apparatus employed. Tubes 150 cm. by 0-9 cm. internal diameter, 
flanged at both ends, were closed by movable brass plates ground flat to the 
flange on tho tubes. Strings attached to Ike plates were arranged to remove 
either or both ends, and at the moment of removal to make the contact for 
the igniting s[uirk. A condensed discharge between rounded platinum points, 
sealed in 9 cm. from one end of the tube, was employed to effect ignition. One 
of the plates carried a small brass tube and tap through which the explosion 
tube was exhausted and tilled. 

The charge was made by means of two burettes containing mercury, one of 
which acted as a reservoir, the other being used for measuring out the volumo 
of gas. [n the ease of pentane the liquid was let into tho burette from a weight 
pipette with a grinding fitting on to the top of the burette, air was then added 
to the vaporised pentane. Mixing was effected by a small heating coil outside 
the lower end of the burette. This small coil gently warmed a small part 
of the glass and set up convection currents. The tube was evacuated by an 
oil pump, the charge let in from tho burette or storage vessel and adjusted 
accurately to atmospheric pressure by means of a small manometer and left 
to stand in the tube for some minutes before tiring. (For details of apparatus 
see tig. 1.) The gases employed were from ordinary compressed gas cylinders^ 
and the pentane was supplied by Shell-Mcx, Ltd. 

The photographs were taken by means of a rotating wheel camera. The 
duralmin wheel of 1 metre circumference was mounted on ball bearings; it 
was accurately balanced and could be spun 10,000 revs, per minute or a peri¬ 
pheral speed of 170 metres per second. The speed employed in the present 
experiments was usually only about 10 metres per second. A tachometer 
with several ranges was mounted on the axis of the wheel and was sufficient 
to indicate the speed of rotation. The lens employed was a Taylor, Taylor, 
Hobson F2 cinema lens. The distance of lens to tube was 2 metres. Luuuere 


* Vide Lafitte, ‘C.R.,’ vol. 170, p. 392 (1923). 
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negative paper wan affixed to the 4 inch rim of the wheel, and was found more 
convenient than the film which was used in the earlier experiments. Jdentificu- 



tie. 1.—Apparatus. 


A.—Intake to burette. 

II. Muoaurmg bmctU*. 

V. Mixing burrt-tc. 

D. Storage for mixed fras. 

Ji. Trap. 

K. Tap for t barging tube. 

<1. intake for liquid combiisl.iblr. 

H. intake for anti-knock (high v j> ). 


J. Jinn tto to mix air with anti-knock. 

K. Mixint^ heating coil. 

\j. intake for anti-knock (low v.p ). 

\1. Tap to vacuum. 

N. Wal t*r gauge. 

Ik Manometer. 

T. Slot‘vo joint- to tube. 


tion marks were necessary which appear as white vertical lines on the photo¬ 
graphs. 

III. Conditions for Constancy of Position of Detonation .—The conditions for 
constancy of position of detonation ware found to be accurate and thorough 
mixture of the components of the gas mixture, uniformity in the bore of the 
tube and as little movement in the gas as possible. The degree of humidity 
of tho gas, the method of ignition, and the presence of ions in the* gas (produced 
from (S-rays from radium) did not appear to affect tho position to any definite 
extent. In weak mixtures it was much more difficult to obtain concordant 
results than in the stronger mixtures. The later the detonation the more 
effects of movement in the gas and lack of homogeneity disturb normal com¬ 
bustion. As is well known there is a difference in the behaviour on combustion 
in un open tube and in a closed tube. In a closed tube tho burnt gases expand 

L 2 
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and compress the imburnt mixture, the pressures rises approximately as the 
mass of mixture burnt; in an open tube with very rapid combustion, the 
conditions are not very different from those in a closed tube provided ignition 
occurs near a closed end. If, on the other hand, the tubes is open at both ends 
and the gas is free to expand, the behaviour is very different. 

A jerky type of combustion, such as described by Le Chatclier,* is obtained 
ill tubes open at both ends if the distance of spark to near ernl is less than a 
certain distance (see Photo. 1), Plate 15). Under such circumstances detonation 
may occur almost any time, no regularity in the position being obtainable. 
If the near end of the tube is closed by a movable plate the effect is entirely 
done away with and the combustion becomes regular. The photographs I to 5 
(Plate 13) illustrate this difference between explosion in an open tube and in a 
closed tube. The last photograph (No. 5) shows the rarefaction caused by this 
release of pressure when the combustion front reaches the end of the tube, 
travelling back at about 1,400 metres per second through the hot burnt gases. 
In this case it has too far to go and does not catch up tin*, forward combustion 
front or interfere with combustion as it does in the cases shown in photographs L 
and 3, where the distance from spark to end is only 0 cms. In order to avoid 
such disturbances the measurements here described have been carried out with 
the end plate near the spark left on. (The end plate does not move away 
appreciably from the crul of the tube during the explosion period.) 

in many cases the tubes are shattered at and beyond the detonation point. 
The only difference m the records then being that 44 the after burn ” only shows 
fora period of about 5 X 10" 4 seconds instead of about 2 or 3 times as long. 
Chance of shattering was found to be diminished by surrounding the tube with 
a water jacket, but increased by successive detonations in the same tube. 

Photo. 8, Plate 14, shows detonations in identical positions, one record was 
taken, however, with the wheel rotating about 8 times as fast as the other: 
elongation of the record in a vertical direction results. Chance superposed 
the start of the two explosions as recorded on the film. Detonation occurred 
slightly earlier at the end nearer the spark than towards the far end due pre¬ 
sumably to the increase in pressure occasioned by the near end plate. A 
detonation wave was reflected from the end plate and cut across the slower 
moving retonation waves which travelled inwards from the two detonation 
points. For a given mixture the shape of the combustion track and therefore 
the increase in the rate of combustion should be the same. Two photographs 
(see Photo. 0, Plate 13) with the same mixture (I pentane, 8 oxygen, G nitrogen) 
* 4 Ann. d. Mines,’ vol. 4, p. 300 (1883). 
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have by chance (1 in 1,000) closely superposed themselves ami illustrate this 
point well. It has already been pointed out that combustion in weak mixtures 
is readily disturbed by movement in the gas, lack of homogeneity and slight 
change of composition so that results were not always so satisfactory as afforded 
by this illustration of the reproducibility possible. Weak mixtures often 
exhibited %< pseudo-detonation ” points (see Photo. 13, Plate 1G), the combustion 
accelerated rapidly and developed a weak retonation wave of about the usual 
velocity. A true detonation wave was not developed but combustion proceeded 
with fairly uniform velocity ; the real detonation point- was reached at a later 
stage. Sometimes early detonation occurred where a pseudo-detonation tended 
to arise, [t is feasible that particles of dust or irregularities in the tube have 
something to do with the tendency to change over to the detonation type of 
combustion.* * * § In support of this view one photograph showed a number of 
retonation waves generated at the back of the accelerating combustion front 
at fairly regular intervals. 

A compression wave travelling at about the speed of the retonation waves, 
f.e., of sound waves in the hot gases, is nearly always set up at every irregularity 
or constriction in the tube, and the removal of energy in this way affects 
momentarily the progress of the combustion. Dixonf showed that detona¬ 
tion will not be transmitted if energy is absorbed from the wave at a 
flexible joint. LafitteJ has shown that- in passing from a narrow into a 
wide tube, the detonation wave is extinguished, but may he set up again 
at a later stage in the wider tube.§ Photographs of explosions in tubes of 
transparent, rubber illustrate this point well. (See Photo. 7, Plate 13, 
in which two detonations occur in a length of about 30 eras.) Compression 
waves may develop into detonation waves in the forward direction, if sufficiently 
intense. Sound waves from the spark reflected from the back of the com¬ 
bustion zone do not appear to influence to any great extent the progress of the 
combustion or the normal detonation point. Most of the photographs show 
that a sound wave produced on ignition travels to the near end plate and is 
there reflected passing back through the burning gases at a rate depending 
on their temperature. This wave is reflected and thrown back from the com¬ 
bustion front, which it leaves hardly disturbed. On reaching the end plate 
it is again reflected back ; generally this wave is deflected by the gases flowing 

* UliHo, ‘ (J.R./ vol. 17ti, p. 1.31)2 (11)23). 

t 4 Phil. Trans.,’ A. vol. 200. p. 335 (1003). 

t 4 C/R./ \ ol. 170. p. 1304 (1024). 

§ See also Chapman and Wheeler, ‘ .1. ('hem. Soe.,’ vol. 128, p. 2130 (1020). 
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backward from tin* region of detonation point ami never again reaches the 
advancing combustion. The refraction of the sound waves in passing the 
region of the rotonation waves or reflection waves is clearly visible in the photo¬ 
graphs ; this is partly due to the change of temperature and partly to local 
movements m the gas. There is no definite indication from the records other 
than a weak reflection, that the sound waves propagated from the spark in 
the forward direction in the unburnt gas influence the course of the com¬ 
bustion. The combustion front overtakes such a wave and in fart itself 
becomes an Accelerating compression wave, before the detonation point is 
reached. 

The above remarks on the conditions affecting the position of detonation 
indicate that close concordance in position is not always to be expected, par¬ 
ticularly with weak mixtures. 

IV. TfosuZ/s.--Table T summarises the results obtained for different mixtures. 
Sufficient oxygen is added m each case to burn the fuel completely except 
when excess of the latter is intentions! My added. Oxygen accelerates com¬ 
bustion, and detonation occurs earlier than with a similar quantity of nitrogen 
In argon detonation occurs considerably earlier than in a corresponding mixture 
with nitrogen, but not <pute so early as in oxygen except for weak mixtures. (See 
Photos. Hand 12, Plate lfi.) Excess of combustible has a great delaying effect 
in large excess. But early detonation occ urs with mixtures containing up to 
double the amount required for complete combustion with the oxygen present. 
Carbon dioxide has a greater delaying effect than nitrogen. Jn u mixture 
1C 2 H 2 .2*5 () 2 and 3X the position of detonation obtained in mixtures with 
the following diluents X are : -0 2 , 30 cms.; A, 35 cms.; N a> 18 cms.; C 2 TT 2 , 
53 cms.; C0 2 , 05 cms. ; or in a mixture LO-,11 12 .8() 2 .2X the following:— 
0 2 , 12 cms.; A, 34 cms.; N 2 . 50 cms.; (\H I2 , 80 cms.; C() 2 , G2 cms. The 
rate of rise of temperature in a combustible mixture will depend on the thermal 
conductivity, the specific heat per unit volume and the reaction velocity. On 
account of the smaller specific heat of the argon one would expect earlier 
detonation than in the nitrogen and earlier in nitrogen than in carbon dioxide. 
The earlier detonation in mixtures with excess of oxygen must bo ascribed to the 
effect of excess of the latter on the reaction velocity. In the case of acetylene, heat 
is available from its decomposition, the delaying effect is less than might be 
expected from its specific heat alone. The dissociation of CO a may also bo an 
influence favouring delay. Le Chatelier* determined the change of position of 


* 1 C.H.; vol. 130, p. 1750 (1900). 
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detonation in mixtures of acetylene witli varying quantilies of oxygen. Tie 
obtainedfor a mixture C 2 H g | 0*5O a , 1 metre, )- ] 0 2 ,5e.ms„ |- 0O 2 , 15ctns. 
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Position of Detonation 

Fui. 2. Effort cm Position of Detonation in various Cases in mixture with C,B, 1 2*0O 2 . 
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Position of detonation 


Fia. 2.—Effect on Position of Detonation in various Oases in mixture with C s H l2 + 8 () a . 


+ 10 () a , 80 cms. These results are in tolerable agreement with the present 
measurements. Dixon has pointed out* that mixtures of acetylene of oom- 


* ‘ J.8. Aut, Eng.,’ vol. 0. p. 237 (1921). 
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position to give 00 on combustion, burn faster mul detonate stumor than those 
burning to CO a . As data art* not available for heat conductivity in gases at 
high temperatures, it is hardly possible to make more than qualitative observa¬ 
tions on these results, but by accurate observations of the velocities of the 
detonation waves, it may be possible to arrive at a more precise knowledge of the 
influence of various diluents on the progress of combustion. 

Those measurements were not carried out with a view to determine tin* 
velocity of the detonation waves but only llu* position of detonation. Records, 
however, were measured (see Table TT), but are not reliable to less than 50 


Table 11.--Velocity of Detonation. 


Mixture 


C.H, + 2 50, + 3 t« r.N. 
f.ii, ) 2•:.(), i .1 to tit), 
t_',H, i- 2-SO, | ato.'U 
0,H, | 2-50, I 2 t«. :«•(>. 
C,H,4-2-50. f 2(’,H. 
r,H, 4- 2 .-»(>. i 3C,H. 


1 

Mean Velne 1 
in. hcm . 1 

.1 

Mixtuie. | 

Mr an Veil m 
in ser 

1 

2,070 | 

r B H,. ( SO,+ 3 to AN, ! 

2,200 

1,1130 

i;,H„ 4- HO, 4 2 to OO, 

2,100 

2,020 | 

C,ll„ 4 HO, | 2 to 0A 

2,110 

2.030 j 

C,H„ 4 HO, | 1 to 4CO, 

2,170 

2,400 i 

<'.H„ t 80, | K’jH,, 

2,550 

1 2.330 i 

L !’ 

(’.H„ f 80, f-l-tW’.H,, 

2,475 


metros per second. Dilution decreases the velocity. More accurate and 
extensive measurements are being made. The noteworthy results arc that the 
velocity appeared to ho less in argon and in oxygen than in nitrogen, and 
greater in mixtures rich in combustible. Dixon’s observations (Joe. cit.) appear 
to be in agreement with this conclusion. (See next page.) 

The following are results of measurements on Photo. 8 : 


Speed of Detonation Wave 

(Early part of do.) . 

Reflected Detonation Wave 
Retonation Wave (at near end) 

„ ,, (from centre point) 

Speed prior to Detonation about 


2,100 metres sec. 

2,400 

1,900 

1,700 

1,700 

1,KH> 


Most, of the photographs show that, during the early part of the detonation the 
speed is considerably faster, hut after about 20 cms. settles down to 
uniform rate. 
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V. General Observations. Nernst* describes the processes which follow upon 
the ignition of a combustible gas mixture in a tube thus : “ first wo have the 
condition of slow combustion, heat is conveyed by conduction to the adjacent 
layers, and there follows a velocity of propagation of a few metres per second. 
But since the combustion is accompanied by a high increase of pressure, the 
adjacent still unbumt layers are simultaneously compressed whereby the 
reaction velocity increases and ignition proceeds faster. This involves still 
greater compression of the next layer, and so, if the mixture be capable of 
sufficiently rapid combustion, the velocity of propagation of the ignition must 
continually increase. As soon as the compression' in the still unbumt layers 
becomes so great that spontaneous ignition results the now much more pro¬ 
nounced compression waves excited with simultaneous combustion must be 
propaguted with very groat velocity, i.e., we have the spontaneous development 
of a detonation wave.” The wave travels with a velocity one and a half to 
twice the velocity of sound in the mixture at the temperature to which the gases 
are raised by the explosion. On the work of Riemann and Hugoniot, Jouguetf 
obtained formulae for the calculation of the velocity of the detonation wave. 
The following figures were obtained for mixtures similar to those used in this 
work. 


c: t H a 


(UHj 

CM, 


Mix* 

ure. 

Calrd. 

T J (\ 

Otad. 

1- 2*50, | 

l-flC 1 H i 

11,01)1 in /nor. 

5,570° 

2,901 m /soc. 

1-2-50, } 

0-50, 

2,120 „ 

4,800° 

2,220 „ 

1 2-50, | 

7-50, 

1.858 

3,560° 

1,850 „ 


01)80 r ve r. 


Dixon. 

Jvo ChnU-licr. 
Dixon. 


Dissociation was not taken into account, nor incompleteness of reaction, but 
agreement is good. In the case of hydrogen and oxygen mixtures, agreement 
was not so satisfactory. The theory requires that the reaction velocity should 
change rapidly in and behind the wave front. The combustion must occur 
in the wave front and not behind it. While theory provides means of explaining 
and calculating the velocity of propagation of a detonation wave, the conditions 
which govern its establishment are not so clear. 

Instead of imagining a hot zone of combustion travelling along a tube, let 
the gas be considered streaming back through a stationary zone in which 
reaction occurs. Suppose the gas, already compressed and heated to just 

* ‘ Pliygikalischuhemiacho Bctrachtungon liber den Verbrennungsprozess in den Gas- 
motoren. 

t ‘ Jour, de Math.,’ vol. 2, p. & (1906). 
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below ignition temperature but still losing just too much beat 1o ignite, to be 
streaming through the tube. If at some point tile loss of heat becomes slightly 
less, then that region will be the hottest and will 
become the region A where inflammation sets 
in. The gas can bo passed through quicker and 
quicker as the reaction rate increases and more heat becomes available to raise the 
temperature of the gas. Finally the reaction rate become* so great thatdhe heat 
available is sufficient for the gas to pass through at the average rate of transla¬ 
tion of the molecules, and where this occurs a qua si-station ary detonation wave 
of uniform velocity would be formed. (Tin 1 wave would have the velocity of 
sound in the gases heated to the temperature of the reaction zone referred to 
their initial state, not to their state after combustion.) In order to make this 
mechanism reasonable it would seem necessary that, as the temperature rises, 
more and more of the molecules arrive m the zone in an “ activated ” state 
ready to combine immediately in the time available to pass the zone. Le 
Chatelicr ( loc . eft.) attributed to the zone a thickness of less than 10 ' sec. 
(about 1 cm.); Becker* gives a finite but much smaller width to the boundary 
of action. Above a certain temperature all the molecules nmy become available 
for combination and at this stage detonation sets in. This view demands more 
than adiabatic compression to the ignition point, the necessary activation by 
radiation, ionisation or encounter must occur before or on entering the com¬ 
bustion zone. Ignition by adiabatic compression alone docs not lead to 
immediate detonation. 

There are certain peculiarities of the detonation point which exhibit a 
difference between the conditions necessary for initiation of a detonation wave 
and those necessary for its propagation when once initiated. 

Tn the first place the detonation position is generally marked by a specially 
dark spot on the resulting photograph. (On a film this spot usually seems to be 
discontinuous from the rest of the image of the detonation wave, but on paper 
this is not so and that effect must be due to halation.) -By taking photographs 
on the wheel rapidly rotating (3 to fi thousand revs, per minute), the point 
where detonation sets in seems to be slightly forward of the visible combustion 
front, and the first few millimetres of the path of the retaliation wave is much 
brighter than the rest. Apparently the wave is passing through unburnt 
gas for tho first few millimetres (see Photo. 10, Plate 15). Le Ohatelicrf held 
the view that detonation occurred slightly forward of the combustion front. 

♦ ‘ Z. f. Plijmk,’ vol. 8, p. 321 (1021). 

t * C.K.,* vol. 130, p. 1756 (1900). 
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The combustion curve and the detonation wave are not continuous at the 
detonation point. Dixon’s photographs showed the effect pronouncedly, 
but he demonstrated that the discontinuity was due to halation. Our photo¬ 
graphs on films exhibit the discontinuity to a much greater extent than on 
paper, and there is no doubt that Dixon’s view (loc. cil. % p. 347) was in the main 
correct so far as photographs on films were concerned. There appears, however, 
that there is a slight real discontinuity, which cannot be explained by light 
scattering or halation (it is found on faint as well as strong records on the 
negative paper), and the detonation point can always be resolved at high 
speed into a mark in the line of the retonation wave. There are therefore 
grounds for Le Chatelier’s contention, though the distance is only a small 
fraction of that mentioned in his communication (0*05 metre). Careful 


examination of the high speed records appear to show a structure thus:— 
The detonation and retonation wave definitely starts ahead 

r of the line of the combustion, but there is a tendency for 
the latter to change to the speed of the detonation wave 
prior to actual detonation. 

Secondly, many photographs show that detonation does 
not necessarily occur during rapid acceleration of combus¬ 
tion, but often during a state of fairly uniform but rapid 
burning (see Photo. 6, Plate 13). Further, most of the photo¬ 
graphs show that rapid expansion and projection of gas away from the point 
of detonation occurs. The density of the gas after detonation is less in the 
neighbourhood of the point as shown by the rate of passage of the reflected waves 
through this region. Complete and instantaneous reaction and sudden cooling 
by expansion account for the absence of luminosity in this neighbourhood. 
The detonation wave, on the other hand, does not cause instantaneous com¬ 


bustion, and luminosity contimies for about I /500th second after the detonation 
wave has passed—perhaps partly connected with reassociation on cooling. 
Lastly, it is noted that the rate of passage of the detonation wave is abnormally 
rapid in the neighbourhood of the detonation point. 

These characteristics indicate that detonation appears to be initiated as a 
spontaneous explosion of a region of gas, and that once initiated the condition 
for combustion of the detonating type is more readily attained. It is as if a 
certain region of gas became activated so as all to combine momentarily, and 
that when once this has occurred such activation is more rapidly engendered 
than by the ordinary type of combustion, the temperature in the wave being 
higher. 
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These views are only put forward tentatively as a result of the records 
obtained, and further study is desirable. Some of the records show a very 
short predetonation period, the time of combustion from spark to detonation 
point is of the order of 10~ 4 second. In Photo. 14, Plate 16, detonation occurs 
at the end plate, and the reflection wave closely follows the forward detonation 
wave. The retonation wave from the forward detonation wave is faint because it 
travels through a region where nearly complete combustion has been occasioned. 
Tn some oases, when excess of pentane and acetylene arc present, plumes of 
nearly stationary incandescence are recorded. In all probability they consist 
of glowing particles of carbon. (Sec Photo. 16, Plate 16, for excess of acetylene 
and Photo. 16 for excess of pentane.) 

VI. Action of “ Antiknocks ” on Position of Detonation ,—Experiments have 
been made to ascertain whether antiknocks like lead ethyl or diethyl selenidc 
would render the position of detonation later when mixtures of acetylene or of 
pentane with oxygen and nitrogen, etc;., were exploded. 

The diethylselenide was introduced from the small burette; and added to the 
mixture in the desired quantities. The lead ethyl was introduced by passing 
the mixed gases on the way to the explosion tube through a small tub© con¬ 
taining the liquid which could be weighed before and after. The weighings 
showed that between one volume of lead ethyl in 750 down to one volume; in 
1,600 of the mixture was present in the tube. There was invariably a smell 
of lead ethyl in the tube even after explosion. The results are given in the 
following table:— 

Table III. 


Mixture. 

With Pb(Bt),. 

Without. 

lC,U,:2-5<J,:3N a 

1C,H,:2-50,:6N, 

40 ems. 

/ 77 .. 

\ 77 , t 

/ 48 cm*. 

\ 48 „ 
no „ 
lltt 

l(' 1 H t ,:80 i :2N 1 

1C I H„:80,:2C0, 

/ 47 „ 

\ 50 „ 

/ 

\ 6! „ 

no .. 

04 „ 

02 „ 

02 


There is no evidence that the presence of lead ethyl causes any delay 
of detonation under these conditions, but rather the reverse. The measure¬ 
ments without lead ethyl were made in most cases with a batch of gas made 
at the same time as that for the lead ethyl experiments, so that the results 
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obtained are closely comparative. There was no difference in the type of 
record obtained. 

Other experiments were made with mixtures containing excess oxygen, the 
results being in agreement with the above conclusion. 

Similar results wero obtained for the effect of diethylselenide (1/200 part 
by volume) on an acetylene mixture( 10 a H a . 2'50 a . 4-0N a ). These records 
showed a slightly earlier detonation in the presence of diethylselenide. For 
the strong mixtures the preliminary bum before detonation was slightly more 
rapid with than without lead ethyl and the light was bluer, but in other cases 
the time of burn appeared to be exactly the same. From measurements of the 
velocity there was no evidence of any slowing down of the detonation wave 
by the lead ethyl. 

Experiments have been described by Midgley* and later by Church, Mack 
and Boordf in which mixtures of acetylene and air were exploded in an open 
tube, 1 m. X 3 cms. diameter in the presence of diethylselenide and other 
antiknocks. From the violence of the explosion their effectiveness in suppress¬ 
ing detonation was gauged by ear. The gases were probably allowed to bubble 
through the antiknocks, and, flowing continuously, were allowed to mix on 
entering the tube. A very little change in mixture would affect the point of 
detonation. 


Summary . 

(1) The conditions for detonation to occur in the same place in a tube of 
certain dimensions have been investigated for acotylene and for pentane mixtures 
of definite composition. 

(2) The effect of change of composition and of nature of diluent gas on such 
position has been determined. 

(3) Detonation appears to take place slightly ahead of the combustion front. 

(4) The “ antiknock ” compounds, lead tetraethyl and diethylselenide, were 
not found to affect the position of detonation at ordinary initial pressures and 
temperatures. 

It is to the Asiatic Petroleum Company that we are indebted for the funds 
necessary to carry out this work, and to Messrs. Kewley and Marshall, of their 
technical staff, for their interest in it. We have also to thank Mr. R. J. Schaffer, 
B.A., B.Sc., and Mr. C. Moore for assistance at various stages. 


* 4 J. Ind. Eng. Chem.,’ vol. 14, p. 804 (1922). 
t 1 J. Ind. Eng. Chem./ vol. 18, p. 304 (1926). 
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EXPLANATION OF PLATES. 

Plats 13. 

Photo. 1.—Both ends removed before ignition. Mixture C a H a + 2*5 O a + 3*flN 2 . 
Detonation at 31 ems. 

Photo. 2.—Near end plate not removed before ignition. Same mixture. Detonation at 
50 cms. 

Photo. 3.—Par end plate not removed before ignition. Same mixture. Detonation at 
37 oms. Reflection wave. 

Photo. 4.—Neither end removed before ignition. Same mixture. Detonation at 40 cms. 
Reflection wave. 

Photo. 6.—Spark 37 cms. instead of 0 emu. from the end. Roth ends removed. Detonation 
at 49 oms. 

Photo, tt. —Superposition of two explosion records. Mixture 1C 4 H 12 f 80 o + 6N a . 
Detonation at 87 oms. 

Photo. 7. —Explosion in transparent rubln?r (panchromatic plato). Mixture C 2 H 2 + 
2'50 2 + 4-fiN 4 . 

Plati? 14. 

Photo. 8.—Two explosion records at (150 revs, and 5,400 revs, respectively, Mixture 
0 g H 2 + 2-50 2 H 30N*. 

Plata 15. 

Photo. 9,—Jerky type of explosion in open tube. Mixture 0 2 ll 2 + 2-5 Oj -|- 3*0N f . 
Detonation at 87 cms. 

Photo. 10.—Enlargement of detonation point. 3,100 revs. Mixture C 2 H 8 + 2*5 0 2 -|- 
3-0N a . 

Plata 10. 

Photo. 11.—Mixture 1C 2 H 2 + 2*50 a 40 a . Detonation at 41 cms. 

Photo. 12.—Mixture 1C 2 H 2 + 2*50 a + 4A. Detonation at 40 cms. 

Photo. 13.—Mixture lC & Hi a + 80 a + 4N a . Exhibiting pseudo-detonation at 47 cms. und 
detonation at 91 cms. 

Photo. 14.—Mixture lC t H a |- 2'50 a + ICO*. Detonation at 25 ems. 

Photo. 16.—Mixture lC a lI 2 \ 2*50 a + 3'5C a H a . Detonation at 59 enw. 

Photo, 10.—Mixture 1C B H 12 -f 80 a + i Detonation at 07 cms. 
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On Detonation in Gascons Mixtures at Ilhjh Initial Pressures 

and Temperatures . 

By A. Egekton, F.R.S., and S. F. Gates, B.Sc., M.A.(Oxoii). 

(Received December 2, 11)20 ) 

( Plates 17, 18.] 

1. Detonation in Acetylene and Pentane Mixtures.- Observations on detona¬ 
tion in acetylene and pentane mixtures at ordinary pressures with the object 
of finding the position of detonation in a tube under set conditions, were described 
in the previous paper. The present paper extends this work, but at higher 
initial pressures and temperatures. 

Apart from the study of detonations in engines, and experiments in explosion 
bombs where the pressure rise is observed, very little appears to have been done 
to extend the work of Lc Chatelier and of Dixon on rate of propagation of com¬ 
bustion to regions of high pressure. The highest pressure at which explosions 
were photographed by Le Chatelier and by Dixon were about one and a half 
to two atmospheres. Woodbury, Can by and Lewis* using a bomb of 12 inches 
length succeeded in photographing explosions in acetylene air mixtures at 
pressures up to 4 atmospheres. They also investigated the effect of initial 
temperature (up to 125° C.). The results are referred to by Brown, Leslie 
and Hunnf who find that for any initial density or pressure there should be 
a certain maximum value of the initial temperature to provide a maximum 
rate of rise of pressure on exploding a given gaseous mixture; decrease in 
density of charge on rise of temperature overcomes the effects of increase m 
reaction velocity. J 

In the present work a steel explosion tube is used provided with a number 
of windows so that the progress of combustion can be followed by photographing 
the flame through the windows in the same way as described in the previous 
paper. The conditions under which explosion is effected in these experiments 
are nearer those which hold in an internal combustion engine. The region 
of the usual compression which is employed in an engine is covered by the 

* ‘ J.8. Aut. Eng.,’ vol. 8, p. 209 (1921). 

t ‘ J. Tnd. Eng. Chem./ vol. 17, p. 397 (1925). 

X Dumunou and Lafitte, vol. 183, p. 284 (1926), have investigated the 

effect of pressure on detonation of electrolytic gas, giving results in agreement with recent 
observations of the present authors. 
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measurements. It is not possible, however, to maintain the explosive mixture 
at the temperature (about 400° C.) reached by the charge in an engines prior 
to ignition, without the occurrence of self-ignition. Further there are other 
conditions which apply in an engine such as turbulence, large differences in 
temperature of cylinder walls and valves which cannot be imitated by the 
method here employed. Nevertheless the present results are not without some 
interest from the point of view of engine behaviour. The measurements are 
limited to mixtures of acetylene or of pentane with nitrogen or oxygen. 

II. Experimental Arrangements .—A steel tube 5 feet long by If inches 
external diameter and £ inch internal diameter was capped at each end by 
stout hexagon nuts rendered tight by copper washers. Along one side of the 
tube 13 holes were bored at 10 cms. intervals to accommodate glass windows 
measuring 1 cm. diameter by 0-5 cm. thick. The windows seated down on to 
very thin rubber washers for ordinary temperatures, or special asbestos 
composition washers for the higher temperatures. Between the windows and 
the steel screw head which held them in position was placed another washer 
of softened copper. One of the hexagon nuts carried the stem of a high-pressure 
valve. This couid be attached to the mixing bomb direct or to the tubes leading 
to the Bourdon gauge, vacuum pump and mixing bomb. The mixing bomb 
measured 2 feet by inches internal diameter. It contained a loose fitting 
ball to assist mixing by rocking the cylinder about a horizontal position. The 
gases for the mixture were introduced from cylinders into the bomb, the quantity 
being measured by means of the pressures registered on the Bourdon gauge. 
In the case of mixtures made from volatile liquids a weighed quantity of liquid, 
sealed in a glass vessel, was placed in the bomb and held in position under a piece 
of wire gauze. The valve of the mixing bomb having been closed and the 
rest of the gases added, the bomb was removed and the ball rolled to the top 
and allowed to fall quickly on the glass vessel. The small vessel was smashed 
and the mixing of the vapour allowed to proceed. In some cases it was necessary 
to heat the bomb in order to assist vaporisation of the liquid. A heating jacket 
was constructed to slide over the bomb with thermocouples arranged to measure 
the temperature. Electrical heating jackets could also be slid over the explosion 
tube, a space being left for the windows. The whole tube could be heated to 
about 400° C. Temperature was measured by 3 thermocouples screwed into 
the body of the tube. The windows are so arranged that there is as little 
interference with the smoothness of the bore of the tube as possible. 

Analyses of the mixtures were not carried out, as it was found possible to 
repeat the results by the above method.of making the mixtures. 

VOL. OXIV.—A. * 
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The steel explosion tube was mounted between two vertical stanchions at 
2 metres distance from the camera. Ignition could be affected from the centre 
or 16 cms. from the near end. A K.L.Q. sparking plug was connected to a 1 inch 
spark coil. Photo. 4, Plate 17, shows the kind of symmetrical record obtained 
if ignition is started in the centre of the tube. The detonation point, retonation 
wave, detonation wave and reflection waves are clearly seen. The exact 
position of the detonation point, though it may fall between the windows, 
can be obtained by producing the retonation wave to meet the detonation wave. 
In this case it occurs just about the second window from the spark. Detonation 
produces particles of metallic iron, probably by shattering the surface of the 
metal. This is deposited os a film on the windows which have to be cleaned 
after several explosions. At high pressures the windows are sometimes cracked 
by the detonation and the inner surfaces are frequently damaged. 

III. Results .—The results are collected in Table I and are also shown on 
the graph. Increase in the initial pressure increases the tendency to detonate 
very considerably, but the limit is reached at about 3 atmospheres; further 
increase in initial pressure has very little effect. This rather remarkable result 
agrees with the observations of Woodbury, Canby and Lewis.* They state 
that for acetylene-air mixtures under pressure of 1 to 4 atmospheres, the rate 
of propagation of combustion increases with increase of pressure up to a certain 


Table I. 


Mixture 

Initial 
Pressure 
in atm os. 
(absolute). 

Position of 
Detonation, 
oms. from 
Spark. 

Mixture. 

Initial 
Pressure 
in atmos. 
(absolute). 

Position of 
Detonation 
cms. from 
Spark. 

t!,H, -(- 2 -so, + 4N, 

1 

1 

1 

2 

2 

3*7 

4*1 

41 

5*4 

«*1 

50 

52 

52 

31 

30 

22 

18 

19 

(19) 

(10) 

C.H,, f 80, + UN, 

1 

1 

2*7 

2*7 

4*4 

4*4 

4*4 

5*3 

5*3 

70 

(68) 

37 

(31) 

32 

32 

32 

32 

31 








C.H,, + 80, + 12N, . 

m 

00 




C,H„ + 80, + ION, 


100 

• 


i 



72 





9-3 

74 


: 


C,H„ + 80, + 32N, . 

8*0\ 

no 





9-6/ 

detonation 


* ‘ J. Soc. Aut. Eng.,’ voL 8, p. 208 (1921). 
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critical pressure (2 to 3 atmospheres), beyond which no increase was obtained. 
It is noteworthy that a mixture (1 pentane, 80 a , 32N a ) which is about the 



composition of a mixture of pentane and air, which might be employed in an 
internal combustion engine, does not detonate in the steel tube (150 cms. long) 
even at 9 atmospheres initial pressure. Photos. 1, 2 and 3 (Plate 17) show the 
effect of increasing the pressure of a mixture ICjHj -f-2*50 a + 4 N 2 from 
15 to 30 and then to 60 lbs. Detonation occurred at 52, 31, and 18 cms. 
respectively. The position of detonation at ordinary pressure was a little 
earlier than that determined in the glass tubes. Photo. 5 (Plate 17) shows a 
detonation in a mixture (IC 5 II 12 + 80 a + 15N a ) at 136 lbs. pressure ; such 
a mixture does not detonate in a tube 150 cms. long at atmospheric pressure. 

IV. Effect of Temperature .—Using a mixture 10j|H a + 2*50 2 5A, no 

change of position of detonation for two initial temperatures 17° C. and 40° C. 
had been found during the experiments, vising glass tubes at ordinary pressures. 
The glass tube was jacketed with a water jacket at the required temperature. 
Detonation in each case occurred at 55 cms. (see Photos. 6 and 7, Plate ]8). 

M 2 
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In the steel apparatus experiments were carried out at 230° G. on a mixture 
1 pentane, 80 a + 15N 2 . At 138 lbs. pressure, ignition occurred before the 
spark was passed, at 79 lbs. the charge was not ignited in the hot explosion 
tube, and on passing the spark a record was obtained. Detonation occurred 
as late as 85 cms. At 30 lbs. detonation occurred at 110 cms., both these are 
slightly later than the results for normal temperatures at the same pressures. 
Correcting, however, to 15° C., the mixtures at above pressures become of equal 
density to mixtures at 45 lbs. and 17*5 lbs. respectively. Between 230° C, 
and 240° C., the reaction rate for such a mixture increases in such a way that 
at 230° C. the oxidation of the pentane is hardly appreciable, but at 240° C. 
it is rapid enough to cause self-ignition of the mixtures. This is similar to Fenning's 
results with hexane mixtures.* At 240° C., and at 122 lbs. pressure the record 
showed that self-ignition occurred at the far end of the tube, and a slow moving 
explosion travels back towards the inlet valve. Ignition probably would 
occur first near the dead end of the tube owing to compression, but the explosion 
cannot travel fast enough against the inflowing stream of gas, and did not 
pass through the valve into the mixing vessel. These effects illustrate pre¬ 
ignition and prevention of detonation by the motion of the combustible gas. 

From the photograph at 230° C. (see Photo. 8, Plate 18) the flame appears 
to travel slower than at normal temperature, and the change of rate of com¬ 
bustion was more abrupt before combustion set in. According to the experi¬ 
ments of Woodbury, Canby and Lewis rise of the initial temperature in 10 per 
cent, acetylene mixture from 25° C. to 80° C. decreased the rate of combustion 
at constant pressure, though with rich mixttires there was a slight increase 
up to 75° C. followed by a decrease up to 125° C. Dixon had already observed 
that initial temperatures do not appear to add to the flame temperature. It is 
possible that slight partial combustion occurs before the passage of the spark, 
but Fenning's experiments ( loc . ciL), and agreement of position with a repeat 
experiment in our case, make this improbable. 

Measurements of velocity of the detonation wave from the slope of the start 
of the bands of light from the windows indicated that the velocity decreased 
with dilution of the mixture. Rise of initial pressure or temperature did not 
alter the velocity to any great extent: further measurements are being made 
to determine the precise extent of the slight increase in velocity with rise of 
pressure. The charge density corrected for temperature was 46 lbs. in the 
experiment at 230° C., and a higher combustion temperature than for the same 
pressure at 20° C. might have been expected, nevertheless the detonation wave 
* * Hep. Aero. Res. Comm./ No. 979, p. 20 (1925). 
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appeared to be travelling at much the same rate. Further careful measurements 
are necessary ; the rate should depend on the maximum flame temperature, 
though not on the pressure, unless the number of molecules change on reaction, 
then a slight increase or decrease in velocity might occur. Increase of specific 
heat with rise of initial temperature would tend to reduce the velocity. 

V. Influence of “ Antiknocks ” on detonation at High Pressure. —The following 
results leave no doubt that for the conditions under which gaseous mixtures 
are exploded in the steel tube, the presence of load ethyl does not delay detonation 
or appreciably modify the course of combustion. (See Photos. 8, 9, 10, 11, 
Plate 18, and Table II (a) and (b).) 


Table 11a. Pentane 1 : 80 2 : 6N 2 . Temp. 15° 0. 


Premium 

(atraos.). 

Without 

PbEt 4 . 

With 

PbEt 4 . 

Without 

PbEt 4 

(chuck). 


cms. 

<■1118. 

emu. 

5-3 

32 

30 

31 

4-4 

32 

32 

32 

2-7 

37 

32 

31 

10 

70 

60 

58 


'fable IIb. —Pentane 1: 80 a : 15N 2 . Temp. 230 to 240° C. 


P return o 

Without 

With 

(atmoB.). 

PbEt 4 . 

PbEt 4 . 


cms. 

eras. 

5-8 

85 

88 

2-2 

111 

109 


The concentration of the first mixture was 1 per cent, of Pb(C 2 U 5 )i in the 
pentane or a vapour concentration of 1 in 6300 molecules of vapour mixture. 
The concentration in the second was 10 per cent. Pb (C a H s )4 in the pentane 
or 1 in 1,000 molecules of the mixture. There might be an effect at higher 
temperatures, but difficulties with pre-ignition of the mixture prevent such 
experiments being made in the way here described.* 

* Experiments have also been made upon the effect of nickel carbonyl on similar 
mixtures at 200° C. and 100° C. up to 130 lbs. initial pressure. There was no measurable 
effect on the position of detonation. It was doubtful, however, how much Ni(CO) 4 was 
present in the gas at the moment of ignition as it undergoes rapid oxidation. In the 
lead ethyl experiments chemical tests proved beyond doubt that lead ethyl was present 
in the explosion tube at the moment of ignition. 
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Experiments in other directions have led to the view that lead ethyl has 
little effect on combustion till a temperature of nearly 400° C. is reached. 
The seat of its effect on detonation in an engine therefore appears to be prior 
to ignition. 

VI. General ObsenxUions on Detonation in Gases. —Woodbury, Canby and 
Lewis ( he . cit.) did not obtain detonation of any mixtures of air and acetylene 
(from 5 to 20 per cent, acetylene) in their 12 inch bomb, but mixtures enriched 
with oxygen (<?.</., 1C 2 H 2 + 1*50 2 + 2-5N 2 ), so as to bum to CO, could be 
made to detonate before the explosion reached the walls. This, and the 
observations on the effect of pressure and temperature are in general agreement 
with the present results. They quote, however, experiments which indicate 
that auto-ignition occurs considerably ahead of the combustion front. None 
of the present records show any trace of this. They state that auto-ignition 
was observed in a mixture (1C 2 H 2 + 2-70 a + 2*9N 2 ), but similar and richer 
mixtures have been ignited in the long steel tube at pressures up to 10 atmo¬ 
spheres, and no such effect has been observed to occur. It seems possible 
that the records obtained might bo explained by the setting up of jerky 
explosions (described on p. 110), occasioned perhaps by leakage of gas from 
the bomb. 

Fenning has carefully investigated detonation in petrol-air, hexane-air and 
benzene-air mixtures in a bomb 20 cms. long x 17-5 cms. diameter. It was 
found that only rich mixtures could develop detonation under such conditions, 
and that rise of temperature increased the tendency to detonate. In the work 
here described complete combustion mixtures of pentane, as dilute as those 
employed by Fenning for hexane or petrol, do not detonate oven after a run 
of 180 cms., much less in 20 cms. Experiments with dilute mixtures rich in 
combustible have not yet been carried out in the explosion tube. In a short 
bomb rise of pressure at the combustion front would be more rapid and con¬ 
sequently detonation might occur more readily. 

There appear to be several views of the phenomenon known as “ knocking M 
in internal combustion engines :— 

(1) Combustion changes to detonation, a detonation wave being set up. 

(2) Combustion changes to detonation locally, but the wave is not transmitted 
throughout the charge. 

(3) Self-ignition of portions of the charge oocurs. 

Depending on circumstances, any of these views may represent what happens. 
It is probable that when violent knocking takes place, detonation is set up 
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and the detonation wave passes through the unbumt gases. Reflection waves 
would travel back and forth through the burnt gases getting slower and slower 
as they cooled. On the other hand, since conditions in an engine aTe such 
that (a) the mixture is near the limiting mixture strength in whioh a detonation 
wave can transmit itself, (6) the detonation may occur when the bulk of the 
charge is burnt, (c) the piston has commenced to move out, and (d) the charge 
is in a state of turbulence, mild detonation may indicate that a local change 
to the detonating type of combustion occurs, but that a detonation wave is not 
propagated; many of the photographs indicate this jHMsibility. 

Wendlandt* has determined the composition of the limit mixtures (at ordinary 
pressures) for hydrogen-air and carbon monoxide-oxygen mixtures, which will 
transmit a detonation wave. A veTy slight change of composition makes a 
great difference to the propagation of the wave, and probably a slight difference 
of pressure would make similar differences. It is thus quite possible that local 
detonation might occur without transmission of a wave throughout the unburnt 
gas. 

The conditions which give rise to detonation are, no doubt, high local pressure 
and high local temperature. Sound waves from the spark, self-ignition centres 
and obstructions may occasion high local pressures ; hot valves, hot intake 
or exhaust gases, carbon deposit or any influence reducing heat loss might 
produce high temperatures. Adiabatic compression during the compression 
stroke and the additional temperature from the hot exhaust gases generally 
provide a high enough temperature at the end of the compression stroke to 
ignite the charge were more time available before passage of the spark. It is 
possible, therefore, that part of the charge might ignite of itself after the spark 
had passed, particularly as the pressure would be rising rapidly. Such an 
action ought however to assist, rather than otherwise, normal combustion, 
just as multiple ignition centres are well known to do. Compression waves 
set up by tho ignited charge may cause auto-ignition of another part of the 
charge, giving rise to stronger compression waves which occasion knocking. The 
present work does not provide any evidence for such a view, but it is intended 
to carry out further experiments on the point. 

VII. Summary . 

(1) Detonation in acetylene and in pentane mixtures at high initial tem¬ 
peratures (230° C.) and pressures (10 atmospheres) has been investigated photo¬ 
graphically, using a steel tube fitted with glass windows. 

* ‘Z. Phys. Chezn.,’ voL 116, p. 227 (1926), and vol. 110, p. 637 (1924). 
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(2) Increase of initial pressure engenders earlier detonation up to a certain 
limit, when further increase makes very little difference. 

(3) The effect of increase of initial temperature was also investigated. At 
a given initial pressure, rise of initial temperature appeared to render detonation 
slightly later. 

(4) Lead tetraethyl was not found to affect the position of detonation of 
the mixtures investigated at high pressure either at normal initial temperature 
or at 230° C. 

This work has been carried out with funds provided by the Asiatic Petroleum 
Company. We are indebted to the Company and their technical staff for their 
interest in it. 


KEY TO PHOTOGRAPHS. 

Platk 17. 

Photo. 1.—Effeot of pressure on position of detonation. Mixture 1C,H, + 2-50, + 4N,, 
16 lbs. pressure. Detonates at 62 cms. 

Photo. 2.—Effect of pressure on position of detonation. Mixture lC,H t + 2-60, + 4N,, 
80 lbs. pressure. Detonates at 31 oms. 

Photo. 3. —Effect of pressure on position of detonation. Mixture 1C,H, -(- 2'60 t + 4N„ 
60 lbs. pressure. Detonates at IS cms. 

Photo. 4.—Mixture 1C,H, -f 2*60, + 4N„ ignited at centre of tube (66 lbs. pressure). 
Detonates at 22 oms. 

Photo. 6.—Mixture lCtH,, + 80, + ION„ 136 lbs. pressure. Detonates at 74 cms. 

Plate 18. 

Photo. 6. —Effect of temperature on position of detonation. Mixture C,H, + 2'50, 
+ 6A, 17° C. 16 lbs. pressure. Detonates at 66 oms. 

Photo. 7.—Ditto at 40° C. Detonation at same position. 

Photo. 8.—Effect of lead ethyl and temperature. C|H„ + 80, + 16N„ 79 lbs. 230° C. 
Detonates at 86 oms. 

Photo. 9.—Effect of temperature alone. C,H U + 80, + 15N„ 79 lbs. 280 s C. Detonates 
at 88 oms. 

Photo. 10.—Mixture GiH,, -1 80, + dN„ 79 lbs. Normal temperature. Detonates at 

32 oms. 

PHOTO. 11.—Effect of lead ethyl. Mixture C,H,, -f 80, -(- 6N,, 79 lbs. Normal temperature. 
Detonates at 30 oms. 
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Some Physical Properties of Icebergs and a Method for 
their Destruction. 

By Howabd T. Barnes, D.Sc., F.R.S., Professor of Physics and former 
Director, McGill University, Montreal. 

(Reoeived November 4, 1926.) 
fPLATSS 19-22.] 

The icebergs which infest the North Atlantic have their origin in the glaciera 
of Greenland. The ice composing them is formed by compression of snow and 
frost, and in consequence possesses structural characteristics very different 
from those of ordinary ice, which we may call thermal ice. 

Glacial ice has been Btudied a great deal, and the literature on the subject is 
voluminous. 

From all of this material it may be learned that the structure of glacier ice 
and icebergs is granular in nature. The nuclei of these grains are obviously 
the snow crystals which have in the course of ages grown to considerable size. 
With the depression of the snow under the accumulations of fresh deposits, 
a great deal of air is entangled and pressed into the mass. During the move¬ 
ment of the ice downwards and outwards, cracks and crevices result in ways 
well understood. These become filled with melted glacier ice water of great 
purity and refreeze free of air. The natural colour of pure ice is a deep blue 
by the scattering of the light from the large ice molecules, and in these refrozen 
cracks are found the remarkable deep blue bands which are characteristic of 
iceberg masses. 

Solid pressure ice, which contains air, is a deep green, but rapidly weathers 
on the exposed surface under a bright sun to pure white. 

The appearance of the surface is caused by innumerable air bubbles which have 
been released in the ice by the sun’s rays, and have assumed measurable 
proportions. It is not the purpose here to go into the theory of glacial move¬ 
ment, or discuss the purely geological or climatological aspect of glaciera, as 
this is very little connected with the object of the present investigation, which 
has been carried out in an attempt to gain sufficient knowledge of icebergs to 
find some way to hasten their disruption. * 

It is only by a careful physical study of icebergs that suggestion can be 
gathered towards this end. 

The author has had this matter under study for a great many years, his first 
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iceberg pictures having been obtained in 1893, but it was not until 1910, after 
many years devoted to ice research on the St. Lawrence River, that he was able 
to give special attention to the problem. 

The first iceberg expedition sent out by the writer was in the summer of 
1910 when, through the help of the Canadian Government, passage was given 
on one of the Government boats from Quebec to Hudson Bay and return. 
During this voyage microthermometer observations were made of sea tempera¬ 
tures in the proximity of icebergs, and it was found that an iceberg is surrounded 
by a 7x>ne of water in general higher in temperature than the currents in which 
it was being carried. 

Other expeditions were organised and carried out around the Strait of Belle 
Isle, the Coast of Labrador, andsevoral across the Atlantic through the kindness 
of the steamship lines (C.P.R., Royal and Allan lines). The final result of this 
work has alroady been published.* 

In 1924 the author went out on one of the ice patrol trips of the U.8. Coast¬ 
guard ships (U.S.C.G. “ Modoc ”) to study their methods of ice patrol. Fortu¬ 
nately this time was spent floating alongside a single berg 60 miles off the 
Newfoundland Coast. Much valuable information was obtained as to the way 
in which an iceberg breaks up under natural conditions. Two weeks were 
consumed in this study, and the interesting fact was noticed by the writer that 
the greatest calving and most numerous cracking took place in the early morning 
at and immediately after sunrise. 

Observation showed that during the night the berg stopped running with 
water over its surface and froze again. 

With the advent of sunlight, and before the surface-melting started, the 
heat of the returning day apparently penetrated the ice and, it was thought, 
caused an unequal expansion, resulting in the cracking. 

All day the berg ran with water and washed away this heat, maintaining a. 
surface temperature of 0° C. 

During the night and towards morning the largest growlers fell off and 
floated away. This suggested to the writer that strains could be set up at 
will in the great ice mass by the local application of heat at a high enough 
temperature to oast powerful rays into the ice. 

* 44 43rd Annual Report, Department of Marine and Fisheries of Canada,” 1909-10, 
4 Royal Institution Report,' May, 1912. The voyage of the 44 Scotia ’• in 1913 and U.SS. 
44 Seneca ” in the same year failed to pick out the ioeberg effect owing to the laok of a 
suitable miorothermometer. An ordinary recorder is not sensitive enough to detect the 
warm layers. 
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The actual experiment of applying heat in an iceberg was not tried, however, 
until two years later, but the idea then obtained was productive of helpful 
methods for general ice control on a very large scale.* 

Physical Properties. 

Several were considered of interest, but all of them could not be studied 
during the recent expedition to Notre Dame Bay, Newfoundland, made by 
the writer during the past summer. 

Information was gathered on the purity of the iceberg ice, and the amount 
and quality of the air compressed in the berg. By inference the density of the 
co-volume of ice and air which composes the bulk of the iceberg was obtained. 
The other physical properties, such as hardness and elastic constants, must be 
reserved for a later serieB of tests. 

The chemical work of this expedition was done entirely by my son, Mr. W. H. 
Barnes, Demonstrator of Chemistry in McGill University. 

Comfortable quarters were given the writer in the Notre Dame Bay Memorial 
Hospital situated at Twillingate, which was the headquarters during the stay 
in Newfoundland. The director, Dr. Charles E. Parsons, was most kind in 
giving ub a room for a laboratory. The photographic rooms connected with 
the X-ray department of the hospital gave us an opportunity for developing 
the colour plates which were made to show the wonderful deep blue and green 
of the ice masses. The Agfa colour process plates wore found very satisfactory. 

Results of the Chemical Tests. 

Total Solids .—About one litre of water was evaporated to dryness in a 
weighed platinum dish, and the dish and residue was re-weighed. The following 
results were obtained :— 



Volume 


Total Solid*. 

Nature of Water 

Kvaporated. 

Kesidur. 

Parts per (100000) 

Melted iceberg ice 

1079 o.o. 

0*0046 gmv. 

0*41 

Distilled water 

1044 o.c. 

0*0066 gms. 

0*62 


The residue, which in each case was black and insoluble in water, was probably 
made up of dust particles from the air accumulated during the evaporations. 

* ** Engineering Features in Breaking the Allegheny Ice Gorge/' 4 The Journal of the 
Engineering Institute of Canada/ vol. 9, p. 453 (1096). 
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Relative Volume of Air in Iceberg Ice.—A large teat tube having a thin paper 
atrip down one aide was partially filled with toluene and placed in an ice-salt 
freezing mixture. When the temperature of the toluene had become constant 
its level in the tube was marked on the paper atrip. A piece of iceberg ice 
was tli n quickly dried with filter paper and placed in the toluene, the new level 
of tiie toluene being marked on the paper strip as before. The piece of ice 
was then rapidly transferred by means of a long forceps to a bath of melted 
ice-water at room temperature, where it was allowed to melt under an inverted 
funnel. 

The air on escaping passed into an eudiometer tube, where it collected by 
displacing the melted ice water with which the tube was filled. Care was taken 
that no bubbles adhered to the stem of the funnel or the walls of the eudiometer 
tube. The volume of air collected was read at atmospheric pressure from the 
graduations on the eudiometer tube. 

The volume of the ice was obtained by replacing the toluene in the large 
test tube by water run in from a burette, the volume between the two marks 
on the paper strip being carefully noted. 

The following results were obtained with two samples of ice:— 


Temperature of 

Volume of Air 

Volume of 

Per cent. 

Toluene. 

(reduced to tempera- 

Tee and Air. 

Volume of Air. 


ture of Toluene). 

i 



— 0-8° C 

0-28 c.c. 

1-85 o.c. 

15*1 

- i» l # c. 

0*65 c.e. 

7-4 c.c. 

7*4 


The calculations involved in the above results assume that the air in the iceberg 
ice is at atmospherio pressure. Observation of the behaviour of the ice on 
melting and the sizes of the bubbles in the ice, and after being released from 
tiie ice, support this assumption. 

Analysis of Air Enclosed in Iceberg Ice. —Ground-glass stoppered bottles of 
about 600 c.c. capacity were filled with melted ice-water and inverted in a bath 
of melted iceberg ice. The iceberg ice was allowed to melt under a funnel, the 
stem of which passed through a rubber cork into the neck of the bottle to be 
filled. Two of the bottles were completely filled with the air, whereas three 
others were sealed up with water. The ground-glasB stoppers were wired to 
the bottles and sealing was completed with parafim. 

At a later date the bottles were opened under water which had previously 
been aerated for 10 hours. A long bent glass tube filled with water was inserted 
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through the neck of the bottle into the gag, the other end being connected to 
a gas burette. A sample of the air was taken and analysed for carbon dioxide 
and oxygen in the usual manner, using the Hempel apparatus, potassium 
hydroxide and alkaline pyrogallate being employed for absorption of carbon 
dioxide and oxygen respectively. 

The following are the results obtained, together with particulars of each 
sample:— 

Sample 1.—Air from growler shortly after it broke away from berg, collected 
over seawater at 46‘5° F. Sealed up with seawater in bottle. 


Analysis:— 

CO». 0-0 per cent. 

0 2 . 20-0 

Sample 2.—Air from growler collected over melted iceberg ice without regard 
to temperature of bath. Sealed up with water through which bubbles passed. 
Analysis:— COa 0 > 

1 . 0-2 per cent. 17*7 per cent. 

2 . 0'0 „ 17-9 

Mean . 0*1 „ 17-8 ,, 


Sample 3.—Air from growler collected over melted iceberg ice. Temperature 
of bath, 40-45° 0. Bottle completely filled with air. 

Analysis:— 

Mean of six analyses agreeing with one another to 0 - 6 per cent, oxygen. 

COj. —O’l per cent. 

0 2 . 19-0 

Sample 4.—Air from 2 feet below surface of berg collected over melted iceberg 
ice. Temperature of bath, 45-50° C. Only a very small sample (23 c.c.) of air 
was collected. Bottle sealed up containing water from the bath. 

Analysis:— 

C0 2 . 0*4 per cent. 

0* . 13-8 

Sample 5.—Air from growler collected over melted iceberg ice at temperature 
of 40-45° C. Bottle filled completely with air. 

Analysis:— 

Mean of six analyses agreeing with one another to 0 • 6 per cent, oxygen. 


CO*. —04 per oent. 

0 a . 18-8 „ 
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Discussion. 

With regard to the determination of total solids, it will be seen that melted 
iceberg ice is at least as pure as distilled water. At some future date it is 
planned to make conductivity measurements on this water. 

The two determinations of the relative amount of air contained in iceberg ice 
are only approximate because of the difficulty in reading such small volumes of 
gas in the eudiometer tube, which was only graduated to tenths of a cubic 
centimetre. The next determinations will be made with a specially constructed 
tube of small bore, with which readings can be taken to a further number of 
decimal places. The values already found, however, are probably a minimum 
because the ice on melting undoubtedly dissolved a small fraction of the air 
liberated. There was probably very little loss of air from the bubbles passing 
through the water in the eudiometer tube, because it was obtained by melting 
iceberg ice and allowing it to stand in an open pail for some length of time before 
use as a bath. 

It is also planned to make tests at some future time on the relative amount, 
of air at different depths through the bergs. 

The air analyses indicate that the air contained m the iceberg ice has 
probably the same composition as the atmosphere at the present day. 

The peculiar values for carbon dioxide obtained are due to experimental 
error. The carbon dioxide found was zero after the first few analyses due 
probably to the fact that the air sample was allowed to remain in the gas 
burette for 15 to 20 minutes before passing into KOH. This enabled it to 
come to the temperature of the room before the first volume was read. A 
very slight change in temperature would have a marked effect on the volume 
of the gas, since in most cases from 50 to 100 c.c. were used for each analysis. 

That the composition of the air is probably the same as that of the atmo¬ 
sphere of the present day is shown by the following rough calculation. 

Taking the results of Sample 3, namely, 19*0 per cent, oxygen and neglecting 
the value for carbon dioxide recorded and assuming that the relative volume of 
air is, say, 10 per cent., then the relative amounts of oxygen and nitrogen in 
the original air are given by (0*19 x 100) + (0*0045 x 1000), for oxygen at 
40-45° C. from air is equal to J x 0*0225 vol. of 0 2 per vol. of water and 
(0*81 x 100)+ (0*0092 X 1000) for nitrogen, since the solubility of the nitrogen 
at 40-45° C. from air is equal to £ X 0*0116 vol. of N 2 per vol. of water. 

The amount of oxygen in the original air is then equal to 
(0*19 X 100) + (0*0045 X 1000) 

[(0*81 X 100) + (0*0092 X 1000)] + [(0*19 X 100) + (0*0045 X 1000)] 

23-5 - 

~rnr~z =* 20-7 per cent. 
113*7 r 

assuming saturation of the iceberg ice with oxygen and nitrogen as it melts. 
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The slightly larger value of 20*0 per cent, oxygen obtained for sample 1 
is probably due to the lesser solubility of air in sea water. The lower value 
obtained for sample 2 can be accounted for by the fact that no attention was 
paid to the temperature of the bath, and consequently it was usually at a much 
lower value than for samples 3 and 5. 

Samples 3 and 5, although from growlers from different bergs, were collected 
in exactly the same manner with the temperature of the bath maintained 
between 40 and 46° G. 

The results obtained for the two samples agree closely with one another. 

The peculiarly low result obtained for sample 4 may be due to experimental 
error because the sample obtained was only 23 c.c. Unfortunately, no check 
could be made on this sample. The result, however, remains interesting, 
although not necessarily of special significance. It is hoped that at the next 
opportunity of obtaining iceberg ice a chamber capable of being evacuated 
will be available. The ice will be broken up by a magnetic crusher in vacuum 
and the air collected and analysed very carefully over mercury, tt is also 
planned to collect samples of the air from different depths in the berg in this way. 


Effect of Applying High Temperature Heat to Icebergs. 

The experiments with thermit were conducted on three bergs. The biggest 
one we could find was treated first with a hundred pound charge let into the 
ice about three feet. The result of firing was the emission of flame and fire to 
a height of 125 feet or more with a great explosion of the ice and the throwing off 
of great masses of the ice from the sides and ends of the main plateau treated. 
This iceberg was, we estimated from our survey, 500 feet long by as many wide, 
and its mountainous cliffs rose on one side to a height of between 75 to 100 feet 
with a second plateau 60 feet up. These measurements were made all from the 
water line and no estimate was made of the mass under the water. The whole berg 
was stable and oscillating very slowly from the swell with a period of from 4 to 5 
minutes. As anticipated, the effect of the intense heat in direct contact with 
the hard ice was to send a temperature wave into the mass which produced a 
great deal of cracking and visible disruption, apart from the explosive shock 
(figs. 3 and 4) of the dissociated ice itself. This cracking went on all the evening 
after we returned to the village and could be distinctly heard out at sea 0 miles 
away. Toward the early morning a very loud report resulted whioh woke many 
of the people of Twillingate, and when we visited the berg the next day we found 
the great bulk of the interior had come away. The day following witnessed the 
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full effect of the cracking when the whole plateau on which the charge had been 
fixed split, and came away almost across the thermit hole. 

The disintegrating effect of the heat treatment oan be seen by comparing 
photographs 1 and 2 whioh were taken before and after the charge of thermit 
was set off. The whole berg could have been broken up had we plaoed more heat* 
charges in at different points. As it was about a third of the ice was broken off 
and the whole berg turned through 45 degrees through the lightening of the side 
treated. 

On the last day two charges of the high explosive, bermite, were set off on the 
berg illustrated in photograph 2, which pulverised the ice surface a great deal. 
The second berg treated was a small one aground in Jenkin’s Cove, in the harbour. 
Fig. 5 shows firing the charge on this mass. 500 pounds placed about 4 feet 
in the ice was fired at sundown in order to allow the people of Twillingate an 
opportunity to see the spectacle of the burning and disrupting ice. The whole 
thing was a most wonderful sight when the mighty charge fired and roared, 
lighting up the iceberg and surrounding hills like Vesuvius in eruption. Flames 
and molten thermit and ice were shot upwards 100 feet or more by the explosion 
whioh followed. Much of this berg was disrupted but the full effeot of the big 
charge was lost into the air. As before the real change in the berg did not 
take place until the next day, when most of the off-side nearly through the thermit 
hole came away (fig. 6). For two dayB after this berg continued to break away 
and rolled from one side to the other shifting its position as it was lightened by 
breaking masses. 

The third beTg treated was a small one of the mushroom type (fig. 7), outside 
the harbour, but aground off the shore of the North Island. The berg was 
roughly 100 feet in diameter and almost round with a central cup-shaped dome. 
On the summit of this were planted two charges of thermit, the first of 60 pounds 
and a second of 100 pounds. Explosions came in both cases, but no visible 
sign of disrupting ice. On returning the next morning this berg oould not 
be found for it had fallen away along the thermit hole, becoming honeycombed 
with cracks. A floating fragment was identified by marks of the molten thermit 
and the hole blown out by the reaction which was now on the water-line half 
hidden under the surface, see fig. 8. Three other bergs close by were still in place. 
. There is no doubt of the disrupting aotion of the high temperature of the 
thermit, and another time means shall be found to sink the charge down 50 or 
100 ft. into the ice, which oan easily be done by means of a rook drill in a very 
few minutes. Indeed, the bergs oan be drilled from a boat without going 
on them where this is impracticable. 



Barnes. 


Roy. Soc. Proc. 9 A> col. LI4, PI. 19. 



Vui. 1.—I^ari'e icelieig before* treating with llieimit. 


‘s- 



2.—The same iccheru two days later ufter thermit treatment test of a high 
oxplusiu* without tniieh result. 


(Facing p, 16H.) 


Barnes. 


Roy. Sue. ProcA, vol. 114, PI. 20. 



Flu. 3.—Explosion of the ire from the reaction of lot) lb of theimit. 



Fig. 4.—Fragment h of jee scattered over the sen from the force of the exploding ice. 



Barnes. 


Hoy. Soc. Pi'oc., A, vol. 114 , 


Pl. 21 . 





Fit,. 5 —A small iicberg exploded from the reaction of 5(H) lb. of thermit. 




Fig. 6.— The snmc iceberg taken the next morning rapidly breaking up from the honey 
combing and cracks of the intense heat reaction. 



Barnes. 


Bo;/. Soc. Proc., A, roJ. 114, PI. 22. 




Flo. 7.—Last iceberg to he treated. Lighting the fuse for sett ini' ofT a 100 Ih. charge. 




Fm. 8.—Fragment of the above iceberg recognised by the marks of the thermit slag, and the 
hole blown out of the ice by the heat reaction. This piece was the only remains of 
the berg found the next morning, and was rapidly going to pieces. It was not safo 
to go on again. Three other bergs in the immediate vicinity remained in place. 

The thermit hole is nearly submerged. 
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Studies upon Catalytic Combustion.—Part V. The Union of 
Carbonic Oxide and other Oases with Oxygen in Contact 
* with a Fireclay Surface at 500° C\ 

By Wtlliam A. Bone,'D.Sc., F.R.S., and A. Forshaw, M.Sc. 

(Received December 24, 1926.) 

Introduction. 

In a former communication to the Society, Bone and Wheeler dealt very 
fully with the action of a porous porcelain surface in promoting the slow com¬ 
bination of hydrogen and oxygeu at 430° C.* It was shown (inter alia) (i) that 
previous exposure of the surface to hydrogen at such temperature stimulates 
its catalysing power towards normal electrolytic gas in a very remarkable 
degree, and (ii) that when excess of one or other of the reacting gases is present, 
the rate of combination is always proportional to the partial pressure of the 
hydrogen. 

In Sections A and B of the present communication, similar experiments will 
be described upon the behaviour of a fireclay surface at 600° C. towards mixtures 
of carbonic oxide and oxygen, showing (i) that previous exposure of carbonic 
oxide has much the same stimulating effect upon its catalysing power as was 
previously observed by Bone and Wheeler in regard to a porcelain surface aud 
hydrogen, and (ii) that in mast other respects the surface catalysed the com¬ 
bination of 00-oxygen mixtures in much the same way as does one of porcelain 
that of hydrogen and oxygen mixtures, except that in the former case the catalys¬ 
ing power is feebler than in the latter. In Sections C and D will be described 
comparative experiments upon the relative speeds of the catalytic combustion 
of carbonic oxide, hydrogen and methane,, respectively, in contact with a 
fireclay surface at 600° C. 

It should be understood that in all experiments the Bone and Wheeler cir- % 
culation apparatus was employed, a series of bulbs containing a solution of 
barium hydroxide being inserted to ensure the continuous and rapid removal 
from the system of the carbon dioxide produced. The general arrangement of 
the apparatus was in all essential respects that shown in the diagram published 
in Part I hereof (y.v.)f; its total capacity would be about 1,500 c.c., and the 

* -Phil. Trans.,* A, vol. 206, p. 13 (1906). 
f * Proceedings/ A, vol. 109, p. 466 (1925). 

VOL. 0X1V.—A. N 
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gaseous mixtures were circulated through the system at a rate such that each 
circuit was completed in about an hour. The experiments will be described 
in their chronological sequenco, adopting the same symbols as before, so that 
the reader may better understand how the “ surface activity ” varied with such 
factors as previous history, pressure, and the actual composition of the reacting 
mixtures concerned. For we would again emphasise how important it is for 
the correct interpretation of such experiments always to have the fullest 
information as to the conditions throughout. Tt may be assumed that in all 
the coses the reacting mixtures were saturated with water vapour at the room 
temperature, which will be indicated by 8 in the text. 

Kxperimntal. 

The catalysing surface employed was prepared by crushing a high-grade 
firebrick, removing the finer particles by sieving, and then using those which 
would bo retained on a mesh of 5 and pass through one of 3 per linear inch. 
The material was strongly ignited at 900° C. in air before being packed into the 
reaction tube of the circulation apparatus. 

The gases used were quite pure, save for the presence of less than I per cent, 
of adventitious nitrogen, which may be regarded as negligible. All the pressure 
values recorded in the paper refer to the dry “ nitrogen-free ” gas. 

It should also be understood that, throughout any given series of experiments, 
the furnace used for heating the reaction tube was never turned out, but kept 
going continuously at the experimental temperature for the whole duration of 
the series. 


A. 

This series of expernnents was carried out at Manchester University by one 
of us (W. A. B.) in conjunction with G. W. Andrew in the summer of 1906, 
just before the apparatus was dismantled for removal to Leeds University 
where it was reinstalled two years later for the remainder of the research. 

At the outset of the series, the “ activity ” of the surface was very low, a 
value of k = 0*010 (approx.) being obtained when a “ moist ” normal mixture 
2CO -f O, was circulated over it, the rate of combination throughout being 
proportional to the pressure of the reacting mixture as follows:— 
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Experiment l (14/6/1906) mth a 2CO + <) 2 Mixture, 



T - 490° C. 

0 ■= 25-5°. 

t 

Hours. 

I’jtlO+O, 

mm. 


0 

14)8 

— 

2 

380 

0-0154 

1 

355 

00151 

G 

331 

00151 

10 

287 

0-0153 


At the conclusion of the experiment a sample of the residual gas was removed 
from the apparatus for analysis, when it was found to contain 65*0 per cent, 
of carbonic oxide. The ratio C/A obtained in the explosion analysis was, 
however, 0-523, showing that a little hydrogen had been generated by the 
interaction CO -|- H a ^ C() 2 1I 2 during the experiment. 

Experiments ll to IV with Mixture* containing Excess of Carbonic Oxide . 

In three successive experiments a mixture originally containing a large excess 
of carbonic oxide, namely, 400 + 0 2 , was circulated over the surface at 490°, 
and after each experiment the, residual gas, after all the oxygen had disappeared, 
was kept circulating over it at the same temperature for many hours. In 
these circumstances, not only was the activity of the surface, as indicated by 
the fc 0 . values, greatly enhanced, but the rate of combination was much more 
proportional to the partial pressure of the carbonic oxide than to that of the 
oxygen, as the following observations (Experiment IV T = 490°, 0 = 26°) 
show - 


t 

i’co 

f’o. 

k k 

Hours. 

nun. 

mm. 


0 

299 

76 

— 

2 

246 

49 

0-0427 0-0953 

4 

207 

29 

0-0400 0-1046 


167 

9 

0-0390 0-1425 


A sample of the gas removed from the apparatus at the end of 6£ hours, 
whilst there was still a small proportion of oxygen in it, gave on subsequent 
explosion analysis a C/A ratio = 0-510, showing that only a small amount of 

n 2 
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hydrogen had been generated by interaction between steam and carbonic oxide 
up to that point. When, however, the circulation of the residual gas, whose 
oxygen-content noon vanished, was continued over the surface, hydrogen 
rapidly accumulated in it, as the following figures indicate:— 

Percentage Composition of the N s -free Residual Gas in the Apparatus after— 

18 hours. 42 hours. 

CO .. .. 86-7 72-4 

H- .. .. 13-3 270 

Such indeed was typical of our usual experience during the investigation; 
for so long as free oxygen was present in the reacting mixture little or no free 
hydrogen accumulated in it, but afterwards it would do so. 

It will be seen from experiments to be described in Section C hereof, that the 
rate of oxidation of hydrogen at the experimental temperature over the surface 
was very much greater than that of moist carbonic oxide. 

Experiment V (29/6/1906) with a 2CO + 0 2 Mixture showing the Stimulating 
Effect of the Residual Gas from IV. 

T -a 490°. 0 -= 22 0. 

The residual gas from Experiment IV having been circulated over the surface 
at 490° for 48 hours and then withdrawn from the apparatus, the catalysing 
power of the surface towards the “ normal ” 2CO 4- O a mixture was found to 
be many times greater than in Experiment I, as the following results show:— 

t l’^oo+o, h\ 

Hours mm. 

0 400 — 

2 237 0-1137 

4 160 0-1066 

Experiment VI (2/7 /1906) with a Mixture containing Excess of Oxygen. 

T = 490°. 0 = 23°. 

The surface having thus been brought into a highly active condition, a 
mixture initially containing equal volumes of the reacting gases (*.«., CO + O g ) 
was circulated over it at 490°, with the result that the rate of combination, 
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which still remained very super-normal, was found to be nearly proportional 
to the partial pressure of the CO, as follows :— 


t 

Hours. 

Poo 

mm. 

Po, 

mm. 

*ioo 

*>o. 

0 

201 

200 

— 


1 

157 

178 

0*1073 

0-0506 

2 

126 

162 

0-1014 

0*0457 

4 

85 

142 

0-093+ 

0*0372 

10 

19 

109 

0-1024 

0*0263 


Experiments VII to IX with a 200 + 0 2 Mixture showing the Depressing Effect 

of Oxygen-treatment. 

Finally, after a prolonged treatment of the surface with oxygen at 490°, 
during which its catalysing power continuously decreased, a stable condition 
of very low activity was reached (Experiment IX) which left the surface in 
much the same condition as it had been at the commencement of the series 
(compare Experiment 1), as follows :— 

Experiment IX (16/7/1906). 

T « 490°. 0 = 23°. 


t 

P 200+0, 

k t 

Hours. 

mm. 


0 

400 

— 

5 

334 

0*0157 

24 

165 

0*0160 

42 

80 

0-0167 


B. 



Two years later, after the apparatus had been re-installed at the University 
of Leeds, another series of experiments was carried out by A. Forshaw with 
a similar surface at a temperature which did not vary more than 2 or 3° on either 
side of 500° C. during the whole period covered by them. 

At the outset of the experiments the catalysing power of the surface was 
feeble = 0*0247), but it gradually increased as successive “ normal ” 
2CO + 0 t mixtures were circulated over it, until eventually it reached a fairly 
steady Btate with k x = 0*030, which was considered to represent the “ normal ” 
condition for the series. It will suffice to give the details of one typical group 
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of successive experiments (Nos. XX to XXV11) of the series, in order to show 
how the results previously obtained in Manchester were generally confirmed. 


Experiment XX (30/6/1908) with a 2CO {- 0 2 Mixture showing the “ normal 99 
Catalysing Power of the Surface. 



T = 

: 501 to 503°. 

0 = 22-5°. 



/ 

1*200 + 0, 




Flours. 

mm. 




0 

448-4 

- 



1 

418-9 

0-0296 



4 

345-0 

0-0285 



m 

116-8 

0 0303 


The apparatus 

was now 

rapidly evacuated, and a mixture 4CO + 0 2 intro- 

duced. 





Experiment XXI (1 /7/1908) with Mixture containing Excess CO. 


T -= 498 to 504°. 0 

= 22 to 24". 


/, 

Pro 

Po. 

^l«:o 

^'lo, 

Hours. 

min. 

mm. 



0 

362-9 

94-5 

— 

— 

% 

320-2 

76-2 

0 0231 

0-0467 

4 

292-8 

59-5 

0-0233 

0-0502 


255-7 

40-9 

0-0234 

0-0559 

lUf 

202-0 

14-0 

0-0236 

0-077L 


It is clear that the catalysing power of the surface, which is best indicated by 
the £o a values, steadily increased during the experiment, the rate of reaction 
being strictly proportional to the partial pressure of the carbonic oxide through¬ 
out. Analysis again showed that there had been no appreciable liberation of 
hydrogen by the interaction of carbonic oxide and steam during the first 10$ 
hours, whilst any free oxygen remained in the system. On continuing the 
circulation of the residual gas t after all the oxygen had disappeared, however, 
hydrogen slowly appeared, as the following figures show:— 


t 

r 

Percentage composition of 
Gas in Apparatus 

k 



20} 

45 

93 Hours. 

CO = 

88-4 

69-0 

51-8 

H a = 

10-4 

29-5 

47-0 

N.- 

1-2 

1-5 

1'3 
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The residual gas having been continuously circulated for upwards of 80 hours 
over the surface and then withdrawn, the catalysing power of the surface towards 
a normal 2CO + O t mixture (Experiment XXII) was found to have been greatly 
enhanced, as follows :— 

Experiment XXII (5/7/1908) with a 2CO -f 0* Mixture. 

T 500°. 0 ~r 22°. 


t 

Hours. 

l’;co i o, 
mm. 


0 

150-8 


2 

294-5 

0-0925 

4 

210-8 

0-0826 

8 

114-5 

0-0744 


On continuing to circulate a 2CO -f 0 2 mixture over the surface at 500° 
during the next 4.8 hours, the catalysing power gradually diminished until &, 
had fallen to 0-048 (in Experiments XXTTT and XXIV) the details of which 
need not be reproduced). Whereupon, the apparatus was evacuated and an 
approximately equimolecular CO 0 2 mixture was introduced after which 
the. following observations (Experiment XXV) were made :— 

Expert in-cut XXV (7/7/1908) witha Mixture containing Excess oft),. 

T - 500°. 0 ^ 20°. 


t 

1V» - 

P o, 



Hours. 

mm 

mm. 



0 

171-2 

198-9 

— 

— 

2 

131-9 

179-3 

0-0566 

0-0225 

4 

101-0 

164*1 

0-0567 

0-0209 

7 

68-9 

147-7 

0-0566 

0-0185 

12 

35-4 

131 -0 

0-0570 

0-0151 

251 

4-6 

115-6 

0-0616 

0-0092 


Attention is again directed to the remarkable constancy of the Apo values 
throughout (cf. also Experiment XXI). Finally, after the residual oxygen 
had been circulated in the apparatus for 48 hours longer, and then pumped out, 
the catalysing power of the surface towards the theoretical 2CO + O, mixtures 
was redetermined (Experiment XXVI) as follows- 
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Experiment XXVI (9/7/1908) with a 2CO + 0 2 Mixture after 48 hours 

0 2 treatment. 


T = 

501 to 503°. 

0 = 20°. 

t 

Hours. 

Paoo + o, 
mm. 

k x 

0 

432-6 

— 

2 

354-1 

0-0435 

4 

295-8 

0-0413 

5 

272-9 

0-0400 


After the conclusion of this experiment the furnace was turned out, and the 
apparatus evacuated; it was then allowed to remain vacuous at the room 
temperature for a period of six weeks, after which the furnace was re-lighted 
and the temperature of the reaction tube raised to 500° C. again. Unfor¬ 
tunately, however, the tube cracked during the process, admitting air to the 
surface; but it was quickly mended and the apparatus re-exhausted. On 
subsequently re-determining the catalysing power of the surface towards a 
theoretical 2CO + 0 2 mixture (Experiment XXVII) it was found to have 
fallen nearly to the same “ normal ” value as had been observed at the com¬ 
mencement of the series (cf. Experiment XXI), as follows:— 

Experiment XXVII (26/8/1908) with a 2C0 + 0 2 Mixture. 

T = 500 to 504°. 0 = 20°. 

t Paco + o, 

Hours mm. 

0 218-8 — 

2 185-8 0-0355 

6 137-6 0-0336 

C.—Comparison of the relative Catalysing Powers of the Surface at 500° towards 
(a) 2H 2 0 2 and (6) 2CO + 0 2 Mixtures respectively. 

As it seemed of interest to compare the relative catalysing power of the 
surface towards theoretical 2H a 0 2 and 2C0 + 0 2 mixtures, respectively, 
at 500° under like conditions, another series of experiments, extending alto¬ 
gether over about a month was undertaken. The reaction tube containing 
the surface was maintained within 5° on either side of 500° C. throughout the 
whole series. Theoretical mixtures of (a) 2H a + O a or (6) 2CO a -f O a , each 
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saturated with water vapour at tlio ro6m temperature (16 to 20° C.), were alter¬ 
nately circulated over the surface, and the reaction constant determined in 
each case. In this way a series of comparative results was obtained, which 
proved unmistakably that the rate of catalytic combustion of hydrogen far 
exceeded that of carbonic oxide over the surface, as the following summarised 
results show:— 

Mean k t Values in Experiments with 



2H 2 Ojj 

0 

0 


200 + O, 

0 

0 

XXIX .. 

0-1194 

20-0 

XXVIII 

.. 0-0354 

20-5 

XXX .. 

0-1130 

18-5 

XXXI 

0-0600 

— 

XXXII l 

0-1071 

18-0 

XXXII 

0-0444 

18-0 

XXXIV 

0-1006 

17-0 

XXXVTT 

0-0461 

16-0 

XXXV 

.. 0-1093 

17-0 

XXXIX 

0-0358 

- 

XXXVI 

0-1099 

16-0 


— 





Mean 

= 0-0423 


Mean 

o-llOo 






It should be noted that whereas the k t values for 2H 2 -f- 0 2 varied but little 
from the general mean, those for 2CO + 0 2 showed somewhat greater 
divergence. Possibly this circumstance may be due to the last-named mixtures 
being more sensitive than the former to variations in the hygroscopic con¬ 
ditions, because the values for the 2CO a + 0 2 mixtures varied fairly regularly 
with the saturation temperature 6. On an average, the moist 2H f + O a 
mixtures combined about 2*5 times as quickly as did the moist 2CO a + 0 2 
mixtures over the surface. 

This conclusion was subsequently confirmed by two experiments (XLVII1 
and XLIX) in each of which a mixture of hydrogen, carbonic oxide and oxygen 
in approximately equimoleculur proportions was circulated over the surface 
at 600°, and the partial pressure of each of its three constituents determined at 
stated intervals as shown by the hereunder figures, which leave no room for 
doubt concerning the faster burning of the hydrogen. 
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Experiments XL VIII and XLIX with a H 2 + CO + O a Mixture. 





T = 500°. 






Partial Pressures of 



Time 

H a 

CO 

O a 



Hours. 

mm. 

mm. 

mm. 



f° .. 

.147 

143 

150 

XLVIIT 

. ^ 

\h .. 

. 33 

118 

(80) 



Uj 

. 8 

53 

34 



r o .. 

. 151 

143 

159 



1 i .. 

. 92 

128 

118 

XLIX 

< 

| 3 

. 47 

95 

82 



[h •• 

. 19 

65 

52 


Tt may be mentioned that in the second experiment there seemed to be some 
indication of a slight absorption of oxygen by the surface. 

D. Comparison of the Rales of Catalytic Combustion of Methane and. Hydrogen 
respectively over the surface at 600° C. 

In this final series of experiments, which were carried out for us by Dr. 
Harold Hartley at the University of Leeds in November, 1909, the relative 
rates of the catalytic combustion of hydrogen and methane over the same 
fireclay surface at 500° were compared. 

It has long been known that in flames and explosions the affinity of methane 
far exceeds that of hydrogen for oxygen. Thus in 1915 one of us (W. A. B.) 
found that when a mixture of methane, hydrogen and oxygen corresponding 
to CH« + 2H S -f- Us is exploded in bombs at initial pressures between 18 and 48 
atmospheres, the resulting oxygen distribution between the two combustible 
gases showed the affinity of methane to be at least twenty or thirty times 
greater than that of hydrogen for oxygen in such circumstances. 4 ' 

We have found, however, that in their catalytic combustion over a fireclay 
surface at 500°, the foregoing order of things is completely reversed, the hydrogen 
now burning at a very much faster rate than the hydrocarbon, as the following 
experimental results show :— 


* W. A. Hone, ‘ Phil. Ti»n* ,* vol. 216. p. 298 (1916). 
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Expmwettfs I* to HI mth a CH, -| 2H a | <) 2 MirJarr. 
T 500°. 

Partial Pressures of 


l 

Cih 

h 2 

<>« 

0 

Hours. 

mm. 

mm. 

mm. 

(i 

/ 0 .. .. 

KM5-4 

192-0 

99-1\ 

20 

•\ 4 .. . 

0-1*7 

10-8 

i:h>/ 

Difference 

11-7 

145-2 

80-4 


r . . .. 

\7[ .. 

107*2 

115-2 

191-1 

28-8 

io3-r>\ 

a*o/ 

20 

Difference 

12-0 

1(12-8 

100-0 


ro .. .. 

101*3 

203-0 

97-5\ 

21 

\ 7 

90*0 

27-2 

o-hJ 


Difference 

4-8 

175-8 

90-7 



It should be understood that, as the baryta absorption bulbs were kept in 
the circuit during the experiments, any carbon dioxide resulting from the 
methane-oxidation would be quickly removed from the system. No carbon 
was ever deposited on the surface, but as an experiment proceeded a small 
amount (up to about 2 per cent.) of carbonic oxide accumulated in the reacting 
gases. 


Summary. 

The principal conclusions established by the research in regard to the action 
of a fireclay surface in catalysing the combustion of carbonic oxide at 6*H)° 
may be summarised as follows 

(1) That the surface catalyses the combination of (moist) carbonic oxide 
and oxygen much in the same way as it does that of hydrogen and oxygen at 
the same temperature though in a less degree. 

(2) That, with a moist mixture of the carbonic oxide and oxygen in their 
combining proportions, the rate of combination is always directly proportional 
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to the pressure of the dry mixture, provided that the surface is in a “ normal ” 
condition, and the reaction-product quickly removed from the system. 

(3) That the catalysing power of the surface can be greatly stimulated by 
previous exposure at the reaction temperature to the combustible gas. The 
stimulus so imparted is not, however, permanent, but gradually dies away after 
the exciting cause is removed. It may also be removed by exposing the surface 
to oxygen at the reaction temperature. Indeed an oxygen-treated surface 
becomes either “ normally ” active, or only slightly more so, according to 
conditions. 

(4) That when the carbonic oxide and oxygen aTe present in other than 
their combining proportions, their rate of combination is proportional to the 
partial pressure of the carbonic oxide, which thus becomes the controlling 
factor in the process. 

(5) That of hydrogen, carl>oiiic oxide and methane, the first named is the 
most, and the last-named the least, amenable to the catalytic combustion. 

Further discussion ns to the interpretation of the experiments is deferred 
until a future paper which one of us proposes to publish in conjunction with 
Dr. Harold Hartley, who, in addition to carrying out a long experimental 
research on the action of silver in catalysing the combustion of carbonic oxide, 
the results of which have yet to be reported, has given much attention to the 
theoretical aspects of the subject. Meanwhile, we desire to express our indebted¬ 
ness to the Government Grant Committee of the Society for grants out of whicli 
part of the expenses of the investigation were defrayed. 
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The 'Theoretical Prediction of the Physical Properties of Many - 
Electron Atoms and Ions , Mole Refraction* Diamagnetic 
Susceptibility , and Extension in Space . 

By Linus Paulino, Fellow of the John Simon Guggenheim Memorial 

Foundation. 

(Communicated by A. Sommerfeld, For.Mein tt.S. -Received January 1, 1927.) 


I. -Introduction. 

It is customary to express the empirical data concerning term values in the 
X-ray region by introducing an effective nuclear charge Z M e in the place of 
the true nuclear charge Ze in an equation theoretically applicable only to a 
hydrogen-like atom. Often a screening constant S is used, defined by the 
equation 

Z utt Z-8; 


and this screening constant is qualitatively explained as due to the action of 
electrons which are nearer the nucleus than the electron under consideration, 
and which in effect partially neutralise the nuclear field. Thus the relativistic 
or magnetic doublet separation may be represented by the equation 


Av - 


Ror 


»**(*- 1 ) 


(Z .vo ) 1 


This equation, including succeeding terms, was obtained originally by Sonmicr- 
feld from relativistic considerations with the old quantum theory ; the first 
term, except for the screening constant s 0 , lias now been derived by Heisenberg 
and Jordanf with the use of the quantum mechanics and the idea of the spinning 
electron. The value of the screening constant is known for a number of 
doublets, and it is found empirically not to vary with Z. 

It has been found possible to evaluate s 0 theoretically by means of the follow¬ 
ing treatment: (1) Each electron shell within the atom is idealised as a 
uniform surface charge of electricity of amount — on a sphere whose radius 
is equal to the average value of the electron-nucleus distance of the electrons 
in the shell. (2) The motion of the electron under consideration is then deter¬ 
mined by the use of the old quantum theory, the azimuthal quantum number 
being chosen so as to produce the closest approximation to the quantum 

* The phrase 11 mole refraction ” will be used in this paper in place of " coefficient of 
refraction ” or “molal coefficient of refraction/' in conformity with tbe use of the 
German word Molrefraktion. 

t * Z. f. Physik,’ vd. 37, p. 263 (1926). 
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mechanics. (3) Since n 0 does not depend on Z, it is evaluated for large values 
of Z, by expanding in powers of z</Z and neglecting powers higher than the 
first, and then comparing the expansion with that of the expression containing 
Z —- » 0 in powers of s 0 /Z. The values of s 0 obtained in this way* are in satis¬ 
factory agreement with the empirical ones, the agreement being excellent in the 
case of orbits of large excentricity, for which the idealisation of the electron 
shells would be expected to introduce only a small error. 

The important problem of the theoretical evaluation of the properties of 
many-electron atoms and ions lias so far received little attention, compared 
with that devoted to spectral term values. The wave mechanics of Sohrodinger 
provides an atomic model which suggests that the method of treatment given 
s 0 can be used in deriving theoretical values of screening constants to be used 
in the equations representing the mole, refraction or polarisability, diamagnetic 
susceptibility, extension in space, and other properties of atoms and monatomic 
ions. This procedure is followed in this paper, the assumption being made 
that the nuclear charge is large in comparison with the charge of an electron 
shell. This requirement is not well fulfilled by actual atoms and ions. How¬ 
ever, from a comparison with the accurately known experimental valueH of 
the mole refraction of the rare gases and of some ions m aqueous solution it is 
found that the calculated values of the mole refraction screening constant are 
not greatly in error. The indicated corrections are made; so that, with the 
aid of this one empirical change, theoretical values are obtained for the mole 
refraction and the diamagnetic susceptibility of a large number of atoms and 
ions. A third screening constant is also evaluated, which permits the calcula¬ 
tion of the electron distribution in atoms and ions and the estimation of inter¬ 
atomic distances. In this connection it is shown that the investigation of the 
diffraction of X-rays by crystals provides a method for the direct experimental 
verification of the form of Sohrodinger s eigenfunctions. 

II.— The Wave Mechanic# of the Hydrogen Atom and the Idealisation of an 

Electron Shell . 

In the wave mechanics of Schrodingerf a conservative Newtonian dynamical 
system is represented by a wave function or amplitude function 4S obtained 
from the partial differential equation 

div. grad. 4 + 2jf (W - V (q K )) + = 0, 

* Fading, 1 Z. f. Physik,* vol. 40, p. 344 (1926). 

t Sohrfldinger, * Ann. d. Physik,’ vol. 79, p. 361 (1926); vol. 79, p. 489; vol. 60, p. 437 ; 
vol. 31, p. 109 ; died hereafter os I, II, III, IV. 
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with the conditions that be everywhere continuous, single-valued, and 
bounded. W and V(^) are the energy constant and the potential energy ; 
and the indicated operations are with respect to co-ordinates whose line element 
is given by 

(fa 2 = 2T (q„q K )(tir, 

in which T is the kinetic energy expressed as a function of the velocities. Only 
curtain functions (called eigenfunctions) satisfy these requirements in any given 
case; correspondingly there are certain characteristic values of the energy 
constant W. For the hydrogen-like atom with fixed nucleus the potential 
energy is — f^Z/r; on writing for the eigenfunctions 

x r« m -x„(r) Y lni (*)Z m (*), (1) 

the wave equation can be resolved into three total differential equations, with 
the solutions* 


with 5 -. r 

«o . n 

Y, m (.9) - j (I I- i) j)* ir(cos^) 

V2 n 


Y- 


( 2 ) 


UVi 11 (5) represents the (2 1 + 1 )th derivative of the (it -(- /.)th Laguerre poly¬ 
nomial ; and P ( m (cos S) is Ferrer's associated Legendre function of the first 
kind, of degree l and order m. Y lm Z m thus constitutes a surface harmonic. 
The x F’s are in this form orthogonal and normalised with respect to unity, so 
that they fulfil the conditions 


,/v- 

J 


11 for it -- n', l — l r , in — in' 
*0 otherwise. 


Thu parameter n can assume the values 1, 2, 3, ..., and is to lx; identified with 
the principal quantum number characterising the energy of the atom ; l can 
assume the values 0,1,2, ... n — 1, and is to be identified with k — 1, k being 
the azimuthal quantum number of the old quantum theory; while in, the 
magnetic quantum number, can assume the values 0, ± 1, ±2, ... ± l. 

Schrodinger (IV) has interpreted V (V being the conjugate complex of *F) 
as giving the weight or probability to be assigned to the corresponding micro- 
* See Sefartdinger I; Waller, ‘ Z. f. Physflc,’ vol. 38, p. 635 (1026). 
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scopic state ol the system ; in the hydrogen-like atom would then give 
the electron density as a function of r, and <f>, the electron being considered 
as distributed through space in accordance with this expression (following 
Schrodinger), or as achieving this distribution through a time average of its 
instantaneous positions. Unsold* has Bhown that this conception provides a 
simple explanation of Schrodinger’s perturbation theory, to the effect that it 
gives the interaction of the perturbing field and this distribution of electricity. 
Thus it can easily be shown that the first-order Stark effect energy given by the 
wave mechanics (Schrodinger, III) is just the field energy of the electric dipole 
corresponding to such an electron density (the wave equation being separated 
in parabolic co-ordinates in this case). Accepting these views, the fractional 
number of electrons in a spherical shell of unit thickness at the distance r from 
the nucleus is 

L> =47tr* VT - r 2 XJS,(r). (3) 

An atom in the S state, with / — m = 0, has Y 00 2 (^) Z 0 * (<f>) — 1 /'4ir, so that 
T, 00 is spherically symmetrical. Unsold has further shown that the sum of 
the quantities TT for the electrons of a completed sub-group (m and l con¬ 
stant, m — — l, —l 4- 1, ... 0,... l) is not dependent on .9 and <f>. Accordingly 
the electron distribution in an atom in the S state or containing only completed 
sub-groupsf is spherically symmetrical, and a function of r alone. 

The dependence on r of several eigenfunctions is shown by the following 
equations, and by lig. 1, in which —( r ). Z " 3,, “. 10 12 is plotted os a function 
of l 

'/ ,s/s 

Xiu (r) --- — 2 ( —) .r^, 

\a<> 

x »H“ 

•> y\3/2 

Xiu (r) = -~l [aj • & - 12 ? + 36 * - 24 )> 

O i 7 3/2 

Xf.o (f) - - (~J . e- * -*>? + 120 5 s - 240 1 + 120), 

* * Dissertation,* Munich, 1027. 

t The sub-groups for which this theorem w derived are not the Stoner sub-groups. 
However, it is highly probable that the inclusion of the spinning election in the theory 
will lead to the result that the theorem is actually true for the Stoner sub-groups. 
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Z \ 5/2 ..- tn 


x 31 (r) = 2 


• 5, 


.1(1- 4), 


3*V4! \«o 

x ‘>« - - 5v?r-2i (sT«-“ • 5“5 + »). 
x “ W - pvItm ■ 5 BP - MS* + 005 -120). 


t 
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It will be observed that the function differs appreciably from zero only within 
a radius of the order of magnitude of the major axis of the corresponding 
ellipses of the old quantum theory; namely, r — 2o 0 n a /Z, or £ = 4a, as was 
remarked by Schrodinger (I). In fig. 2 are given values of D as a function of 



Fio. 2.—Electron distribution for hydrogen-like states; the ordinates are values of 
D . Z -1 . 10 in which D — 4***/», with p the electron density. The vertical lines 
correspond to r, the average value of r. 


5, showing the distribution of the electron with respect to r. The limits 
indicated on the g-oxis correspond to the electron-nucleus distances at aphelion 
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and perihelion given by the old quantum theory with k % placed equal to 
l (l 4* 1)* 

The idealisation of an electron shell as a uniform distribution of electricity 
on the surface of a sphere was innovated by Schrfidinger,* who calculated the 
term-values of penetrating orbits by this method, with the old quantum theory. 
It was pointed out by Heisenberg*}* and Unsold); that the same idealisation is 
permitted by the wave mechanics, the potential of the e'F'F distribution of 
electricity approximating — e 2 /r for large values of r, and being equal to 
— s*Z/o 0 n 2 for r — 0. The spherical symmetry shown by Unsold to hold for 
completed sub-groups is, of course, retained in this idealisation. As the best 
value for the radius p 0 of the equivalent shell we shall choose the average value 
of r, 

r = jr'F^rfV. 


The method of evaluating this integral has been given by Waller,§ whoso 
equations lead to the result 



(The old quantum theory expression for the time average of r contained Jfc* in 
place of l (l + 1).) 

Following Heisenberg and Unsold, let us consider the potential for the state 
n = 1. It is, at the radius R, 

- - e [£ ^ . X,o 2 (r) r 2 dr + £ I X ln 2 (r) r 2 dr) 



The potential of the electron distributed over the surface of a sphere of radius 
p 0 ifl 

d> = — ^ for R > p 0 


— — e for R < p 0 . 
po 

<t> will provide the most satisfactory approximation to <D 10 when the differ¬ 
ence 4> — <D 10 , properly weighted and integrated throughout space, is zero. 

* ‘ Z. f. Phyeik,’ vol. 4, p. 347 (1021). 
t ‘ Z. f. Phynik,’ vol. 30, p. 400 (1026). 

J Dissertation,’ Munich, 1027. 

( Waller, ‘ Z. f. Physik.’ vol. 38, p. «35 (1020). 

o 2 
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Reference to fig. 2 shows that for small values of r, for which and Q 10 differ 
appreciably, the dependence of 11 on r is roughly linear for all states, which we 
may consider to represent other electrons which interact with the electron in 
the state « = 1. Hence the weight may be taken as linear in r, and we obtain 

J* (<D — <Dio) rdr — const. ^3 — — p 0 J , 
which vanishes lor 



that is, for exactly the value r as given by equation (4). It is probable that the 
explicit consideration of further cases would lead to similar conclusions. The 
values corresponding to r = r are shown in fig. 2. 

In the following discussion we shall use m 4 to denote the principal quantum 
number of the ith shell, i.e., instead of n. We shall introduce for convenience 


the numerical factor y<> such that 


r “ Yr 


From equations (4) and (5) we accordingly obtain for an electron with the 
quantum numbers and k the expression 



h(h 1) 1 
m , 2 J 


( 6 ) 


It has been found that no significant error is introduced by combining the sub¬ 
groups of an entire shell, using an averago value of y for the entire K, L, M, ... 
shell. With the Stoner distribution of electrons among the levels, this average 
value is 


tN 

— 11 1 | — !)* 

‘ 2 m, ~ 4 

(7a) 

for completed shells, 


(7b) 

for eight-shells (octets), and 

Y («i) = i - A 

(7c) 

for eighteen-shells. 

♦»( 


It might be thought that these valueB of y are not correct because of the 
fact that the electron shells actually do not consist of hydrogen-like electrons, 
but rather themselves of “ penetrating ” electrons. However, as Z increases 
the “ penetrating orbitB ” become more and more hydrogen-like; and these 
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values of y can accordingly be used in our later treatment, which postulates 
that Z is large, the error introduced being quadratic in z/Z, and so negligible. 

III .—The Quantisation of Penetrating Orbits . 

Let us now consider an electron orbit n L (in which k = k v in the X-ray 
nomenclature of Sommerfeld), which penetrates a number of electron shells. 
We shall determine the orbit with the methods of classical mechanics, quantising 
with the rules of the old quantum theory ; values of the azimuthal quantum 
number k will later be chosen in such a way as to cause our formulas to approxi¬ 
mate as closely as possible to the quantum mechanics. In accordance with 
the previous discussion, the ith electron shell is idealised as a homogeneous 
surface charge of amount — z % e on a sphere of radius p 4 ~ f 4 . We shall let 
Z*e be the effective nuclear charge in the ith region, which is the region between 
the radii p 4 _i and p 4 ; accordingly Z t hl ■= Z 4 — z 4 , and Z x -= Z — z, iu which 
Z is the atomic number of the atom and z the number of electrons entirely 
within the orbit under consideration. With the use of Newtonian dynamics, 
i.e., neglecting the relativistic effect and the perturbations due to the spinning 
electron, the motion of the electron is described by the Hamiltonian equation 

i(y, ! I ^) + v (r) = W, ( 8 ) 

in which W is the energy constant and 

V (r) = V, (r) ^ - ... ( 9 ) 

r Pi Pi+i 

in the tth region. Since <f> is cyclic, the quantum rules require 



Lot us now define for the tth region a radial quantum number «/, which we 
shall call the segmentary radial quantum number, by means of the equation 

n{h = <j>\/ 2 «{W-V < (r)}-^-.l dr. ( 10 ) 

«t' iB thus the radial quantum number which would characterise the orbit if 
the ith region were large enough to include the entire orbit. The true radial 
quantum number, on the other hand, is given by the equation 

»'A= S | 

ith region 


(il) 
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From equations (8), (9) and (10) it is evident that the path of the electron 
in the tth region is a segment of the Kepler ellipse defined by the segmentary 
radial and the azimuthal quantum numbers «/ and k, so that it can be described 
by the known equations 


— 2sfiL (1 + e 4 cos «) 
in 




In these equations <f> and u are the Begmentary true anomaly and excentric 
anomaly, respectively, measured from aphelion; while n* and C( arc the seg¬ 
mentary principal quantum number and oxcentricity, given by the equations 


»j = n*' + k, 



To evaluate the segmentary quantum numbers we observe from a comparison 
of equations (9) and (10) with the corresponding ones for a hydrogen-like orbit 
that 


w= 

2oq »i Pt 


Z<+ 1£ | _ 
Pi-11 


e 2 3 m . W? 


2 oo j 


const. 


From this there is obtained, neglecting powers of z t /Z higher than the first, 
the expression 

«<+i = »i(l+|-P.j. with p,=^-l. (13) 

On carrying out the integrations in equation (11), it becomes 
»' = «i{F(w) — F(ui)} + n a {F (u s ') — F(u 2 )} + ... + n,{F(«/) — F(0)}, (14) 
in which 


F(«i) 

11 . n -• (V l — e t 2 sin 

vT^-»rcaa t ; + )-Ml 



the initial and final values iq and «/ of the excentric anomaly in the sth region 
being given by the equations 

1 + tj cos «( = , 1 + cj+i cos «'i+i = S^i±l . ( 16 ) 

W Oo»i+i 

From this, with the use of equation (13), and again neglecting powers of zJZ 
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higher than the first, there is derived the following relation between % and the 
true quantum number n : 

**1 * *£l — 2 + (1 + (i<) * sin uj j. (17) 

The equation connecting c< and c is easily obtained from the definition of e< 
with the use of equations (13) and (17). 

In order to approximate as closely as possible to tho quantum mechanics 
we shall use throughout for the quantity l (l 4- 1); for often in the quantum 
mechanics 1 (1 + 1) occupies the place formerly given to k *, as we have seen 
in the cose of r. 

The use of these expressions describing the penetrating orbit in predicting 
the physical properties of many-electron atoms will be exemplified in the follow* 
ing sections. 


IV .—The Theoretical Determination of the Mole Refraction. 

A simple consideration involving a slow meohanical transformation* shows 
that if the energy quantity corresponding to the second-order Stark effect of 
a system is 

AE ss — £a F 2 , (18) 


then the electric moment induced in the system is 


H = «F. 


( 1 «) 


The polarisation in unit volume can be expressed in terms of the index of 
refraction n as 




1 n l ~ 1 

4rt » 2 2 


.F 


( 20 ) 


in which N is Avogadro’s number and V the volume occupied by one mole of 
the molecules under consideration, x referring to one molecule. The molo 
refraction B is defined by the equation 


K = 



47tN 


( 21 ) 


Wentzel.f WallerJ and Epstein§ have derived a formula for the second-order 


* Jones, ‘ Roy. Soc. Proo.,’ A, vol. 105, p. 850 (1024). The first attempt to calculate 
the mole refraction from the quadratic Stark effect formula was made by tennard-Jones 
(Jones), with the old quantum theory, 
t * Z. f. Physik,’ voL 38, p. 518 (1826). 
t'Z. f. Physik,’ vol. 38, p. 635 (1928). 

| Epstein, ' Nature,’ vol. 118, p. 444 (1926), 4 Phys. Rev.,' vol. 28, p. 895 (1928). 
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Stark effect of a hydrogen-like atom, using the Schrodinger wave mechanics. 
Their equation, obtained independently and by different methods, is 

“ - - W (1, *‘ -«*•*- w+w • »*, m 

which gives 

R ~ (1W - w ^+ 1S) - <”*) 

or, introducing for the physical constants their accepted values, 

R = n * (17 W * _ 3 m * _ 9n 3 2 + 19). (23b) 

Here n is the principal quantum number, and m and n 3 are given by the equa¬ 
tions 

m = n 2 — ni, n 3 — n — l — nx — n 2 . 

The quantum numbers w x and w a have the integral values 
0 S«iS»-li 0 5* n 2 ^ n — 1 . 

These conditions suffice to determine the possible values of m and w 3 . As was 
shown by Pauli,* they are compatible with the experimental evidence, and 
explain many previously difficultly explicable facts involving the exclusion of 
certain quantum states.f 

The electrons within the atom are actually not quantised in paiabolio co¬ 
ordinates, but instead, on account of the central field of the atom core, in polar 
co-ordinates. It would, then, not be logical to attempt to select favoured values 
of m and n 3 . Instead, we shall calculate the quantity 

w 4 (17n* — 3m a — 9w 3 a + 19) 

for each set of values of the quantum numbers, and then average the result. 
This procedure is justified to a considerable extent by the fact that the polarisa¬ 
tion does not depend largely on the subsidiary quantum numbers, but is a 
function mainly of the principal quantum number, which is not changed by 
quantisation in a central field. On averaging over all values of m % and 

* 1 Z. f. Phyaik,’ vol. 36, p. 330 (1026). 

f Equation 22 differs from that derived by Epstein with the old quantum theory 
only in the inclusion of the number 10, and in the values given to n„ (previously 
« n — »j — fig). Wentsel and Waller have shown that the new equation is in some¬ 
what better agreement with the best experimental data than the old one. 
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assigning equal weight to each set of values of n x and n t , there is obtained the 
result m* ~ n, z — ^ (»* — 1), which on substitution in equation (23) gives 

R = 0*0470 . n* (15n* + 21 ) . S - ■ \ , (24) 

* (a — onj 

in which the summation is to be taken over all electrons in the nth shell.* S R 
is called the mole refraction screening constant. 

We shall now predict values of S n for ions for which zJZ is small, i.c., for Z 
large. If this screening constant is constant, and docs not depend on Z, these 
values hold for all atoms and ions with the structures considered. The nature 
of the agreement between the theoretical and the experimental values of R or 
of S B will show to what extent this is true. 

From equation (24) it is seen that, except for a small additive term in n 4 Z“ 4 , 
the mole refraction of a hydrogen-like electron is proportional to n fl Z~ 4 . Now 
most of the polarisation occurs in the outermost part of the orbit, for here the 
externally applied field has its greatest value relative to the nuclear field. 
Accordingly wo shall assume that the polarisation produced in a penetrating 
orbit is equal to that produced in a hydrogen-like orbit having the same para¬ 
meters as those effective in the outermost (j th) region. This assumption is 
reasonable in view of the fact that in every case nearly the entire outer half of 
the orbit lies in this region. We accordingly write 

R = conflt. n/Z ^ -4 — const, n 6 (Z — S 4 , (25) 

and from this determine Sr. 

For generality let us consider a property proportional to n r Z~*, so that we 
have 

const. n/Zf* == const. n f (Z — S)~*. 

On expanding the left hand expression in powers of z</Z, using equations (13) 
and (17), and comparing the first term of tho expansion with the corresponding 
term in the expansion of tho right-hand expression in powers of S/Z, it is found 
that 

S = z “1“ Zf — 2 D<, (26 a) 

it i 

in which D<, which we shall call tho unit screening defect for an electron in tho 
ith shell, is given by the equation 

D( = 1 Pi Mi + (14 Pi) c sin «,} — p, (26 b) 

7C 

with 1 + ecosMi = (27) 

* This equation is, of course, rigorously true lor H, He + , etc., for whioh 8 k is aero. 
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Internal shells are thus seen to screen completely, and the screening effects of 
penetrated shells are additive. Moreover, it is seen that for properties pro¬ 
portional to different powers of n and Z the total screening defect varies directly 
with r/t. 

For the mole refraction screening constant wo accordingly have 

S £j — ij Zi D(. (28) 

i i 


Table I.—The Mole Refraction Screening Constant. 


Z. 

S iU' 

if 

i 


A ^ji- 

Ho 

2 

K 

0*391 

0*397 


0 

Ne 

10 

Lu 

4-46 

4*31 

-0-14 

0 



^11 "il 

6*64 

5*50 



Av 

18 

M., 

9*70 

11*11 

1*41 

0*06 



Mn M„ 

10-99 

12*40 



Kr 

38 

Nn 

21*28 

26*09 

5*41 

0-19 



N„ N„ 

22-92 

28*33 



Xe 

84 

°u 

34-29 

42*20 

7-97 

0-29 



o H o„ 

30-63 

44*60 



tCu'], 

28 

M., 

14-4 

14*9 

0-5 

0*02 


M u M„ 

18-1 

16*6 





M„M„ 

19-5 

20*0 



IAg'1. 

46 

N,, 

25-7 

32*15 

0-5 

0-23 


N„ N„ 

27-fi 

33-95 






31-1 

37*56 



[Aa ►], 

78 

o« 

46-0 

59-9 

1 13-9 

| 0-50 


0 1 , On 

48-1 

02*0 


i 



o»» 0,1 

52-4 

06-3 

i 

! 


In column 4 of Table I are given the values of Sn a obtained by the application 
of this equation to the structures included. (We have written >Sk„ because the 
values are derived for very large values of Z.) The symbols [Cu 1 '] # , [Ag + ] 0 , 
and [Au 1 ] 0 denote atoms with the corresponding structures and the atomic 
numbers 28,46, and 78. In column 5 are given values of Sa obtained from the 
experimental values of R (for light of infinite wave-length) shown in Table II 
by the following procedure. It is assumed that the differences in S» for different 
sub-levels within a shell are those given by the theory; the solution of equation 
(24), with R given its experimental values, then gives the “ experimental ” 
values, Sb,. 
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Table II.—Experimental Values of the Mole Refraction.* 


— 

R. 

— 

R. 

He 

0*613 

Zn vh 

0*72 

Ne 

0*995 

Cd-*' 

2-74 

At 

4*132 

Hg ++ 

3*14 

Kr 

6*25 

Ag+ 

i 

4-33 

Xo 

10*16 



* The experimental values for the rare gases are those of C. and M. Cuthbertson (‘ Boy. Soc. 
Proc. v ' A, vol. 84, p. 13 (1911)) extrapolated to infinite wave-length by Bom and Heisenberg 
(* Z. f. Physik,’ vol. 23, p. 388 (1924)). The silver ion value is obtained from the solution 
value given by Heydwoiller (' PhyB. Z.,’ vol. 26, p. 526 (1926)) by taking 2*17 for the potassium 
ion. The cadmium ion value was calculated from this by the methods in the text, and the zinc and 
meroury ion values obtained from Heydweiller f s by correcting by the difference between bis 
oadmium value and ours ; thin procedure being adopted to correct for the effoot of hydration of 
these highly charged ions. 

The agreement between the theoretical and the experimental values of Su 
is most encouraging. It ia seen that for elements with only a few electrons 
the agreement ia complete, and that it becomes less satisfactory as the electron 
number of the structure increases, the difference S K|> — 8, ti0 showing a uniform 
increase. We can hence draw the conclusions that for light atoms all of the 
assumptions involved in the derivation of equations (24) and (28) are justified, 
that for these atoms the theoretical treatment of the electron orbits proposed in 
this paper is in general acceptable, and that it is permissible, in addition, to 
suppose the screening constants to be constant, and not to vary with Z. For 
heavier atoms the theoretical derivation of screening constants (valid for Z 
large) is only approximate, and the assumption that the screening constants 
are independent of Z is only approximately true, for they approach the theoretical 
values as Z becomes large. Evidence tending to show the fundamental correct¬ 
ness of our theoretical procedure, other than the good agreement of theory 
and experiment for light atoms, is provided by the regularity in the increase of 
Su,, — S Rae as the electron number ol tho structure increases, and by the 
similarity in the values of — S Kae for corresponding eight-shell and eighteen- 
shell structures. 

It is of interest to note that on introducing the theoretical value of S Kx for 
helium in equation (24), the result R = 0*006 is obtained. The experimental 
data of C. and M. Cuthbertson were extrapolated to 0*513 for light of infinite 
wave-length by Born and Heisenberg, and to 0*518 by Heydweiller; so that 
our entirely theoretically derived value agrees with experiment within the limit 
of error of the extrapolation. 

By introducing in equation (24) the values of Su, given in Table I we obtain 
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tentative predicted values for the mole refraction of univalent ions with the 
structures considered (Table III). These values apply only to free ions 


Table III.—Mole Refraction of Univalent Ions. 


Ion. 

B predicted. 

B solution. 

B crystal. 

Na 1 

0-467 

0*11 

0-04 to -0*66 

K+ 

2*17 

(2-17) 

(2-17) 

Rb+ 

3*88 

3*56 

3*77 to 4*10 

Cs< 

6*82 

6*17 

6-23 to 6*42 

F- 

2*65 

2*71 

2*00 

Cl- 

8-02 

8*76 

8*04 to 8*48 

Br 

10*75 

12*14 

11*06 to 11*80 

I- 

15*71 

18*07 

16*24 to 17*02 


in the gaseous state. It is difficult to say a priori whother measurements made 
on alkali halide crystals or those made on dilute aqueous solutions of the alkali 
halides would give mole refraction values in the better agreement with those 
holding for the gaseous ions. Previous investigators, in attempting to derive 
values of the polarisabilities of gaseous ions from experimental data for salts, 
have decided ffifferently; Bom and Heisenberg 4 ' chose to use crystals, while 
Fajans and Joosf and HeydweillcrJ used dilute aqueous solutions. One fact 
showing that the perturbing effects in crystals are large is the large deviation 
from additivity exhibited by their molo refraction, amounting to as much as 
1*6 units for the alkali halides.§ Our predicted values for gaseous ions show 
that ions in solution are indeed more similar to gaseous ions than are ions in 
crystals, as far as the mole refraction is concerned. In column 3 of Table III 
are given experimental values of R for ions in dilute solution, obtained from 
Heydweillcr’s tables by assuming the value 2 • 17 for potassium ion to be correct; 
and in column 4 values of R for the ions in the alkali halide crystals, calculated 
from the data given by Bom and Heisenberg by again assuming the same value 
for potassium ion. Only the sodium, fluoride, and chloride ions can be compared 

* Born and Heisenberg, 1 Z. f. Physik/ vol. 23, p. 388 (1024); for criticism of their 
derivation of polarisabilities from speotral term values see Hartree, 1 Proo. Camb. Phil. 
Soo., # vol, 22, p. 400 (1024); 4 Roy. Soo. Proo./ A, vol. 106, p. 662 (1924); and SohrOdinger 
4 Ann. d. Phyeik/ (4), vol. 77, p. 43 (1925). 

t Fajans and Joos, 4 Z. f. Physik/ vol. 23, p. 1 (1024). These authors also discussed 
the data for crystals, and showed that the mole refraotion values for ions in solution an 
usually only slightly different from those for gaseous ions. 

t Heydweiller, 4 Phys. Z./ vol. 26, p. 526 (1025); for a discussion of the experimental 
and previous theoretical work on mole refraction see the two preceding papers. 

§ Fajans and Joos; also Spangenberg, 4 Z. f. Krist./ vol. 53, p. 490 (1028). 
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with the theoretical results, for only in these cases have wo shown S B to bo 
practically independent of Z. In each of those three cases the solution results 
agree better with the theoretical values than do the crystal results, so that the 
conclusion can be safely drawn that in general ions in solution Teaemblc gaseous 
ions more olosely than do ions in crystals. The agreement between the solution 
values and tho theoretical ones is good for the fluoride and chloride ions; the 
solution value for the sodium ion is low, without doubt on account of the action 
of this very small ion on the surrounding water molecules, which has previously 
been estimated by FajanB and Joos to cause a decroase of about 0*3 in R. 

Wo are now led to introduce a second empirical correction into our calcula¬ 
tions. Tbe theoretical values for the rubidium, csosium, bromide, and iodide 
ions in Table III resulted from the assumption that S B is independent of Z, 
which is known not to be true for theso structures, on account of the difference 
between and Sh». The solution values of R, which we may assume to 
hold also for gaseous ions in these cases, also show that the screening constant 
for the negative ions should be larger and for the positive ions smaller than 
that used; that is, as Z increases S B decreases, presumably approaching 
our theoretical values for Z large. We shall assume that Sa is a linear 
function of Z in this region, and evaluate the parameters of the function with 
the ubo of the solution values for the bromide and iodide ions. If we write 

8 B = S no -(Z-Z 0 )A8 B , (29) 

within a range of values of Z not too far removed from Z 0 (the electron number 
of the structure), thon AS R is found to be 0*19 and 0*29 for the krypton and 
xenon structures respectively. These values are approximately proportional 
to S* — Sn a ; hence we may safely accept 0*23 and 0-50 for the silver and 
aurous ion structures, respectively ; and for consistency the corresponding values 
0-05 and 0*02 will be used for the argon and cuprous ion structures also. 

In Table IV are given values* of the mole refraction of gaseous ions calculated 
from equations (24) and (29) with the use of the values found above for S fl 
and ASb* Values for hydrogen-like atoms and ions are also included; these 
are, of course, accurate, since no screening constant is needed. Table IV is 

* Throughout we have considered only the portion of the mole refraction produoed In 
the outermost shell. In the case of xenon one finds by our methods that os muoh as 4 per 
oent. of the total mole refraction is due to the N shell; accordingly our values of S R for 
the O electrons would be decreased by about 0*1 on making this correction. The values 
of R for ions would in most oases not be changed materially by the explicit consideration 
of the polarisation of inner shells, and so the less complicated treatment of this paper has 
been adopted. 



Table IV.—The Mole Refraction 1 Diamagnetic Susceptibility of Atoms and Ions. 
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made complete because it is often desirable to have even approximate values of 
R for ions, even for those which are not capable of existence in solution. Thus, 
for example, they may be compared with core polarisabilities deduced from the 
energy levels of non-penetrating alkali-like electron states in order to test the 
spectral theory used in the deduction. Moreover, the deviation of the observed 
mole refraction from the calculated value for a crystal or complex ion can be 
considered as a measure of the deformation experienced by the individual ions 
composing the crystal or ion, as was especially emphasised by Fajans and Joos. 
For example, they give for P0 4 a , SOA and CIO*" the values 16*3, 14-6, and 
13*3 respectively; from Table IV we obtain 39*5 in each case, assuming the 
complex ion to consist of undeformed monatomic ions. They give also for 
CO a ” 12*3 and for N0 3 “ 110; our values are 29 • 6 in each case.* The reason¬ 
able conclusion can hence be drawn that in each series the deforming influence 
of the central ion increases with its electrical charge.f 
No extensive comparison with experiment to test the values in Table IV will 
be made. The close agreement between the purely theoretical and the experi¬ 
mental results in the ease of helium and neon allows one to place confidence in 
the R values for ions with these structures ; and the same remark applies with 
less force in the case of the argon structure, where only a small empirical cor¬ 
rection was introduced. It is interesting to note that the theoretical values 
3*57 and 6*15 for the rubidium and the emsiumion agree very well with the 
experimental ones, 3*66 and 6*17 (Table III), which were not used at all in the 
evaluation of the empirical corrections for these structures. Finally, we may 
mention that our values agree in general with those of Fajans and Wulff,t 
obtained by them from the experimental R values for salt solutions by the 
application of only the simplest theoretical considerations. 


* The experimental values are for the sodium D-lines, but are only slightly ohanged on 
extrapolation to infinite wave-length. 

t For other uses of the ionic polarisability reference may be mode to its rdle in the 
theoretical discussion of the structures of moleoules (Heisenberg, 1 Z. f. Physik,* vol. 20, 
p. 196 (1924); Kornfeld, ibid., vol. 26, p. 205 (1924); Hand, ibid., vol. 31, p. 81 (1925)4 
vol. 32, p. 1 (1925); and in simple thermodynamic quantities such as the heat of vaporisa¬ 
tion of crystals (Bom and Heisenberg), and the heat of ionisation (into H + and X“) of the 
hydrogen halides (Kemble, 1 Journ. Opt. Soc. Am.,' vol. 12, p. 1 (1920)). 

% Fajans and Wulff, not yet published. Their ionic refraotion values for light of infinite 
wave-length are found by the methods applied by Fajans and Joos to the refraction for 
the sodium D-lines. 
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V .—Diamagnetic Susceptibility. 

According to the classical theory, the effect of a magnetic field on a Bystem 
composed of electrons in motion about a fixed nucleus is equivalent to the first 
order of approximation to the imposition on the system of a uniform rotation 
about the field direction (the Larmor precession) with the angular velocity 
2n<o H — He/2mc. This rotation of electrons produces a magnetic moment 
opposed to the field, such that the molal diamagnetic susceptibility iB 


X 


Ne* 

inur 


. £ r. 2 sin 2 S. 


in which r, sin .9, is the projection normal to the field direction of the distance 
r K of the *th electron from the nucleus ; rj 1 sin* .'J, denotes the time average 
of r„* Bin* For 8 states and for completed groups and sub-groups the new 
quantum mechanics gives r, a Bin* = |r, 2 , so that we obtain 


X = 



(30) 


Adhering to our general method of treatment, we shall now evaluate a screen¬ 
ing constant S M valid in the case of Z large. Taking the time average of r 2 
in the various regions traversed, we write 

A | *** 

15 _ Ufa region 

r* — — 3 - z -, 

2 dt 

<~ i J 

Ufa nglou 

which gives, on evaluating the integrals, 

i n, 7 zr 4 {u«)-uM 

r* = oo a ---, 

^ 2 n/Zj" 2 {(«/ + s* sin u,') — («j + e ( sin Uj)} 

in which 

U (Ui) — Ui (1 + ?Ci 2 ) + 3e ( sin u { + He* 2 sin «< cos «, -f- e, 8 sin tq — J* 8 sin* «i, 

and u ( and «/ are given by equation (16). On expanding this in powers of 
Z|/Z, with the use of equations (13) and (17) and neglecting terms other than 
linear, and comparing the expansion with that of 

^ =a \(Z - SmJ 2 * 1 + 


(31) 



201 


Many-Electt'on Atoms and Ions. 


in powers of Sm„ /Z, there is obtained for Sh s the value 


S u » = 2 ~H £ Sm( = * + £ — £ D 


Mi 




cosMj + ra t 3 surttj ) 
+ e cos m ( ) j 


(32a) 

(32b) 


with U| as given in equation (27). 

In column 4 of Table V are given values of 8 M- calculated by means of 
equation (32). The mole refraction results show that we may expect the 


Table V.—The Diamagnetism Screening Constant. 


z 0 . 


s »v 


Ho 

2 

K 

0*228 

0*228 

0 

Ne 

10 


3*26 

3*26 

0 




4*11 

4*11 


Ar 

18 

M n 

7*57 

9*40 

0*07 



M„ M„ 

8*68 

10*63 


Kr 

30 

N„ 

17*19 

24*21 

0*25 



N„ 

18*94 

26*13 


Xe 

54 

o„ 

27*34 

38*28 

0*39 



0„ o„ 

29*38 > 

40*87 


lCu+], 

28 

M., 

10*8 

11*45 

0*03 


M m m„ 

12*2 

12*9 




M„M„ 

14*4 

15*25 



40 

N„ 

20*0 

28*35 

0*31 


N„ N„ 

21*8 

30*35 




N„ N„ 

25*0 

34*3 


fAu+j. 

78 

o„ 

30*7 

54*8 

0*05 


o„ o„ 

39*1 

57*35 




0 „ o„ 

43*3 

62*35 



theoretical values to be correct in the case of the helium and neon structures, 
and to show an increasing error with increasing electron number for the other 
structures. The form of equation (26), which gives the screening constant,for 
a property proportional to n r Z~‘, immediately suggests a method for correction 
by means of the empirical changes introduced in the mole refraction screening 
constant Sr ; namely, with the assumption that the various screening con¬ 
stants (for various physical properties) of an atom or ion deviate from their 
values calculated for Z large in such a way as to keep constant the ratios of the 
corresponding screening defects of the penetrated shells. Thus we would 
assume that Dh/D b for argon, krypton, eto., has the values holding for Z large; 

VOL. cxiv.—A. p 
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and from thin ratio and the empirical Dr values Dm and hence and ASm 
can be found. The results are given in Table V, which accordingly contains 
theoretical values of the diamagnetism screening constant, corrected for all 
structures but helium and neon by the empirical mole refraction data. For 
each ion Sm is obtained by an equation of the form of equation (29). 

The quantum mechanics treatment of diamagnetism has not been published.* 
It seemB probable, however, that Larmor’s theorem will be retained essentially, 
in view of the marked similarity between the results of the quantum mechanics 
and those of the classical theory in related problems, such as the polarisation 
due to permanent electric dipoles and the paramagnetic susceptibility.f Thus 
we are led to use equation (30), introducing for r K 2 the quantum mechanics 
value 


r~ntm 


=j> «-«. ^i[i+»{i - . 


(33) 


differing from the value of the old quantum theory in the number and in 
having l (I + 1) instead of Substituting this in equation (30), and intro¬ 
ducing the numerical values of the physical constants, there results 



-‘ 2 - 010.10 8 .2 
K 


_ *1 _f] 

(Z - s„ )*L 


{3MI + D- 

5n« 2 



(34) 


in which the summation over tc denotes over all the electrons in the atom. 

The molal diamagnetic susceptibilities of rare gas atoms and a number of 
monatomic ions obtained by the use of equation (34) are given in Table IV. 
The values for the hydrogen-like atoms and ions are accurate, Hince here the 
screening constant is zero. It was found necessary to take into consideration 
in all cases except the neon (and helium) structure not only the outermost 
electron shell but also the next inner shell, whose contribution is for argon 
5 per cent., for krypton 12 per cent., and for xenon 20 per cent, of the total. 

The available experimental data, because of their paucity and their inaccuracy, 
do not permit the extensive testing of these figures. The directly determined 
susceptibilities for helium, neon, and argon are in gratifying agreement with the 
theoretical ones (Table VI). From the mole refraction results we may expect 
ions in solution to have values of x near those for gaseous ions. Koenigsberger$ 
has made determinations of g for seven alkali halides in aqueous solution, in 

* SohiOdinger (IV) has tentatively advanced a form of the wave equation in whioh 
magnetic fields are considered. 

t Meriting and Pauli, ‘ Phys. Z.,’ vol. 27, p. 609 (1926); Van Vleok, ‘ Nature,’ voi. 118, 
p. 226 (1926). 

X Koenigsberger, quoted in Landolt-BOrnstein. 
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Table VT.—Diamagnetic Susceptibilities of the Rare Oases. 


f 

— X • 10“ Calculated. 

Observed.* 

From salt solutions. 

Ho 

1-54 

1-88 

1*8 

No 

5-7 

0*7 

9 

Ar 

215 

18*1,20-3 

18 

Kr 

42 


37 

Xe 

m 


50 


+ The three numbers in the first column are from Hector, 4 Phys. Bov./ vol. 24, p. 418 (1824); 
the second value for argon is from Lehrer, 1 Ann. d. Physik, vol. 81, p. 220 (1020). 


each case obtaining a specific susceptibility of — 0*45.10 6 units per gram. 
Assuming this rule to hold in general, one obtains the rare gas susceptibilities 
given in the last column of Table VI, in satisfactory agreement with those 
calculated. He also gives for the halides of calcium, barium, and strontium 
specific susceptibilities somewhat lower, about —0*41.10*®, corresponding 
satisfactorily with the decrease observed in Table IV on going from a univalent 
to tbe adjoining divalent cation. 

The experimental specific susceptibilities of solid salts obtained by different 
investigators (quoted in Landolt-Bornstein) show wide variations, but in general 
agree roughly with those from solutions. Thus for sodium chloride five investi¬ 
gators report five values, varying from — 0*38 to — 0*58.10~®. Of these the 
most trustworthy seems to be that of Ishiwara, — 0*498.10“°. This corre¬ 
sponds to / = —29-2.10 6 ,in satisfactory agreement with our value —33.10~ a . 
Pascal has also made extensive experimental investigations, from which he 
deduced a set of atomic susceptibilities,* choosing them in such a way as to 
give agreement with those for the elementary substances in a number of cases. 
These values are of little use to us because of lack of information regarding the 
uature of the compounds studied, f Pascal^: lias later reported the susceptibili* 
ties of several salts of each of the alkali and alkali earth metals, from which 
ionic susceptibilities can be derived after the choice of one as a starting point. 
We shall take for — 10® for sodium ion 5*2 and for potassium ion 14*5 

(compatible values), which are 4 smaller than those chosen by Pascal; hi this 
way the " experimental ” values in Table VII are obtained. For helium-, neon- 
and argon-like ions, as well as for the cuprous ion, the agreement with our 

* 1 0. R.,' vol. 158, p. 1895 (1014). 

f Despite the improbability that these atomic susceptibilities correspond at all with 
true ionic susceptibilities, they have been made the basis of a theoretical discussion by 
'Cabrera, * Journ. de physique et le radium/ VI, vol. 0, p. 241 (1025). 

t *C. R.,* vol. 158, p. 37 (1014); vol. 150, p. 429 (1014); vol. 173, p. 144 (1021). 
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Table VII.—Ionic Susceptibilities, from Pascal. 


— 

— x • 10* Experiment. 

Theory. 


—X • 10* Experiment. 

Theory. 

Li+ 

0-2 

0-6 




Na+ 

5-2 

4*2 

F~ 

10*3 

8*1 

K+ 

14*5 

16*7 

Cl“ 

24*1 

20 

Rb+ 

23-2 

35 

Br“ 

34*6 

54 

Cs+ 

37*0 

55 

1- 

48*6 

80 

Be 4+ 

0*2 

0*3 

COr 

30*2 

38 

Mg H 

3*3 

3*2 

NO a - 

18*2 

38 

Ca*+ 

7*8 

13*3 

P0 4 - 

47*1 

52 

Sr*-*- 

16*5 

28 

80 4 = 

41*6 

51 

Ba" 

20*8 

46 

OH" 

11*5 

12-6 

Cu+ 

ca. 14 

13 





27 

44 





predicted values is satisfactory ; but for the more complicated ions the experi¬ 
mental values are low. It is impossible to give with certainty the explanation 
of this difference. The experimental values from solutions indicate that our 
predicted values are at least approximately correct for isolated ions, so that 
probably the differences are real, and aro to bo attributed to the mutual action 
of the ions in crystals. In regard to this effect of mutual action it is significant 
that the crystals show deviations from additivity (as in the case of the mole 
refraction), amounting, however, to only a few per cent. 

We can draw conclusions regarding deformation of ions from observations 
of the diamagnetic susceptibility just as from those of the mole refraction. 
Thus in the series C0 3 “, N0 3 ~ and P0 4 ”, S0 4 = the experimental values of ^ 
show successively greater deviations from the theoretical ones (assuming unde- 
formed 0“ ions) with increasing electrical charge of the central ion.* 

We may accordingly conclude that our theoretical values of the diamagnetic 
susceptibility of atoms and ions aro not incompatible with the experimental 
data. 

VI .—The Electron Distribution in Atoms and Ions . Atomic Sizes. 

According to the discussion in Section II, the quantity W represents the 
electron density about the nucleus in a hydrogen-like atom. The electron 

* Larmor’s Theorem is, of course, valid only for systems of electrons and one nucleus, so 
that complexes of atoms presumably do not permit the usual treatment. It seems probable, 
however, that the introduction of a hydrogen nucleus into an ion would cause a diminution 
in the susceptibility (in absolute value). The value of — \ . 10° for water, 13*0, suggests 
that 12*0 for 0“ is low, in agreement with the fact that the value 6*7 for neon is smaller 
than Hector’s 6-7. 
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density corresponding to a “ penetrating orbit ” could be found by the solution 
of the boundary problem resulting on giving the potential energy V in the wave 
equation the value shown in equation (4). An approximation to this result is 
obtained by the introduction of a screening constant Sg, which we shall call the 
size screening constant, the shape of the distribution curve being considered 
to remain unaltered. 

To evaluate this screening constant, we observe that in the penetrating 
orbits of the old quantum theory the electron remains for most of its period 
in the outer half of its orbit, i.e., in the outermost or jth region. Hence we 
may consider that the entire orbit corresponds to one characterised by the seg¬ 
mentary quantum number v } of the outermost region. It is desirable to 
evaluate in such a way as to give the correct value to f, the average distance 
of the electron from the nucleus. This distance is given by equation (4)* 

Omitting for simplicity the factor 1 + $ jl which is of little 

significance in the result obtained, we then write 


«o 



(Z - SsJ • 


The value of the size screening constant Sg^ is accordingly given by equation 
(26), rjt being replaced by 2. 

As before, we may expect the values of Ss„ calculated for Z large to be valid 
for actual ions with the helium and neon structures. For the other structures 
we introduce the empirical corrections based upon those used for the mole 
refraction screening constant, with the aid of the principle of the constancy of 
the ratios of corresponding screening defects, already used for the diamagnetism 
screening constant. In this way the values of Sg 0 and ASg given in Table 
VIII are obtained. An equation similar to equation (29) is to be used to find 
individual values of S 8 . 

The most instructive method of representing the electron distribution is by 
a graph showing it as a function of the distance r from the nucleus; that is, 
by the use of D = 47W 2 p, where p is the electron density. Such a graph ts shown 
in fig.in which is represented the total value of D for the sodium ion and the 
chloride ion, the D values being calculated as in Section II, but with the use of 
the appropriate effective atomic numbers Z — S 8 . The vertical line for each 
shell is drawn at the average position r of the electrons in that shell, and its 
height gives the contribution of these electrons to D at this point. The dis¬ 
tribution curves of the individual shells are those of fig. 2, with the scale 
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Table VIII.—The Size Screening Constant. 


Z. 


nSg 

He 

2 

K 


0-188 

0 

He 

10 

i.X 


2-84 

4*62 

0 

At 

18 

All Jftjg 


8*16 

10-87 

007 

Kr 

36 

Njt 

N*,N„ 


23-91 

26-83 

0-26 

Xe 

64 

On 

o aa 


ss 

83 

0*49 

[Cu+], 

28 



10-0 

13-15 

17-7 

0-03 

[Ag+], 

46 

Nii 

N„ N„ 
N„N a a 


27-9 

30-3 

35-1 

0-31 

[Au + ]„ 

78 

On 

Ogj 0 2 a 

0 31 o 33 


r»4-2 

57-0 

62-7 

0-67 


varied as indicated by the positions and heights of the corresponding vertical 
lines.* 

We are thus led to the following picture of atoms and ions containing only 
completed sub-groups of electrons; the chloride ion, for example. The electron 
distribution about the nucleus is spherically symmetrical. The two K 
electrons in the chloride ion form a ball about the nucleus extending to the 
radius of about 0*1 A, the electron density p decreasing monotonically as r 
increases. (This meaning will be implied by the word “ ball.” See fig. 1, in 
which the ordinates are proportional to ± Vp> to find the electron density.) 
The two L 11 electrons provide a small ball extending to 0*07 A, and then a 
thick shell, of maximum density at a distance of about 0*15 A. The six L u 
L m electrons form one shell only, its density increasing from zero at r = 0 to 
a maximum at r — 0* 1 A, and then decreasing. A small portion (1 per cent.) 
of the two M u electrons forms a ball about the nucleus, extending to 0*13 A; 
from thiB distance to 0*48 A extends a shell containing about 10 per cent, of 

* hi fig. 3 I* represents Lu, L t represents Lu Lit. &o. Through a mistake the 
Lj and L, vertical lines for the chloride ion are drawn to the wrong heights; the L, line 
should have the height shown for the I.! line, and vice versa. 
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the two electrons, of maximum density at about 0*2 A, and the remainder forms 
still another shell of maximum density at 0*8 A. The six M S1 M aa electrons 



Fig. 3.—The theoretical and the experimental electron distribution (ns n function of tho 
distance from tho nucleus) for tho sodium and tho chloride ion. 

form two shells, one, containing about 10 per cent, of the electrons, having its 
maximum density at 0-13 A, and the other with maximum density at 0-9 A.* 
We may accordingly say that an atom is composed of a nucleus embedded 
in a ball of electricity (the two K electrons with small contributions from other 
shells), which in turn is surrounded by more or less distinctly demarcated thick 
concentric shells, containing essentially the L, M, N, etc., electrons.f 
Of particular interest is the result that for a radius of around 0*55 A the 
electron density in the chloride ion falls nearly to zero ; for this conclusion has 

* The details of this description would l>e changed slightly, but not essentially, by the 
introduction of the spinning electron into tho theory. 

t The experiments of Davisson and Kunsman, * Phya. Rev./ vol. 22* p. 242 (1923). on 
the distribution in angle of electrons scattered by metals provide some experimental 
verification of this layer structure of atoms ; for the investigators remark that their results 
are explicable by tho atomic model involving the surface layer idealisation of electron 
shells. 
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been previously drawn from the experimental intensities of reflection of X-rays 
from sodium chloride crystals. It was remarked by Duane" 1 that if the dis¬ 
tribution of diffracting power (the electron density) within a crystal be repre¬ 
sented by a triple Fourier series, then the intensity of reflection of X-rays from 
the plane {hkl) of the crystalf is proportional to the square of the coefficient of 
the corresponding term in the series; which for a crystal such as sodium chloride 
has the form, 

P(-*> y> ") ^^£E A WI cos 2 tc h ?- cos 27 xk% cos 27tZ (35) 

hki a a a 

The quantity A 2 m can be obtained from the measured intensities of reflection of 
X-rays by making various corrections (for dependence on angle of reflection, 
extinction of the beam of X-rays, etc.). With the aid of a reasonable assumption 
regarding the sign of A WI> Havighurstf has in this way obtained the Fourier 
series representation of the distribution of refracting power in sodium chloride, 
using planes as complex as (10.0.0). From this he calculated the electron 
distribution D as a function of r for the sodium and the chloride ion, obtaining 
the curves§ shown in fig. 3. On comparing the curve for sodium ion with the 
theoretical curve it is seen that except for the maximum made by the K electrons 
there is satisfactory agreement. The experimental chloride ion curve also does 
not show the maximum due to K electrons, and, moreover, the ratio of the area 
of the M to that of the L hump is smaller than the theoretical one. It is 
gratifying, however, to observe the experimental verification of the existence 
of the M shell, and of the minimum in the electron density in the region at 
0*6 A from the nucleus. In explanation of the small size of the M hump found 
by Havighurst we observe that the densities p in this region as given by equation 
(35) are very small, not much larger than the random fluctuations shown by the 
series, so that this portion of the curve may be in considerable error. The non- 
appearance of the K maxima may be attributed to several co-operating causes. 
In order for the Fourier series to be sensitive enough to show such sharp maxima, 
accurate values of the coefficients A wi for a large number of planes with 
indices of the order of 15 would be required. Furthermore, it is probable that 

* 1 Proc. Nat. Acad. Amer.,' vol. 11, p. 489 (1925). 

f* (hid) represents hero the Miller indices multiplied by the order of reflection. 

X ‘ Proo, Nat. Acad. Amer./ vol. 11, p. 602 (1925). Havighurst used the intensity measure¬ 
ments of W. L. Bragg. James, and Bosanquet, 4 Phil. Mag./ vol. 41, p. 309 (1921); vol. 
42, p. 1(1921). 

J A somewhat similar but not identicnl electron distribution for these ions has been 
derived by A. H. Compton, 4 Phys. Rev.,’ vol. 27, p. 610 (1926), from the same experimental 
'data. 
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thermal motion of the ions in the crystal at ordinary temperatures would smooth 
tiie curve somewhat, and displace it towards larger values of r. It is also 
possible that for the tightly bound K electrons the reflecting power and the 
electron density are no longer proportional. The careful determination of 
many coefficients Ami for sodium chloride and other crystals will no doubt 
provide much valuable information regarding the electron distribution in 
atoms, permitting a decision to be reached concerning the validity of Schrod- 
inger’s interpretation of his eigenfunctions, and incidentally testing the procedure 
of this paper for evaluating the screening constants. 

The theoretically obtained electron densities of ions may be used for the 
calculation of the so-called F curves, which give the effective reflecting power of 
the ion as a function of the angle of reflection and the wave-length of X-rays, 
and which are of use in the determination of crystal structures. It may be 
mentioned that the high maximum value of the electron density at the nucleus 
given by our calculations provides considerable justification for the method 41 
of determining crystal structures with the aid of the relative intensities of Laue 
spots produced by crystal planes with complicated indices. 


VII .—Interatomic Distances. 

Hchrodinger’s ideas lead to a simple explanation of the forces between atoms, 
in particular of the previously difficultly understandable repulsive force.t 
As an illustration we shall calculate the iuternuclear distances for the hydrogen 
halides. 

For simplicity we shall assume the fluoride ion to consist of the nucleus, 
two K electrons very close to it, and eight L 21 L 22 electrons; for as can be 
seen from the representation of the sodium ion in fig. 3 the La electrons show 
nearly the same distribution along r as the L ai L 2 ., electrons. The potential 
energy of a hydrogen nucleus at the distance fl from the fluorine nucleus is 
then 

O = ~ - 8e 2 1 f X 2l 2 (r) ~ dr + f X 21 * (r) - dr], (36) 

R I Jo H J tt r ) 


assuming that the fluoride ion is not deformed by the hydrogon ion. The 
first term in $ is due to the nucleus and the K electrons, with a charge of 7c, 
and the second term to the eight L electrons. For equilibrium we have the 
condition 


W| 

dR/n = r. 


£ + ^Tx^r)r*dr~0, 

AM) *M> JO 


(37) 


* Used principally in the United States, by Wyekoff, Dickinson, etc. 
t This was remarked by Uasdld, * Dissertation, 1 Munich, 1927. 
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with the simple interpretation that the number of electrons within the radius 
R 0 is Z, so that the repulsive force of the nucleus on the hydrogen ion just 
balances the attractive force of an equivalent number of electrons. 

■ The solution of this equation is R 0 — 0-91 A, in deceptively good agreement 
with the band spectra value given in Table TX. For there are two important 

Table IX.—Internuclcar Distances in the Hydrogen Halides. 


—— | Theoretical. 

Experimental. 


A 

A 

HP 

0*91 

092 

HCl 

1-65 

1-265, 1-28 

HBr 

212 

1-407 


* The experimental figures, with one exception, wore obtained from oscillation*rotation spectra 
with the use of integral rotational quantum numbers by Kratzer, 1 Z. f. Physik, 1 vol. 3, p. 289 
(1920). The second figure for hydrogen chloride was calculated by Colby, 4 Astrophys. Journ./ 
vol. 58, p. 303 (1923), from the same data, with the use of half quantum numbers, and by Czerny, 
* Z. f. Physik,' vol. 34, p. 227 (1925), from pure rotation spectra with half quantum numbers. 

considerations which must be introduced in the more detailed treatment of 
interatomic forces, and which in this case apparently effectively neutralise each 
other. Our evaluation of the electron distribution provides only an approxi¬ 
mation to that corresponding to a “ penetrating orbit,” so that the average 
electron-nucleus distance r is correctly given, but for large values of r the electron 
density is given a smaller value than the actual one. This effect, if taken into 
consideration, would increase the repulsive force at large values of R, and would 
tend to give a larger value of R 0 . But the deforming action of the hydrogen 
ion on tho fluoride ion must also be taken into account. This can be thought 
of as the polarisation of the fluoride ion in the field of the positive ion, resulting 
in an attractive force between the two ions of amount 2«e*/R 0 6 , if the polarisa- 
bility a be assumed constant. The potential of this term, introduced in 
equation (37), would tend to decrease the value of R 0 . The higher order 
effects, induced quadrupolo, etc., moments, also in reality are of importance. 

The values of R 0 similarly calculated for hydrogen chloride and hydrogen 
bromide, with the substitution of X sl (r) and Xu (r) for X u (r) in equation (37), 
are somewhat larger than the experimental ones. This indicates that the 
deforming effect of the hydrogen ion on the halide ions is of greater relative 
importance for these ions than for the fluoride ion. 

A similar procedure can be used in predicting interatomic distances in ionic 
crystals, by evaluating the potential energy of a three-dimensional array of 
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undeformed ions, and determining the condition that this be a minimum. 
Such a procedure leads to interatomic distances of the order of magnitude of 
the actual ones; because of tho approximate nature of our determination of 
the electron distribution it is not worth while to carry out accurately the 
lengthy calculations involved. 

VIII. —Conclusion. 

The general method followed in this paper is capable of refinements which 
should make possible the accurate prediction of the properties of any atom or 
ion. The moat obvious one is the use of the wave mechanics in determining 
the state of an electron under the influence of a positive nucleus and several 
idealised electron shells. Explicit expressions for the properties of an electron 
in such a state may then be derived, eliminating the necessity of the more or 
Icbs inaccurate adaptation of the equations obtained for hydrogen-like atoms. 
Further progress may also be made in approximating an electron shell more 
closely than is possible with a spherical surface charge. All of these refine¬ 
ments will greatly complicate the treatment, however; and while withont doubt 
they will sooner or later be introduced, the relatively simple, if less exact, 
procedure which we have used suffices to show the general applicability of the 
method, and to provide approximate values of the physical properties of ions 
which may not exist under conditions permitting experimental investigation. 
The usefulness of these values in the consideration of the structure of molecules 
and of crystals will be illustrated elsewhere. 

1 wish to express my sincere thanks to Prof. A. Sommerfeld, from whose 
Seminar much of tho inspiration for this research was obtained. 1 am also 
indebted to the John Simon Guggenheim Memorial Foundation and to the 
California Institute of Technology for providing the opportunity for its 
prosecution. 

[Added February 10,1927.—J. H. Van Vleck in ‘ Proc. Nat. Acad. America,’ 
vol. 12, p. 662 (December, 1926), has discussed the mole refraction and the 
diamagnetic susceptibility of hydrogen-like atoms with the use of the wave 
mechanics, obtaining results identical with our equations (24) and (34). He 
also considered the effect of the relativity corrections (which is equivalent to 
the effect of a central field) and concluded that equation (24), derived by the 
use of parabolic instead of spherical co-ordinates, is not invalidated.] 
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The Effective Crons Section of the Oriented Hydrogen Atom. 

By Ronald G. J. Fraser, Fh.D., Exhibition of 1861 Senior Student. 

(Communicated by H. M. Macdonald, F.R.S.—Received December 16, 1926.) 

Introduction. 

1 . Evidence has recently been accumulating that atoms may show an isotropy 
far greater than would be anticipated on the basis of the atom model developed 
by Bohr and Sommerfeld ; a suggestion which is thrown into strong relief by 
the examination of matter under conditions of Bpace quantisation in a magnetic 
field. Evidently, the possibility of orienting at will the momentum axes of 
certain atoms in a prescribed direction in space offers an ideal means of investi¬ 
gating atomic symmetry. 

One must be careful, however, in drawing deductions from observations of 
this kind. Sommerfeld 111 has clearly shown that those atoms which possess a 
closed electron group in the sense of the Stoner classification of electron levels 
cannot orient when in the normal state. The experiments of Stem and Gerlachf 
on zinc, cadmium, mercury, tin and lead are in excellent agreement with this 
idea. In this regard, the observations of, for example, DymondJ on the 
excitation of helium by electron impacts, Rusch§ on the cross section of argon, 
and of Woathcrby and Wolfjj on the dielectric constant of helium cannot be 
interpreted as indicating marked atomic isotropy; because the inert gases 
possess a closed group. 

The same may be said of observations on the double refraction, dielectric 
constant, etc., of diamagnetic molecules ; for the theory of molecular orienta¬ 
tion, so far as it has been developed, demands so large a number of prescribed 
directions at ordinary temperatures that unless observations are made at very 
low temperature no certain deductions can be drawn from them. Further 
search for orientation effects in diamagnetic gases has led so far to quite 
contradictory results.^ 

* 4 Phybikal. Z.,' vol. 26, p. 70 (1925). 

t See Sommerfeld, 41 Atombau and Spektrallmien." 4th German Ed., p. 632 ; Gerlach, 
* Ann, Physik/ vol. 76, p. 163 (1925). 

x 4 Roy. Soo. Proe./ A, vol. 107, p. 291 (1925). 

§ ‘ Ann. Physik/ vol. 80, p. 707 (1926). 

|| 4 Phys. Roy./ vol. 27, p. 769 (1926). 

Glaser, 4 Ann. Physik/ vol. 75, p. 459 (1924); ibid., vol. 78, p. 641 (1925); Lehrer, 
4 Ann. Physik/ vol. 81, p. 229 (1926); Hamraar, 1 Proc. Nat. Acad. Kci./ vol, 12, pp. 594, 
697 (1926). 



Effective Gross Section of Oriented Hydrogen Atom . 213 

2. It is clear that observation of the normal hydrogen atom under con¬ 
ditions of spaco quantisation forms the most suitable point of departure in an 
investigation of different atoms for isotropy or anisotropy. For, according to 
orbit theory: first, the hydrogen atom in the normal state should possess a 
magnetic moment of onfe Bohr magneton, and should orient with its momentum 
axis parallel and anti-parallel to the field* ** ; that is without regard to sign, in a 
single prescribed direction ; second, the single plane orbit of the hydrogen 
atom forms a highly anisotropic system. 

The Method . 

1. By proper choice of the discharge tube conditions, a beam of fast hydrogen 
canal rays may be made to consist very largely of atoms, charged and neutral- 
At a sufficiently great distance behind the cathode, there exists a dynamic 
equilibrium between the charged and neutral atoms, the mechanism of which 
depends entirely on collisions between the particles of the beam and the molecules 
of the resting gas.f If, now, the neutral atoms arc oriented parallel and anti¬ 
parallel to a field direction coinciding with the direction of their motion, then 
it follows, if one accepts the Bohr-Sommerfeld atom model, that the effective 
collision area presented by them to the molecules of the resting gas is increased 
in the ratio of rc*: 4. The charged atoms, being single protons, are uninfluenced 
by the field. As a result, the mean free path of the neutral atoms (L 2 ) is 
decreased, that of the protons (L,) is unaffected by the presence of the field. 
In other words, the fact of orientation appears to demand a new set of equilibrium 
conditions, for which there is present less than the normal proportion of neutral 
atoms. 

2. The number of neutral atoms is very simply determined by methods which 
have been developed by Wien and by Ruchardt.t All the positive particles 
are removed from the beam at a certain point by a sufficiently strong transverse 
electric field. The neutral atoms remaining fall on a thermopile connected with 
a galvanometer, producing a deflection proportional to their number. If 
<?' a , d % denote the galvanometer deflections with and without magnetic field, 

* [Added January 20, 1027.—The determination of the atomic magnotic moment of 
hydrogen as 1 Bohr magneton was recently announced by E. Wrede(* Verb. d. Doutsoh. 
Physikal Ges./ Ill, vol. 7, p. 37 (1926)), and appears in ‘Z. f. Physik,’ 1927, under 

** Untersuchungen zur Molekularstrahlmethode aus dem Institut fUr phyaikalische Chemie 
der Hamburgiflchen Universit&t,” No. 6.] 

t Baerwald, ‘Ann. Physik,’ vol. 66, p. 167 (1921) ; ibid., vol. 70, p. 265 (1923). 

t Wien, * Ann. Physik,’ vol. 39, p. 628 (1912); Riichardt, ibid., vol. 71, p. 377 (1923). 
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then the ratio d 2 /d' 2 = n 2 /n' 2 , where n' 2 , n 2 are the numbers o! neutral atoms 
with and without field. 

If, then, A t jd' 2 > 1, one must conclude that the number of neutral particles 
has been decreased by the presence of the field, in accordance with the argument 
above. 

3. When the condenser is earthed the total beam falls on the thermopile; 
if the corresponding galvanometer deflections with and without field be d\, 
d v then 

di — k (n x + « 2 ). d\ — k (n'j -f n’ 2 ), 

where n\, n 2 are the numbers of protons with and without the field, and k is 
a constant. Evidently, = d\. If K L t are the mean free paths of protons 
and atoms without field, L\, L\ the same quantities with field, it follows from 
the theory of the charge exchange given by Wien that 

~ <l l = L i = w , — d i = lu = w \ 

d 2 L a ’ d\ I/, 

We are assuming that L t = L\, hence 


Now, in general, 


N rjhz, 


where N is the number of gas molecules per cubic centimetre at the temperature 
and pressure of the experiment, and r a is the collision radius of the neutral 
atom. Then if r' 2 denote the collision radius of the oriented atom 

rr = N/ 2 2 tt 

Li 2 


Since w can be determined correct to within 2 per cent., it is clear that a difference 
of 2 or 3 per cent, in the target area of the hydrogen atom following orientation, 
would be detected by the present method. 

The Apparatus. 

A sketch of the apparatus is seen in the figure. AB is the discharge tube, 
cylindrical in form as giving a relatively small proportion of molecules.* BO 
is the double cathode, of brass and Swedish iron respectively, which, with the 
* DO pci. ’ Ann. Physik,’ vol. 76, p. 1 (1026). 
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whole observation tube, is earthed. C forms part of the magnetic shield S, 
built up to 2 cm. thickness of stalloy stampings 1 foot square. B and 0 have 



each a circular canal of 1*8 mm. in diameter. They are soldered into the 
observation tube. At E works a rotary Gaedo pump. Hydrogen, prepared 
from carbonate-free sodium hydroxide, freed from traces of oxygen by com¬ 
bustion at a glowing spiral, and dried for 12 hours over phosphorus pentoxide, 
is drawn in at A through a capillary, and out at E. At F works a small Gaede 
steel diffusion pump. A separate supply of gas, either hydrogen or argon, is 
led into the observation tube at K. The arrangement is designed to allow the 
maintenance of a considerable difference of pressure between the discharge and 
observation tubes. The observation pressure is determined by a McLood 
gauge (McLeod II) *, the discharge pressure by a separate gauge (McLeod I). 
Mercury vapour was carefully held back from discharge and observation tubes 
by liquid air or solid carbon dioxide. 

At a distance of 30-5 cm. behind C is G, a brass diaphragm with aperture 
5 mm. diameter, immediately in front of the brass condenser H, with plates 
2 cm. by 1 cm., and a gap of 6 mm. It is insulated from the observation tube 
by vulcanite. A P.D. of 540 volts between the plates is sufficient to remove all 
the protons from the beam. The distance between C and H is large enough to 
ensure that equilibrium is attained at H.* 1 is the thermopile, furnished with 
a diaphragm of 4 mm. aperture, ft is a 6-element copper-bismuth pile, resis¬ 
tance about 6 ohms, specially constructed for this work. It attains within 1 
per cent, of its equilibrium deflection in 25 seconds, in a pressure range of 10"* 
to 10" s mm. The zero is stable to within ± 10 scale divisions daily variation. 
It is mounted on a water jacket, J, fed from a thermo-syphon reservoir. The 
wires to the galvanometer are led out together, in order to avoid any “ search 
coil ” effect on throwing on the field. The galvanometer is a Cambridge high 
sensitivity instrument; total internal resistance 13*1 ohms, resistance of coil 
10 ohms; having a half period of 7 *5 seconds, and a sensitivity of some 3 x 
10"° amp. per scale division at 1 metre. It is mounted on a concrete pier, and 
screened from external magnetic action by a cylindrical shield of stalloy. The 


* Riichardt, toe. cit. 
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arrangement is very sensitive; with a discharge output of 1 watt, the deflection 
is of the order 400 mm. D is a shutter to cut off the canal rays from the pile 
when the latter is not in use. 

The observation tube is surrounded for its whole length by a solenoid L, of 
six layers No. 16 S.W.G., capable of giving a field o£some 460 gauss with a 
current of 12 amps. The strength of the field is measured both by the amps, 
turns; and by means of a search coil, carried on the observation tube itself, and 
a Grassot fluxmeter. The full carrying capacity could not of course be used, 
due to the temperature effect on the thermopile ; with a current of some 2 amps., 
however, no temperature creep of the thermopile could bo detected within a 
period of 20 to 30 minutes. 

The potential across the discharge tube was measured by a spark gap between 
aluminium balls 5 cm. diameter, connected in parallel with the tube ; the current 
by a milli&mmeter. 

Experimental Procedure. 

Pressure Conditions .—It is essential that the pressure conditions both in the 
discharge tube and in the observation tube, should be carefully chosen. 

1. Discharge Tube.—hi order to obtain a high proportion of atoms in the 
beam, the discharge pressure must be fairly high (2 X 10" 2 to 6 X 10 ~ 2 mm. in 
the present experiments); and the potential rather large* (here 10 to 20 kilo¬ 
volts). Under such conditions, even with the use of earth valves, static 
“ flashing ” is very troublesome. When a thermopile is used, extremely steady 
discharge conditions arc essential. Several arrangements for producing the 
discharge were tried, and excellent results were finally got by using a small coil 
(6-inch spark gap), and a heavy mercury break. Moreover, the current must 
be small. In all the experiments it was about 1/10 milliamp. The discharge 
tube current was controlled by a sliding resistance in the primary circuit of the 
coil. A point and cup rectifier was used. With these arrangements, the 
discharge conditions could be held constant for several hours in a good run. 

2. Observation Tube. —The first essential here is a pressure sufficiently high 
to ensure the establishment of the equilibrium charge exchange in the boam. 
On the other hand, the pressure must be low enough to ensure that the time for 
the neutrals to traverse the mean free path (L 2 ) is long enough for space 
quantisation to be assured. The time required for the establishing of space 
quantisation is not as yet very certainly known. Bocent theoretical and 
experimental considerations seem to Bhow, however, that the time of quantisa¬ 
tion in a magnetic field is of the same order as the period of the Larmor 

* Ddpel, loe . cit. 
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precession. Next, the chance oi the neutral atoms making ionising collisions 
should be very much higher for the normal state than for other, excited, states; 
otherwise the simple considerations upon which the experiments are based 
cannot apply. This is assured if, in comparison with L a , (1) the mean free path 
(Z) of the natural time of excitation is small; (2) the mean free path (y of 
an atom in an excited (including a metastable) Btate, until its return to the 
normal state due to a collision of the Becond kind, is small; (3) the mean free 
path (Z a ) of a normal atom, until excited to the emission of a given spectral line, 
is large. 

With these considerations in view, the selected pressure range in the observa¬ 
tion tube was 3 x 10~* to 4*5 x 10 - * mm. Rtlchardt has shown that the 
mean free path (L s ) of the neutral atoms does not depend very markedly on the 
discharge potential V; nevertheless, there is a tendency for L a to assume smaller 
values with lower voltages. For the least favourable of our experimental 
conditions, namely, V = 10 kilovolts and observation tube pressure, p = 4*6 X 
10~* mm., he finds L a , for hydrogen in hydrogen, to be about 30 cm. A simple 
calculation then Bhows that the time between two charge exchanges is 2*2 X 
10~ 7 seconds. The strength of the field used throughout the experiments was 
uniformly 75 gauss; the corresponding Larmor period is 0*93 X 10~ 8 seconds. 
Thus some twenty complete Larmor periods can be described between two 
charge exchanges *, and “ sharp ” quantisation is assured. Further, assuming 
a time of excitation of the order 10~ 8 seconds, l 1 cm.; the observations of 
Wien* give, for hydrogen in hydrogen, = 3*4 cm. for the 4 2 state, when 
p = 4*5 X 10 _s mm. and V = 5 kilovolt; while Dasannacharyaf finds, for 
the same pressure, Z a (H s ) — 0*54 X 10* cm. and l a (H r ) = 2*4 x 10 4 cm. 
Thus the existing data, so far as they go, justify the conclusion that the con¬ 
ditions (1), (2) and (3) above are fulfilled; confirmatory evidence is furnished 
by measurements of the cross section of the neutral atoms by the mean free 
path method, which give values not very different from that of the innermost 
Bohr orbit.J 

Stray Magnetic Effects .—A small inductive effect on the galvanometer was 
■till detectable when the solenoid field was thrown on, even after the adoption 
of shielding and non-inductively wired leads. This was completely eliminated 
by building up the field, gradually but quite rapidly, by means of a sliding 

* Wien, * Ann. Physik,’ voL 70, p. 1 (1023). 

f Daaannacbaiya, * Ann. Pbyaik,' vol. 77, p. 607 (1025). 

I Rtlchardt, toe. cii. 

VOL. OXIV.—A. 
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resistance in the solenoid circuit. The further precaution was taken of 
periodically reversing the direction of the magnetising current during a run. 

Readings. —The method of taking observations is as follows. Let d', d denote 
in general galvanometer deflections with and without field, d is first observed; 
15 seoonds later, the field is built up; after a lapse of 30 seconds, d' is observed; 
15 seconds later, the field is rapidly reduced to zero by building up the resistance 
in the solenoid circuit, and opening the switch; after a further 30 seconds, d 
is again observed, and so on. At the end of a run, the zero is checked. The 
number of readings taken in a single run varied from 40 to 110. By adopting 
this method of timed readings, the effect of slight variations in the discharge 
conditions is practically entirely eliminated. 

t 

Experimental Results. 

1. Resting Gas, Hydrogen .—The discharge tube pressures were varied between 
2 x 10 -i and 6 X 10~* mm.; the observation tube pressures between 3 x 10 3 
and 4 X 10 -8 mm. The ratio djd’ t was determined for each set of pressure 
conditions, the observations being in each case many times repeated. Table I 
shows typical data. In no case is any magnetic effect detectable. 


Table I. 


Milliamps. 

V. 

kilovolt. 

McLeod I. 
mm. x 10~*. 

McLeod 11. 
mm. x 10“*. 

Flux 

gftUSS. 

No. of 
readings. 

Q 

D 


01 

20 


20 

40 

75 

00 

405*7 

405*6 

l-OOOj 

0-1 

20 


3-5 

3*0 

75 

78 

313 2 

312*5 

1*002 

0-1 

15 


6*0 

4-0 

75 

80 

371*4 

371*7 

0*099 

0*1 

10 


5*5 

4-0 

75 

44 

297*8 

207*7 

l*000 a 

0*1 

12 


5*0 

30 

75 

no 

320*1 

318*7 

1*004 


The quantities w, to' were frequently determined at the same time as d % , 
d’ r The following values are typical: w = 0*169; w' — 0*171; whence 
r a /r' a = ‘S/wJw' = 0*994. 

2. Resting Gas, Argon .—It was considered just possible that for hydrogen the 
molecules of the resting gas might orient in the field, in such a manner as to 
annul the effect of an increase in the target area of the moving neutral hydrogen 
atoms. The experiments were therefore repeated, the resting gas being now 
argon, which, as an inert gas possessing a closed electron group, may be assumed 
incapable of orientation. The argon was carefully purified by circulation for 
many hours in a quartz tube over glowing calcium, before admission to the 
apparatus. 
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The following shows the individual readings in a typical determination of d, 
and d' a ; an idea may thus be gained of the conditions of stability attained. 
Here, again, in no case could any magnetic effect be observed. 

August 12, 1926. Besting gas, Argon; milliamps, 0*06; potential, 15 
kilovolts. McLeod I, 5 x 10~* mm.; McLeod II, 4*5 x 10~ 8 mm.; flux, 
75 gauss. 

Galvanometer Deflections. —(mm.) (Figures in ordinary type indicate observa¬ 
tions taken without field; those in italioB observations with field.) 


432, 

433, 

432, 

431, 

433, 

434, 

436, 

437, 

430, 

439, 

436, 

429 

430, 

430. 

430, 

431, 

433, 

440, 

443, 

439, 

436, 

436, 

436, 

435 

435, 

436, 

438, 

440, 

433, 

429, 

431, 

433, 

434, 

431, 

428, 

433 

434, 

436, 

434, 

434, 

436, 

436, 

430, 

441, 

438, 

436, 

441, 

441 

443, 

444, 

443, 

440, 

442, 

443, 

441, 

438, 

437, 

436, 

436, 

439 

441, 

441, 

443, 

441 










Total number of readings, 64 ; d 2 (av.), 436*34 mm.; d' 2 (av.), 436*31 mm. 


Conclusions. 

The results, particularly with argon as resting gas, where the possibility of 
molecular orientation is excluded, are conclusive: d a /d' 2 = 1 to within the 
experimental error. This means that the effective collision area presented 
to the molecules of the resting gas by the neutral hydrogen atoms in a beam of 
canal rays is unaltered by space quantisation. The hydrogen atom is shown to 
be isotropic. 

Discussion. 

1. The result of the present experiments receives notable spectroscopic 
confirmation. Unsold* has recently shown from an analysis of the helium arc 
spectrum, that the helium atomio core is not an electric quadripole, as would 
follow from the assumption of a plane orbit for the inner electron. This argues 
an advanced symmetry for the helium atomic core, and hence immediately for 
the normal hydrogen atom. 

A similar high degree of isotropy is evinced by the normal sodium atom. The 
magnetic behaviour of sodium is known.f Only two orientations, parallel and 
anti-parallel to the field, are possible for the normal sodium atom. Nevertheless 
Schiitz| has established the fact that sodium vapour shows no trace of double 
refraction independent of field strength and wave-length. 

2. These facts receive a remarkably satisfying interpretation on the basit. 

* • Z. f. Physik.’ vol. 36, p. 92 (1926). 

f Taylor, • Phya. Rev.,* vol. 28, p. 576 (1026). 

} ‘ Z. f. Physik.’ vol. 38, p. 859 (1926). 
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of the Schrodinger mechanics. In his first paper, Schrodinger* shqws that, 
adopting polar co-ordinates, r, 0, <f>, the eigenfunction,f for any state of the 
hydrogen atom may be expressed as the product of two functions; one con¬ 
taining r alone, the other a spherical harmonic in 0 and <f>. This result may be 
thrown into the form 


«P = X,. J (r)P, w (oose)^m^, (1) 

where the usual spectroscopic conventions (not used by Schrodinger) are 
adopted; namely, n — principal quantum number; l — (azimuthal quantum 
number) — 1; m = magnetic quantum number. 

The normal state of the hydrogen atom is a Is state; for which n = 1, l = 0, 
m = 0; and the corresponding eigenfunction becomes 

4/ = X!. 0 (r) P 0 ° (cos 0) cos (0 . <f>) ~ X (r). (2) 

That is 4* depends on r alone. 

Next, we observe that, in his fourth paper, Schrodinger} has sustained the 
hypothesis that e.ty expresses the mean space charge, p, of the distributed 
electron; e being the classical point charge. It follows at once from (2) that 
for the normal hydrogen atom 

p = p(r). (3) 

That is, the electric field of the normal hydrogen atom possesses spherical 
symmetry. The hydrogen atom muBt, therefore, under all circumstances 
show perfect isotropy in collisions with other atoms. 

It is evident that the above treatment leads to zero magnetic moment for 
the Is state (m = 0). The reason is that no account has been taken of the 
angular momentum of the spinning electron,§ the eigenfunctions for a system 
with spinning electron having not so far been developed. That which orients 
in such case is apparently the electron momentum vector, £ . hj 2tt. It seems 
clear that the corresponding magnetic moment equals one Bohr magneton,|| 
in agreement with the experimental results for atoms with a doublet a ground 

* 1 Ann. Phyeik,’ vol. 70, p. 361 (1026). 

t We follow Dirac, 1 Boy. Soc. Proc.,’ A, vol. 112, p. 664 (1926), In talcing over the German 
term “ Eigenfunktlon.” 

t * Ann. Physik,’ vol. 81, p. 109 (1926). 

s Goudsmit and Uhlenbeck,‘ Nature,’ vol. 117, p. 264 (1926;. 

|| Thomas, ‘ Nature,’ vol. 117, p. 514 (1926); Frenkel, ‘ Z. f. Physik.’ vol. 37, p. 243 
(1926); Heisenberg and Jordan, ibid,, vol. 37, p. 263 (1926). 
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tern (copper, silver, gold; sodium, potassium). The assumption of a spinning 
electron does not, of course, invalidate equations (2) and (3). 

Finally, since the ground term of sodium is, as for hydrogen, an s-term, the 
sodium atom must be optically isotropic, as Schtitz has found. 


Summary. 

Search for a change in the collision area of the hydrogen atom following space 
quantisation yields a negative result. The hydrogen atom in the normal (Is) 
state is thus shown to be isotropic. Spherical symmetry for an s-state follows 
as a necessary consequence of the Schrodinger atom theory; hence the present 
result and also the absence of double refraction in space quantised sodium 
vapour (Schiitz) are satisfactorily explained. 

My thanks are due, in the first place, to Prof. G. P. Thomson, for his constant 
interest in the work, to which he contributed very many helpful suggestions. 1 
am indebted to Mr. C. G. Fraser, instrument maker in the Natural Philosophy 
Department of the University of Aberdeen, to whom the design and construc¬ 
tion of the thermopile used are due, for invaluable technical assistance; and to 
Mr. James McKay. 

For the information that the Schrodinger mechanics might be used to interpret 
the negative result of the present experiments I am indebted to Prof. Sommerfeld, 
•to whom my grateful thanks are due for valuable discussion and advice. 


222 


An X~Ray Investigation of Optically Anomalous Crystals of Racemic 
Potassium Cfdorosulphoacetate. 


By W. G. Burgers (Ramsay Memorial Fellow). 
(Communicated by Sir William Bragg, F.R.S.—Received December 9,1926.) 

[PliATB 23.] 


A crystallographic description of racemic potassium chlorosulphoacetate, 

rCHd.SO # K 

■S | + 1 i HO, has been given by Rathke* and Doelter,f who came 

I COOK 

to different conclusions with regard to the crystal symmetry. Rathke described 
the crystals as tetragonal, Doelter as orthorhombic. Recently, in a detailed 
investigation of crystals of this substance by F. M. Jaeger,| it was shown that 
the crystals are apparently orthorhombic-bipyramidal and markedly pseudo- 
tetragonal. The axial ratio is:— 

a:b:c = 0*9973 :1: 2*7660. 


The beautiful crystals which were used in the last-mentioned investigation 
showed remarkable optical anomalies. For particulars concerning them refer¬ 
ence should be made to the original paper. To avoid misunderstanding only 
the general appearance of these anomalies may be described here :— 

In parallel polarised light the crystals, which have often the shape of square 
plates parallel to {001}, the a and 6 axes forming their diagonals, show diagonal 
extinction on {001}. They are more or less divided into four triangular quad¬ 
rants, separated by boundary lines parallel to the a and b axes, the resulting 
appearance being a zonal structure parallel to the boundaries of the square 
plates. 

In convergent polarised light the interference image is only centro- 
symmetrical, showing a strong crossed dispersion of monoclinic character. 

From these anomalies, and also from the facts that, e.g., the planes (001) and 
(001) were never exactly parallel and showed microscopical striations, Jaeger 
concluded that the apparently orthorhombic crystals are built up of perpen¬ 
dicularly crossed monoclinic lamellae. 

The crystals which were used in the present investigation were either the 


* ‘ Lieb. Ann. Chemie,’ vol. 161, p. 166 (1872). 
t * Monatshefte,’ vol. 7, p. 169. 

% ‘ Proo. Roy. Acad. Amsterdam,’ vol. 28, p. 423 (1926) 
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same as those above mentioned, or they had been grown under similar circum¬ 
stances, i.e., from aqueous solutions which contained also KBr or KC1.* The 
investigation was undertaken for the purpose of throwing some light on the 
composition of these crystals by means of X-rays. 

A number of oscillation photographs about different crystallographic direc¬ 
tions were taken with a Shearer gas-tube of copper anticathode. The greater 
part of the spots on the oscillation photographs were doubled. The doubling 
was not caused by any twin structure, but simply due to the high absorbing 
power of the crystals for copper rays; this could be definitely established by 
the character of their appearance and the dimensions of the crystal which was 
smaller than the beam. 

With regard to X-rayB the crystals behaved as true orthorhombio pseudo- 
tetragonal crystals. From the photographs the following preliminary values 
were calculated for the axes:— 

0 = 8*7 A, 6 = 8*6 A, c = 23*9A. 

Accurate values were determined with the aid of a Bragg ionisation spectro¬ 
meter. The crystals gave good reflections. Only a small number of planes 
were investigated in this way (Table I). 


Table I. 


Plane. 

Spacing. 

Relative intensities from successive orders. 

calo. 

obs. 

001 

23-76 

11*88 

II.v.w.s IV.VImod.w.; VIIl8tr.,X, Xllabs.; XIV,XVI w. 

100 

6*68 

4-28 

II w.; IV, VI mod. 

010 

8-00 

4-28 

II, IV mod. str .; VI w. 

101 

807 


I abs.; 11 mod. str.; III str.; IV mod. str. 

102 | 

6-90 

3-4 8 

II mod. str.; IV w. 

201 

4*22 

211 

II mod.; IV w. 

103 

6-83 

6-83 

I w.; II, III mod. str.; IV w 

301 

2-84 

2-84 

I mod. str,; II abs. 

106 

4-10 

4-17 

I vw.; II w.; III mod. 

026 

3-19 

3-10 

I mod. 


* The crystals were kindly given to me by Prof. Backer and Prof. Jaeger of Groningen, 
to whom my best thanks are due. According to Prof. Backer, by whom the crystals had 
been grown, it seemed difficult to obtain measurable crystals from aqueous solutions 
which contained the pure sulphoaoetate only. However the presence of KC1 or KBr in 
such a solution was favourable to the growth of good crystals on alow evaporation of the 
advent. 
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Especially the c-spaoing could be carefully measured because several orders 
were observed; its value is 11*88 A. Using this value and the axial ratio 
given by Jaeger, one finds:— 

a = 8-68 A, 6 = 8*60 A, c = 23*76 A. 


The calculated spacings in Table 1 refer to these axes. They determine a 


unit-cell which contains eight groups 


' CHC1. SO„K 

J | + 1|H 2 0 (the figures 

COOK 


quoted give 8*00).* 

The indices of the spots on the photographs were found by means of Bernal’s 
method of analysis.}* Table II gives the planes from which reflections were 
observed. 


Table II.—Planes observed on Oscillation Photographs. 


r Axial Planes. 

Planes {At 0}. 

Planes {0* J). 

Planes {A 01}. 

Planes {&&!}. 

200 

210 

021 

103 

301 

Ill 

211 

134 

231 


220 

022 

105 

303 

112 

212 

135 

232 

020 

230 

023 

107 

305 

113 

214 

130 

233 

040 

410 

025 

109 

307 

114 

210 

137 

234 

002 

240 

026 

202 

300 

116 

217 

138 

235 

004 

420? 

027 

m&m 

402 

117 

221 

130 

237 

006 

430 

020 

206 

404 

118 

223 

312 

412 

008 


041 


406 

no 

225 

313 

413 





408 

121 

226 

314 

416 






122 

227 

315 

241 






126 

228 

316 

243 






127 

131 

317 

246 






128 

133 

318 

421 








321 

422 








322 

423 








323 

432 








324 









325 









326 



This table and Table I show that the following sets of planes are halved:— 

(o) {ft ft 0} if ft is odd, 

(6) {0*1} if ft is odd, 

(c) {ft 01} if (ft +1) is odd. 


* The specific gravity of a small beautiful crystal was determined by the suspension 
method in a mixture of tetrabromoethane (pf?° —2*967) and aloohol (pj?° — 0*789). Ita 
value was p\T — 2-09. 

t ‘ Ptoo. Rqy. Boo.,’ A, voL 118, p. 117 (1926). 
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The given halvings correspond to the space-group QJ*, the underlying lattice 
being the simple orthorhombic lattice IV* This is a strong argument in 
favour of the assumption that the crystals are truly orthorhombic. 

A possibility which ought to be considered is that the unit-cell might not 
be truly orthorhombic, but pBeudo-tetragonal monoclinic. However, this 
seems impossible for the following reason. It follows from the optical anomalies 
that our c-axis would be the 6-axis of this monoclinic cell. Therefore, if we 
consider the unit-cell as monoclinic, the indices of the sets of halvings become : 

(а) {601} if 6 is odd, 

(б) {061} if Z is odd, 

(c) {660} if (6 -j- k) is odd. 

In order to see how far we can account for these halvings in the monoclinio 
system, we need only consider space-groups which are based on the simple 
monoclinio lattice T m . In fact, the presence of first order reflections of 
forms such as {ill} and {I12}*f excludes the possibility of IV, because the 
required halvings would not be affected by the simultaneous presence of pseudo- 
tetragonal unit-cells which are rotated with regard to each other through 90° 
about the 6-axis. In the space-groups based on IV the planes which may be 
halved are {010}, and planes of the orthodiagonal zone {6 0 Z}. As a consequence 
of this it seems impossible to account for the sets of halvings (6) and (c) by a 
perpendicular crossing of monoclinic lamellse. 

Therefore it seems necessary to assume that the successive zones of the 
crystals, which show themselves clearly in polarised light, are orthorhombic 
themselves and produced by a crystal growth which has taken place in steps. 
This is also confirmed by Laue-photographs. A number of such photographs 
were taken with copper and molybdenum rays, perpendicular to the basal 
plane. For some of them the whole of a crystal was used, for others only a part. 
These parts had been cut so that sometimes only zones of one direction, some¬ 
times of two directions were present. All photographs showed two planes of 
symmetry perpendicular to each other, as is expected for orthorhombic crystals. 
Two of the photographs (Plate 23} and a gnomonic projection are given. They 
show dearly a pseudo-tetragonal character. 

The zonal structure of the crystals gives a possible explanation of the fact 
that several of the Laue-photographs showed a considerable number of multiple 
spots, some of which consisted of an intense sharp part, and a weaker part, 

* Astbury and Yardley, ‘ Phil. Trans.,’ A, vol. 224, p. 235'(1924). 

t With regard to the monoclinio cell the Indices a! {111} and {112} beoome {111} and {121}, 
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but generally these spots were broad or consisted o! pacts which had more or 
less the same intensity. Moreover, although the general appearance of the 
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Gnomonio Projection of Laue Photograph perpendicular to {001}, Copper Antioathode. 

photographs was alike, this was never exactly the case, in so far as a certain 
spot never looked the same on two photographs of different crystal parts. 
Only the intense sharp reflections were always found as part of the same spots. 
A slight difference in orientation of successively crystallised layers, which shows 
itself in the deviations from parallelism between opposite faces (observed by 
Jaeger), must be the cause of this “ multiplying ” effect. This effect will be 
accentuated by the divergence of the X-ray beam. It was, for example, much 
more pronounced on the photographs, taken with Cu-rays, than on those taken 
with Mo-rays. For the former a copper antioathode was used of such a shape 
tiiat a beam of rays was produced which was practically equally divergent in 
all directions, whereas the divergence of the rays feom an almost flat molyb¬ 
denum antioathode was considerably different in two directions which wero 
perpendicular to each other. As a consequence of this, a photograph taken 
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Lane photographs of Kaoernic Potassium Chlorosulphoaccfcato, perpendicular to [001}, 
taken with copper anticathode (upper figure) and molybdenum antieathodc (lower 
figure). 


{Facing p. 22fl ) 
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* 

with Mo-rays showed the effect to a marked degree in one direction only. 
Calculation showed that the “ intense sharp ” reflections, mentioned above, 
were due to characteristic rays. Laue-photographs in directions which were 
not exactly perpendicular to {001} Bhowed such reflections as part oi quite 
different spots. 

It is probable that the optical anomalies of the investigated crystals can 
be explained, after the manner of Brauns,* and others, by the presence of 
internal strains. These latter may be caused for example by outer influences, 
or by the inclusion of iBomorphous or other foreign substances. With regard 
to this, it should be pointed out that the crystals were grown from solutions 
containing KC1 or KBr. It turned out that the crystals investigated contained 
small quantities of KC1. Indeed, included in one of the larger crystals, a small 
crystal of KC1 was visible to the naked eye. It was identified both chemically 
and by measurement of the spacings of its cube-faces, which had the value 3-14. 
But even small transparent crystals gave a very faint but definite turbidity 
after addition of HNO, and AgNO a . It is therefore suggested that the presence 
of alkali halides in the mother liquor was directly (by giving rise to inclusions) 
or indirectly} the cause of a more or less strained lamellar growth. 

The fact that the Laue-photographs of all sections possess orthorhombic 
symmetry, although the crystals Bhow a monoclinic character in convergent 
polarised light, is in accordance with a recent investigation of F. Rinne4 
This author showed that the atomic displacements which are a consequence 
of stresses in a crystal, and which are quite large enough to bring about a change 
in its optical character, are so small that they do not show themselves in Laue- 
photographs. 

If the crystals are really orthorhombic, the substance is a true racemate, 
in the sense that right- and left-handed molecules are present in the same 
unit-cell. The latter contains eight salt molecules. For the sake of com- 


* R. Brauns, ‘ Die Optischen Anomalien' (1801). See also F. M. Jaeger, ‘ Lectures on 
the Principle of Symmetry.’ J 

f It ought to be stated that an analysis of some of the crystals by Prof. Backer gavp the 
following figures: 


CjHO.CSSk. + 


rt /f° un d : H|0 0-80 per cent.; K 28-21 per oent. 
* 8 \oalo.: H,0 0-73 per cent.; K 28-18 per oent. 


This shows that the quantity of inclusion may be sometimes very small indeed, and the 
question arises if in those oasee also the inclusion can be considered as the cause of the strains. 
% ‘ Centr. bl. f, Min.’ (1826), A, p. 226; also ‘ Z. f. Krlst.,* vol. 63, p. 286 (1826). 
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pleteness, the co-ordinates of the eight corresponding equivalent points are 
given:— 


x y z 
x £ +y i —z 
* i-y £ + * 

x y z 


\-x \-y i 

£ + * y l+z 

£ + * y J —2 
£ — * £ + y * •* 


There are twelve water molecules. Eight of them are probably connected 
with the sulpho-groups of the eight salt molecules. It is well known that 
the sulpho-carboxylic acids generally contain one molecule of water of crystal¬ 
lisation. The four remaining water molecules must occupy special positions, 
either at centres of symmetry or on dyad axes. 

It is possible that a right- and a left-handed Balt molecule have combined 
to form a racemic double molecule, but no particular argument, either for 
or against this supposition, was found. 


[Note added January, 1927.—Since this work was concluded crystals of ra¬ 
cemic potassium chlorosulphoacetate have been grown by Prof. Backer from a 
pure aqueous solution by inoculating with a crystal of the Balt prepared by the 
previous method. The crystals obtained in this way show the same zonal 
appearance in parallel polarised light. This shows that the presence of KC1 
or KBr in the solutions from which the crystals investigated were grown is 
not essential for the occurrence of a strained lamellar growth.] 


Summary. 

In an investigation of crystals of racemic potassium chlorosulphoacetate 
fCHCl. SOjK ] 

■< | 4- IJHjO >by F. M. Jaeger, it was shown that these 

(COOK J 

crystals exhibit an anomalous optical behaviour, and that variations occur 
in the angles between some of their faces. These facts led to the conclusion 
that the apparently orthorhombic crystals were in reality built up of per* 
pendicularly crossed monoclinio lamellae. The present investigation of the 
crystals by X-rays shows that the crystals are truly orthorhombio, and that the 
irregularities of their habit must be caused by a slight difference in orientation 
of successively crystallised layers. It is suggested that the optical anomalies 
are due to strains in the crystals. 


* Deduced from Aatbury and Tsrdley’s diagrams and from WyokofFs tables. 
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The space-group of the crystals is Q* 14 , the underlying lattice r o . The 
dimensions of the unit cell, which contains eight groups 


JCHC1. SO s K 
\cOOK 


[,oj 


+liH,0 > are a = 8*58 A, b = 8-60 A, c — 23-76 A. 


This investigation was carried out by aid of a grant from the Ramsay 
Memorial Fund. My sincere thanks are due to Sir William Bragg for his 
kindness and encouragement, and to the Managers of the Royal Institution of 
Great Britain for continuing to place at my disposal the facilities of the Davy 
Faraday Research Laboratory. 


The Electric Fields of South African Thunderstorms. 

By B. F. J. Schonland, M.A., Ph.D., Senior Lecturer in Physics, University 
of Cape Town, and J. Cbaib, M.A. 

(Communicated by C. T. R. Wilson, F.R.S.—Received January 3, 1927.) 

[Plates 24, 26.] 

§ 1. Introduction. 

The quantitative study of the electrical changes taking place in thunder¬ 
storms was initiated and has been developed by Prof. C. T. R. Wilson in two 
important papers.* Measurements of the electric fields due to charged clouds 
and of the field changes associated with lightning discharges have led him to 
put forward certain views according to which the thunderstorm is an important 
factor in the production and maintenance of several electro-meteorological 
phenomena with which it has not previously been considered connected. Chief 
amongst these is the negative charge on the surface of the earth, for the replenish¬ 
ment of which the views of Wilson require a certain preponderance of thunder¬ 
clouds of positive polarity, i.e., positively charged above and negatively charged 
below, over clouds of negative polarity, the ionisation currents between the 
bases of the clouds of the former type and the ground serving to maintain the 
earth’s charge at a steady value in spite of the reverse current flowing in regions 
of fine weather. 

* Wilson, * Roy. Soc. Proo.,' A, vol. 92, p. 656 (1910), referred to as W1; Wilson, ‘ PM. 
Trans./ A, vol. 221, p. 72 (1921), referred to as W2. 
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It is necessary, in order to test this theory, that observations be made in 
different parts of the world to examine whether the required preponderance of 
clouds of positive polarity exist. For this purpose South Africa, which 
contributes largely to the world’s supply of thunderstorms, is very suitable. 

The measurements described in this paper are mainly concerned with the 
question of cloud polarity, and seem to show an overwhelming preponderance 
of clouds of positive polarity, amongst those examined. Opportunity has also 
been taken to discuss other matters connected with the electrical effects of 
thunderstorms. 

§ 2. Site and Apparatus. 

Thunderstorms being rare at Cape Town, the necessary apparatus was 
installed in January, 1926, on the farm Gardiol, two miles south-east of the town 
of Somerset East, Cape Province, situated in what is called the East Central 
Karroo. The altitude of the station is 2460 feet above sea-level. 

The site was chosen to give a good view of the surrounding country, especially 
in the westerly direction, from which most of the storms come. The nearest 
trees and the only near house are more than 100 yards away. The grass in the 
neighbourhood of the station is naturally very short and dry. 

The storms examined were for the most part violent thunderstorms travelling 
across the country from west to east. A few were purely local, caused by 
convection currents due to surface heating. The total number of storms 
between January and June, 1926, was considerably below the average, and 
drought conditions prevailed. 

The apparatus was installed in a wooden hut 9 feet by 8 feet in area, having 
a Bioping gavaniBed iron roof of maximum height 9 feet. The whole installa¬ 
tion was copied almost directly from that described by Wilson. 

For the measurement of the electric fields of distant storms a copper ball 
30-6 cm. in diameter was used, mounted and insulated exactly as described by 
Wilson.* This ball could be raised to a height of 6* 00 metres above the 
ground. For nearer storms a copy of the exposed testplatef was constructed 
from a wooden circular sieve 54*6 cm. in diameter and 14 cm. in depth. This 
was filled with earth to the level of the surrounding ground and mounted on 
sulphur-ebonite insulators inside a concentric pit 59*5 cm. in diameter and 
60 cm. deep. The insulators were suitably shielded against dust and dripping 
water. The device for swinging a cover over the teBtplate, the insulation and 
shielding of the lead-in wires, and the earthing arrangements were similar to 
those of Wilson. 

♦W4p.7«. fW.l, p.561. 
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The base oi the vertical pipe carrying the ball was 660 em. to the south of the 
nearest end of the hut, while the centre of the testplate was 600 cm. to the west. 
An outside view of the station is Bhown in fig. 1, Plato 24, a cross being placed 
immediately above the testplate. On the right is the metal-lined box to hold 
the ball when it is lowered. 

The arrangements inside the hut for measuring the quantities of electricity 
which passed between the exposed conductors and the earth—the capillary 
electrometer, microscope objective, slit and moving photographic plate—did 
not difiler essentially from the descriptions given by Wilson.* The rate of 
motion of the plate was regulated by means of a needle valve controlling the 
flow of oil into a cylinder. Some difficulty was experienced with this device 
owing to alteration in the viscosity of the oil with temperature, for the tempera¬ 
ture in the hut often exceeded 105° F. A convenient arrangement was intro¬ 
duced whereby two photographic records could be taken on one plate. The 
usual wooden plateholder was slipped into a larger box sliding across the slit 
in guides. When moved to one side of this box one half of the plate was exposed, 
after which it could be quickly shifted to the other side and a second photograph 
taken on the other half. Fig. 2, Plate 24, is a general view of the recording 
apparatus. 

The sensitiveness of the electrometer was. checked by means of a standard 
condenser charged to a known potential difference and was such that a dis¬ 
placement of 1 mm. on the photographs corresponded to tho passage of 
1*03 X 10~ 8 coulombs,or 30*8 e.s.u., through the capillary electrometer. From 
the data given it may easily be shown that this displacement corresponds to 
a change in the vertical electrio field of 127 volts per metre when the ball was 
used and of 4960 volts per metre in the case of the testplate. These figures 
include corrections of 6 per cent, and 9 per cent, for the effect of the charge 
induced on the hut and on the earth-connected testplate cover and supporting 
arm. The effective area of the testplate was 2560 sq. cm. 

$ 3. The Electric Field of a Bipolar Thundercloud. 

In riimmaaing the observations it will be convenient to adopt, as a working 
hypothesis, the view that a thundercloud is essentially bipolar, electric charges 
of opposite sign being liberated at different heights in the cloud. Thus we 
may speak of the upper and lower charges without specifying at the moment 
their exact positions or their relative magnitudes. All the evidence which will 


* W2, p. 78. 
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be pot forward is in agreement with this view of the nature of the electrification 
of the cloud. 

At distances which are large compared with the dimensions of the charged 
portions of the oloud, we may treat these as point charges. 

In fig. 3 let A represent the upper charge, Q t , at a height H, above the earth, 

G> T 



Fro. 3. 


and B the lower charge, — Q 1( of opposite sign, at a height H r Let P be the 
point at which the vertical electrio field is measured. According to the usual 
convention, this field is called positive if its direction is downwards and negative 
if it is upwards. It will be convenient to use the term “ steady field ” to denote 
the field at P when neither pole of the cloud is discharging or recovering from a 
discharge. 

The steady vertical field at P due to the cloud will be given by the expression 


F 


W + L‘) 


2QiHi a 
(H^ + L«)*»• 


( 1 ) 


In general this expression shows that for distances L less than a certain critical 
value the second term and, consequently, the effect of the lower charge B pre¬ 
dominates, while for distances greater than this critical value the first term is 
the greater and the sign of the field at P is set by that of the upper charge A. 
Thus with increasing distance L between the clond and the station the field 
will first be of the same sign as the charge upon the lower part, then become 
aero, and then reverse so as to be of the same sign as the upper charge. This 
reversal of the sign of the field with distance will only occur provided that the 
lower charge Qi is not less than times, nor greater than H s /H 1 times, 

the upper charge Q,. 


* W2, p. 9fl. 
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A reversal of the steady field as a thundercloud approached or receded from 
the station has been observed in several cases and these will be described in 
the next section. It would have perhaps been observed more often were it 
not lor practical difficulties in the way of measuring the field due to a single 
thundercloud. These arise from the fact that the observed field is often the 
resultant of the effects of several clouds, and, unless local clouds and other 
distant storms are absent or negligible, a definite observation of the steady field 
due to a single distant storm is not possible. 

Information as to the electrical nature of the cloud may, however, bo obtained 
in another way, by examining the sign and magnitude of the changes of field 
caused by lightning discharges. Let us consider fig. 3 to represent an isolated 
cloud in which the flashes of lightning pass nearly vertically between the poles 
and the ground or between the two poles of the cloud. We may represent the 
two former types of discharge by the symbols AC and BC, and the latter by AB. 
Then equation (l) shows that the sudden changes of field resulting from these 
three types of discharge are given by the following expressions: 


Discharge AC 

AF - 

discharge BC 
AF 

discharge AB 

AF = 
or 

AF — 


2QoH a 


(H a * + L a ) 3 ' 2 ’ 


= 4 




(H x a + L*) a/S ’ 

“ 2 Qa [(H„ a -fL 2 ) 1 ' 2 “ (llj 2 + L 2 ) 8 J ,fQ i >Qa ’ 

~ 2Ql I. (II a a 4 2 L*) 3/2 “ (Hj 2 + L a ) 3/2 J lf Ql < Q *' 


For the two single-pole discharges the sign of AF, the field change, is inde¬ 
pendent of the distance, but for the pole to pole discharge it evidently revises 
as the distance L increases. 

Consider a cloud of positive polarity, one in which the upper pole is positive 
and the lower negative. The effects to be expected from such a cloud are shown 
in the tables below. 


VOL. cxiv.— A. 
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Table I.—Distant Positive Cloud. 


Discharge. 

Sign of sudden field change. 

AB 

Negative 

BC 

Positive 

AC 

Negative 

Table TI.—Near Positive Cloud. 

Discharge. 

•Sign of sudden field change. 

AB 

Positive 

BC 

Positive 

AC 

Negative 


For a cloud of polarity opposite to this, negative above and positive below, 
the sign of each of these field changes would be reversed. It is necessary to 
add some remarks to the above simplified discussion of the effects of discharges. 

(а) The critical distance at which the change of field due to a discharge AB 
reverses its sign on passing through zero is not identical with the distance at 
which the same thing happens to the steady field of the cloud. The latter is 
given by 

H s (H^ + L 2 )' J/2 4 xH, (H a 2 + li 2 )®-' 2 , (2) 

and the former by 

II a (IIj* + LH* (H a 2 + L 2 ) V2 . (3) 

The two values of L are only equal when Q i Q 2 . The relative magnitudes 
of Qj and Q a depend upon a number of factors, and there is no Teason to suppose 
that they are equal. They may even be so different that no value of L will 
satisfy (2), in which case the steady field will not reverse its sign. 

(б) It is possible that discharges may occur between the upper pole A and the 
conducting upper atmosphere. Such discharges have been observed by us at 
night as an intermittent glow upwards from the top of a distant cloud. The 
effect of such a discharge on the field would be the same as that given in the 
tables under AC. 

(c) A discharge from pole to pole involves the disappearance of equal and 
opposite quantities of electricity, and may be followed by a second flash from 
the pole which originally had the greater charge. This second discharge may 
pass to earth or to the upper atmosphere, as suggested in (6) above. It is 
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possible that the two flashes may occur almost simultaneously, the discharge 
from pole to pole extending downwards or upwards from the cloud. At great 
distances the resultant effect would be of the same sign as that produced by a 
discharge AB, while at small distances it would be of the same sign as a discharge 
BO, provided that the relative magnitudes of the charges lie between the limits 
mentioned at the beginning of this section. 

Fortunately, a considerable simplification of the results to bo expected from 
observations of field changes can be made in the case of the measurements to 
be described. For in South Africa, as in Tnclia,* it is a matter of common 
observation that the great majority of lightning discharges pass between the 
upper and lower parts of the cloud and do not strike to the ground. Discharges 
from the bottom of the cloud to the ground are much less frequent and from the 
upper polo to the ground comparatively rare. 

We should therefore expect for distant storms of positive polarity a pre¬ 
ponderance of negative changes of field (Tabic I, discharge AB) and for near 
storms a preponderance of positive changes (Table II, discharge AB). The 
Bigns of these changes will be reversed for storms of negative polarity. 

§ 4. Observations of Fields and Sudden Field Changes . 

The measurements have been separated into two sets corresponding to what 
aTe called near and distant storms. A storm at a distance of more than 8 kilo¬ 
metres from the station is placed in the latter category, while storms occurring 
within a distance of 6 kilometres are considered as near. The information 
obtained from visual and photographic observation of 18 distant storms is 
summarised in Table III. The first column contains the serial number under 
which the storm was recorded, the second its approximate distance in kilo¬ 
metres. The third column contains the sign and magnitude of the steady field 
due to the undischarged cloud together with the normal fine-weather field. 
[This fine-weather field was never found to exceed 60 volts per metre at any time 
of the day or night, and its usual value was between 30 and 50 volts per metre. 
More accurate determinations of what seems a remarkably low value wdl 
shortly be made.] 

When this steady field was not definitely ascertained, owing to the interfering 
effects of other clouds or to other reasons, the column is left blank. The number 
of sudden positive and negative changes of field observed visually and photo¬ 
graphically are next entered in separate columns, and finally the results of the 
two methods of observation arc shown combined. 

* Simpson. * Phil. Trans./ A, vol. 209, p. 412 (1909). 
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Table III. 


Storm. 

Distance. 

Steady 

field. 

Sudden field changes. 

Remarks. 

Visual, 

Photographic, 

Combined. 

Poa. 

Neg. 

Pos. 

Neg. 

Pus. 

Neg. 


km. 

v m. 








1 

24 

+ 250 

3 

20 

— | 

— 

3 

20 


2 

8 31 

— 

— 

—. 

8 

3 

8 

3 


3 

11-7 

- 

8 

21 

1 1 

8 

9 

20 


4 

6-18 

— 

.— 

— 

0 

5 

0 

5 


5 

35 


12 

35 

— 

— 

12 

35 


6 

10* 

-- 

26 

95 

— 1 

— 

26 

95 

Approaching. 

6 

16* 

+ 30 

— 

— 

4 

8 

4 

8 

Receding. 

7 

23 

— 

-- 

- 

0 

13 

0 

13 


8 

16* 

_ 


—. 

2 

25 

2 

25 


0 

20* 

— 

12 

118 

— 

— 

12 

118 


10 

14* 

+ 100 

1 

14 

4 

28 

3 i 

42 


11 

30-10 

— 

4 

30 

— 


4 i 

30 

Approaching. 

11 

14-25 

— 

3 

40 

- 

— 

3 

40 

Recoding. 

12 

10 

+ 100 

0 

27 

— 


0 

27 

Plashes in clouds. 

13 

24 

— 

— 

— 

» 

14 

0 

14 

Plashes in clouds 





i 





(upwards). 

14 

8 

+ 40 

23 

13 

- 

— 

23 

13 

Two storms in 










1 action. 

16 

10* 

— 

4 

50 

— 


4 

50 

Flashes in clouds. 

10 

30* 

+ 40 

L 

10 

0 

4 

1 

14 


17 

20 

+ 200 

— 

—. 

I 

39 

1 

30 

Flashes in clouds. 

18 

14-17 

+800 

— 

— 

0 

28 

0 

28 




Total 

97 

491 

35 

175 

132 

666 



* Indicated that the distance is a rough estimate. 


The results in the above table may be summarised as follows :— 

(a) Out of 18 distant storms, ranging in distance from 8 to 35 km., the steady 
field could be definitely ascertained in the caso of 8 storms. For 4 of 
these it was positive and easily separable from the normal fine weather 
field, while for the remaining 4 it was too Bmall to be separated from it. 

(b) Out of 798 sudden changes of field, 666 were negative changes and 132 

positive changes, a ratio of 5 • 0 to 1. 

(c) This preponderance of negative changes is shown by 16 out of the 18 

storms. The remaining 2 storms showed a preponderance of positive 
over negative changes in the ratio of 8/3 and 23/13 respectively. 

Storm 2 is discussed in greater detail in § 5. 

The next table contains similar data for five near storms. 
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Table IV. 


Storm. 

i 

Steady 

field. 

; Sudden field changes. | 

Uemarks. 

Visual. 

Photographic. 

Combined. 

Pos. 

Neg. 

Pom. 

Nog. 

Pos. 

Nog. 


km. 

v.m. 








6 

4*3 

- 5000 

2 

0 

3 

0 

5 

8 


7 

4-5 

— 10500 

— 

— 

7 

2 

7 

2 


7 

5*0 

- 2500 


- 

f> 

0 

5 

0 


8 

3*1 

-11200 

— 

— 

*> 

0 

2 

0 


12 

5 2 

2000 

10 

0 


— 

10 

0 

Flashes in clouds. 

10 

3-1 

-10000 

0 

1 

1 

0 

1 

1 


i 


Total 

21 

7 

18 

2 

39 

i 

0 

■ 


It will be seen that in the case of these five near storms— 

(d) The steady fields were all definitely and strongly negative. 

(e) The sudden changes of field were predominately positive in sign, the ratio 

of positive to negative discharges being 39 to 9 or 4*3 to 1. 

Comparing the results in the two tables, it is evident that the predominant 
sign of the sudden changes of field undergoes a striking reversal as the distance 
is increased. Thus, while the ratio of positive to negative changes for the five 
near storms in Table IV is 39/9, the same ratio for the same five storms when 
more than 10 km. distant is 27/210. Such a reversal cannot occur if the 
majority of the discharges take place from a single pole to the ground or the 
upper atmosphere, so that the results in these tables are in accord with the 
observation that the discharges are mainly between the poles of the cloud. 

It appears also that tho steady field of a thundercloud may undergo a reversal 
of sign as the distance is increased. That this is probable is indicated by (a) 
and (d) and quite well shown by storms 10 and 12, which gave positive fields 
when distant from, and negative ones when near to the station. 

A comparison of the actual signs of the fields and field changes with the 
discussion given in § 3 leads to the conclusion that the observed effects were due 
to bipolar clouds, most of which, if not all, were of positive polarity. Further 
support for this conclusion is given by the details of certain storms discussed 
in the next section. 
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§ 5. Discussion of Storms. 

Some attempt will be made in this section to correlate the field observations 
with the appearance of the lightning discharges to an outside observer. 

(a) Storm No. 12.—This storm first came under observation when at a distance 
of 9-6 km. from the station, giving a small positive field which underwent 27 
sudden negative changes. During this time it was approaching the station, 
and after reaching a distance of about 5 km. the field became strongly negative 
and 19 sudden large positive changes of field were observed from dischargee at 
distances ranging from 5 to 2 km., all of the order of + 2000 volts per metre. 
During this time no sudden negative field changes occurred. 

Outside observations showed that the lightning did not strike down, but was 
entirely between two portions of the cloud vertically above each other. 

(b) Storm No. 9.—This took place at night at a distance of about 20 km. 
One observer noted the sign of the sudden changes of field while another made 
visual observations of the nature of the flashes of lightning. One hundred and 
seventeen negative and 12 positive changes of field were observed. The 
outside observer identified the positive changes with discharges between the 
base of the cloud and the ground and the negative changes with discharges 
in the cloud. The former were clearly visible as short distinct flashes, while 
the latter produced a general lighting up of the cloud. 

(c) Storms al the Reversal Point. - On two occasions storms were observed to 
be taking place at a distance of from 6 to 8 km., but an examination of the field 
changes showed that the flashes of lightning produced no appreciable effect on 
the field. Those storms occurred before the nature of the phenomenon was 
fully realised, and attention Mas unfortunately directed to testing whether the 
apparatus was in order and to other storms. In one case the flashes were 
observed to be taking place within the cloud, and there can be little doubt that 
both these storms were at the critical distance at which the effect of a discharge 
between the polos becomes zero and beyond which it reverses sign. 

(d) Rarity of Strong Positive Fields .—Strong positive fields, in contrast to strong 
negative fields, were rarely observed and were always due to the disjecta membra 
of a worked-out storm. On one occasion such a cloud with a pronounced 
mammatiform appearance on its lower surface produced a field of between 
+ 2000 and + 1000 volts per metre for about half an hour. It passed directly 
over the station and produced neither rain nor lightning. The only other 
occasions were during the observation of storm 2 described in (e) below, when a 
local cloud produced fields of + 3000 and + 1400 volts per metre for two 
periods of about 5 minutes each, without discharging. 
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(«) Storm No. 2.- This storm is of some interest in view of its exceptional 
position in Table Ill, for it was one of the two distant storms which gave more 
positive (8) than negative (3) changes of field. The meteorological conditions 
were of a character quite different to those of any other storm investigated, 
for instead of the afternoon the storm took place in the early morning, at 6 a.m. 
The sky was covered with dark rain clouds as far as the eye could see, but the 
storm itself was of a mild character, only 11 discharges being observed in the 
course of an hour, after which the active centre moved away to the south-east. 
The potential gradient at the station was mainly due to local clouds which 
produced fields ranging from — 1000 to — 5000 volts per metre for about an 
hour, with the two short positive intervals mentioned in (d) above, but never 
discharged. 

The flashes were all distant, ranging from 8-(5 to 31 km. and 8 positive and 3 
negative changes of field were photographically recorded. Outside observa¬ 
tion showed that all the positive changes and one negative change were due to 
discharges between the base of the cloud and the ground. The remaining two 
negative changes were not observed as flashes at all, ami it seems probable that 
they occurred between the poles of the cloud. 

The predominance of positive over negative changes of field can therefore be 
ascribed in this case to tin? exceptional number of discharges between the base 
of the cloud and the ground, the cloud being of positive polarity. 

This storm is instructive in making a comparison between the results obtained 
in the present scries of storms and those examined by Wilson in England. 
Wilson* found a predominance of positive over negative sudden changes of 
field, the numbers being 528 and 336 respectively. The descriptions of the storms 
indicate that a large proportion, possibly the majority, of tho flashes passed 
between the base of tho cloud and the ground. Such discharges, whatever the 
distance of the storm, would always produce a field change of opposite sign 
to the charge on the lower pole. If they were of frequent occurrence, as in 
storm 2 above and as is indicated by Wilson’s description, their effect would be 
to hide the evidence for reversal of sign afforded by discharges within the 
cloud. In this connection it has been pointed out by Appleton, Watt, and Herdf 
that Wilson’s observations for distances less than 5 km. show a preponderance 
of positive over negative changes of field in the ratio of 4 to L, while at greater 
distances (5 to 30 km.) the ratio is only 1 *5 to 1. This is what would be expected 
if the thunderclouds were, as in the present instance, largely positive in polarity, 

* \V2, p. 85. 

t ‘ Roy. Soc. Proo.,’ A, vol. Ill, p. 654 (1026). 
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but discharges from the lower pole to the ground were of more frequent 
occurrence. 

Appleton, Warr, and Herd have examined thunderclouds at distances ranging 
from 20 to more than GOO km. and found a strong predominance of negative 
changes of field associated with these distant discharges. They have also 
recorded an interesting case of reversal of the sign of the field changes at 
a distance of about 8 km., and some observations which closely resemble 
those described in (6) above, correlating the sign of the field changes with the 
appearance of the flashes. 


§ 6. Some Typical Records. 

(а) Storm -May 1, 1926 (fig. 4).—This is a typical record of a distant storm 
obtained by means of the ball when it was at a distance of from 13 to 17 km. 
The slightly skew appearance of the record is due to a wrong setting of the 
slit. 

The record runs from 16 h. 51 m. 10 s. to 17 h. 1 m. 7 s. The ball was lowered 
fora few seconds at 16 h. 57 m. 30 s., and the record shows a potential gradient 
of + 800 volts per metre at this moment. Five sudden positive changes of 
field and 28 negative changes are shown. The three large negative changes 
altered the field by 384, 576, and 512 volts per metre, and occurred at distances, 
determined by stop watch outside the hut, of 17*2, 13*5 and 15*5 km. The 
electric moments of the flashes were thus 1*95, 1 *52, and 1*92 volts per metre 
X km. 3 X 10 fl . The outside observer reported all the flashes as taking place 
within the cloud. 

(б) Storm 8 —February 24, 1926 (figs. 5 and 6).— Fig. 5 shows the record 
obtained on the ball when the storm was approaching the station from a dis¬ 
tance of about 15 km. A strong wind made thunder observations impossible. 
The record ran from 17 h. 10 m. 10 s. to 17 h. 23 tn. 40 s. The potential gradient 
immediately before the record was — 520 volts per metre, and at 17 h. 12 m. 12 s., 
when the ball was lowered, it had fallen to — 256 volts per metre. A local cloud 
was producing rain throughout the record. Twenty-seven negative and five 
positive sudden changes of field are shown, the largest being — 130 volts per 
metre. The increasing negative field drove the mercury meniscus out of the 
field of view before the completion of the record. 

At the close of the above record the storm was found to have approached 
so near that the testplate had to be employed. The record thus obtained is 
shown in fig. 6. It ran from 17 h. 30 m. 0 s. to 17 li. 40 m. 30 s. At 17 h. 
30 m. 36 s., when the cover was swung over the testplate for n few seconds» 
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the field was — 11,200 volts per metre. Two positive discharges causing 
changes of + 12,300 and + 10,000 volts per metre are shown, the latter at a 
distance of 3*10 km., as determined from the thunder mark immediately 
following it. It was noted that heavy rain occurred at 17 h. 24 m. 15 s., which 
accounts for the rapid upward movement of the meniscus at 17 h. 33 m. 30 a. 
if the rain was positively charged. The cover was replaced before the end of 
the record, and the failure of the meniscus to return to the field of view showed 
that the system received a positive charge from the rain. 

§ 7 . Electric Moments of the Discharges .* 

For a distant discharge the product AF X L 3 of the sudden change of field 
and the cube of the distance gives the electric moment 2QH or 2Q (H a — Hj) 
according as the discharge passes to the ground or from pole to pole. This is 
only true when the discharge is sufficiently far off for H a to be negligible in 
comparison with L 2 . For less distant cases it gives too small a value. 

The table below contains the mean values of AF X L 3 for positive and nega¬ 
tive discharges at distances (l) below 10 km. and (2) between 10 and 30 km. 
The number of observations used in getting the means is in each case shown in 
brackets. AF X L 3 is given in volts per metre X km. 3 X 10 5 . 


Table V. 


1 

0- 

10 km. 

10-30 km. 


Positive. 

Negative. 

Positive. 

Negative. 

AF ; L a 

:m 

3 ft 

7-fl 

8-6 


(V, 

(2) 

(10) 

(«3) 


The mean value is not appreciably different for positive and negative dis¬ 
charges. It should be pointed out that the table is not representative of the 
18 storms examined, for some yielded but little information on this point, while 
others furnished a large number of discharges at known distances. 

For discharges between 10 and 30 km. the mean value of AF X L 3 for both 
positive and negative changes of field is 8*45 volts per metre X km. 3 X 10 6 , 
or 94 coulomb-kilometres. This is rather less than the corresponding figure of 
148 coulomb-kilometres found by Wilson,* but the agreement as regards order 
of magnitude is quite satisfactory. The actual values obtained ranged from 


* Compare W2, p. 90, between 10 and 30 km. 
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6-2 to 0*10 times the above mean, the former being almost certainly a very 
long discharge from the top of a cloud. 

§ 8. Discussion of Results . 

No further discussion of the information yielded by the photographic records 
will be attempted here. The main purpose of the present paper is to present 
what appears to be very clear evidence of the bipolar nature of thunderclouds, 
and of the strong predominance amongst such clouds of a type in which the 
upper pole is positive and the lower pole negative. 

The observations given in sections 4 and 5 seem to make it doubtful whether 
more than one, if any, of the 18 thunderstorms examined were of negative 
polarity. Such a predominance of the positive type suggests that Simpson’s* 
theory of the production of the charge by the breaking up of large water-drops 
in an ascending air-current, which would produce a cloud of negative polarity 
must either bo rejected or radically altered. 

The conclusion that thunderclouds of positive polarity were mainly, if not 
always, observed is of importance in connection with Wilson’s theory of the 
maintenance of the negative charge on the surface of the earth.t The ionisa¬ 
tion currents above and below clouds of this type would feed positive electricity 
to the upper atmosphere and negative electricity to the earth. The thunder¬ 
storm, to use Wilson’s simile,{ would thus act as an electric generator connected 
between upper atmosphere and earth, the return circuit being provided by the 
feebly conducting air in the regions of fine weather. 

The frequent references to Prof. Wilson’s papers indicate to what extent we 
are indebted to them, both for the design of the apparatus and for the inter¬ 
pretation of the observations. We have also to thank him for kind advice in 
connection with certain experimental difficulties. Our grateful thanks are 
also due to Mr. J. Linton for constructing the apparatus required and assisting 
in its assembly and in the observations, to Prof. A. Ogg for providing many 
facilities for the work, and to the South African Research Grant Board for a 
grant in aid. 

§9. Summary. 

(1) A description is given of the installation and equipment of a station for 
measurements in electrical meteorology, which has been established at Somerset 
East, Cape Province, South Africa. 


* Simpson, loe. cit. 


t W2, p. 113. 


t W2, p. 100. 
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(2) Observations have been made of the electric fields and field changes 
associated with 18 distant and S near thunderstorms. The sudden changes of 
field due to distant lightning discharges (> 8 km.) were predominantly negative 
in sign, those due to near discharges (<6 km.) predominantly positive. The 
relative frequencies of positive and negative changes were 1:5 in the former 
case and 4 ■ 3 :1 in the latter. The steady electric fields below the 5 near storms 
were all strongly negative. 

(3) It is shown that these results indicate that the thunderclouds were 
bi-polar in nature and that the polarity was generally, if not always, positive, 
the upper pole being positive and the lower polo negative. It is doubtful if 
any active storms of opposite polarity were observed at all. 

(4) The electric moments of the charges removed by 82 lightning discharges 
have been measured. The mean value is 94 coulomb-kilometres. 


The Quantum Theory of the Emission and Absorption of 

Radiation . 

By P. A. M. Dirac, St. John’s College, Cambridge, and Institute for 
Theoretical Physics, Copenhagen. 

(Communicated by N. Bohr, For Mem. R S.—Received February 2, 1927.) 

§ 1. Introduction mid Summary . 

The new quantum theory, based on the assumption that the dynamical 
variables do not obey the commutative law of multiplication, has by now been 
developed sufficiently to form a fairly complete theory of dynamics. One can 
treat mathematically the problem of any dynamical system composed of a 
number of particles with instantaneous forces acting between them, provided it 
is describable by a Hamiltonian function, and one can interpret the mathematics 
physically by a quite definite general method. On the other hand, hardly 
anything has been done up to the present on quantum electrodynamics. The 
questions of the correct treatment of a system in which the forces are propa¬ 
gated with the velocity of light instead of instantaneously, of the production of 
an electromagnetic field by a moving electron, and of the reaction of this field 
on the electron have not yet been touched. In addition, there is a serious 
difficulty in making the theory satisfy all the requirements of the restricted 
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principle of relativity, since a Hamiltonian function can no longer be used. 
This relativity question is, of course, connected with the previous ones, and it 
will be impossible to answer any one question completely without at the same 
time answering them all. However, it appears to be possible to build up a 
fairly satisfactory theory of the emission of radiation and of the reaction of 
the radiation field on the emitting system on the basis of a kinematics and 
dynamics which are not strictly relativistic. This is the main object of the 
present paper. The theory is non-relativistic only on account of the time 
being counted throughout as a c-number, instead of being treated symmetrically 
with the‘space co-ordinates. The relativity variation of mass with velocity 
is taken into account without difficulty. 

The underlying ideas of the theory are very simple. Consider an atom inter¬ 
acting with a field of radiation, which we may suppose for definiteness to be 
confined in an enclosure so as to have only a discrete set of degrees of freedom. 
Resolving the radiation into its Fourier components, we can consider the energy 
and phase of each of the components to be dynamical variables describing the 
radiation field. Thus if E r is the energy of a component labelled r and 0 r 
is the corresponding phase (defined as the time since the wave was in a standard 
phase), we can suppose each E r and 0 r to form a pair of canonically conjugate 
variables. In the absence of any interaction between the field and the atom, 
the whole system of field plus atom will be describable by the Hamiltonian 


H-2 r E r + H 0 (1) 

equal to the total energy, H 0 being the Hamiltonian for the atom alone, since 
the variables E r 0 r obviously satisfy their canonical equations of motion 




0 ' 0JS f L 


When there is interaction between the field and the atom, it could be taken into 
account on the classical theory by the addition of an interaction term to the 
Hamiltonian (1), which would be a function of the variables of the atom and of 
the variables E P , 0 f that describe the field. This interaction term would give 
the effect of the radiation on the atom, and also the reaction of the atom on the 
radiation field. 

In order that an analogous method may be used on the quantum theory, 
it is necessary to assume that the variables E„ 0 r are q-numbers satisfying 
the standard quantum conditions 0 f E f — E f 0 f = ih t etc., where h is (2*)"* 
times the usual Planck's constant, like the other dynamical variables of the 
problem. This assumption immediately gives light-quantum properties to 
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the radiation.* For if v r is the frequency of the component r, 27tv r 6 r is an 
angle variable, bo that its canonical conjugate E r /27tv r can only assume a 
discrete set of values differing by multiples of h 9 which means that E r can 
change only by integral multiples of the quantum (27tA) v r . If we now add an 
interaction term (taken over from the clasical theory) to the Hamiltonian (1), 
the problem can be solved according to the rules of quantum mechanics, and 
we would expect to obtain the correct results for the action of the radiation 
and the atom on one another. It will be shown that we actually get the correct 
laws for the emission and absorption of radiation, and the correct values for 
Einstein’s A’s and B’s. In the author’s previous theorywhere the energies 
and phases of the components of radiation were c-numbers, only the B’s could 
be obtained, and the reaction of the atom on the radiation could not be taken 
into account. 

It will also be shown that the Hamiltonian which describes the interaction 
of the atom and the electromagnetic waves can be made identical with the 
Hamiltonian for the problem of the interaction of the atom with an assembly 
of particles moving with the velocity of light and satisfying the Einstein-Bose 
statistics, by a suitable choice of the interaction energy for the particles. The 
number of particles having any specified direction of motion and energy, which 
can be used as a dynamical variable in the Hamiltonian for the particles, is 
equal to the number of quanta of energy in the corresponding wave in the 
Hamiltonian for the waves. There is thus a complete harmony between the 
wave and light-quantum descriptions of the interaction. We shall actually 
build up the theory from the light-quantum point of view, and show that the 
Hamiltonian transforms naturally into a form which resembles that for the 
waves. 

The mathematical development of the theory has been made possible by the 
author’s general transformation theory of the quantum matrices.J Owing 
to the fact that we count the time as a c-number, we are allowed to use the notion 
of the value of any dynamical variable at any instant of time. This value is 

* Similar assumptions have boon used by Bom and Jordan Z. f. Physik, 1 vol. 34, 
p. 886 (1925)] for the purpose of taking over the classical formula for the omission of radiation 
by a dipole into the quantum theory, and by Born, Heisenberg and .Iordan [‘ Z. f. Physik,’ 
vol. 35, p. 606 (1925)] for calculating the energy fluctuations in a field of black-body 
radiation. 

t * Roy. Soc. Proc.,’ A, vol. 112, p. 661, § 5 (1926). This is quoted later by, he, cit t9 1. 

t * Roy. Soo. Proc.,* A, vol. 113, p. 621 (1927). This is quoted later by he, cit., II. An 
essentially equivalent theory has been obtained independently by Jordan [*Z. f. Physik,’ 
vol. 40, p. 809 (1927)]. See also, F. London, * Z. f. Physik,’ vol. 40, p. 193 (1926). 
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a q-number, capable of being represented by a generalised “ matrix ” according 
to many different matrix schemes, some of which may have continuous ranges 
of rows and columns, and may require the matrix elements to involve certain 
kinds of infinities (of the type given by the 8 functions*). A matrix scheme can 
be found in which any desired set of constants of integration of the dynamical 
system that commute are represented by diagonal matrices, or in which a set of 
variables that commute are represented by matrices that are diagonal at a 
specified timc.f The values of the diagonal elements of a diagonal matrix 
representing any q-number are the characteristic values of that q-number. A 
Cartesian co-ordinate or momentum will in general have all characteristic values 
from — oo to + 00 > while an action variable has only a discrete set of character¬ 
istic values. (We shall make it a rule to use unprimed letters to denote the 
dynamical variables or q-numbers, and the same letters primed or multiply 
primed to denote their characteristic values. Transformation functions or eigen¬ 
functions are functions of the characteristic values and not of the q-numbers 
themselves, so they should always bo written in terms of primed variables.) 

If/(!;, 73 ) is any function of the canonical variables !;*, the matrix repre¬ 
senting/ at any time t in the matrix scheme in which the £* at time t are diagonal 
matrices may be written down without any trouble, since the matrices repre¬ 
senting the 5 * and 7 ) fc themselves at time t are known, namely. 




7)*($T) = -ih 8 (5 t '-5i'>• • • 8 S'($*'-5*7s&+i'- W') J 


1 , 


•( 2 ) 


Thus if the Hamiltonian II is given as a function of the ^ and r ik9 we can at 
once write down the matrix 11(5' £"). Wo can then obtain the transformation 
function, (57°0 Ha y> which transforms to a matrix scheme (a) in which the 
Hamiltonian is a diagonal matrix, as (<;'/ a ) rnust satisfy the integral equation 

jH (m t *5' (57«') = W (a'). (57oO. (3) 

of which the characteristic values W(a') are the energy levels. This equation 
is just Schrodinger’s wave equation for the eigenfunctions fa') f which becomes 
an ordinary differential equation when H is a simple algebraic function of the 


* Loc. tit. IT, § 2. 

t One can have a matrix scheme in which a set of variables that commute are at all times 
represented by diagonal matrices if one will sacrifice the condition that the matrices must 
satisfy the equations of motion. The transformation function from such a scheme to one 
in which the equations of motion are satisfied will involve the time explicitly. See p. 628 
in loc. tit., II. 
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J^aml/^oa account of the special equations (2) for the matrices representing 
£* and vj 4 . Equation (3) may be written in the more general form 

Jh aT) dl* (57*') = ih ? (r/a')/3/, (3') 

in which it can be applied to systems for which the Hamiltonian involves the 
time explicitly. 

One may have a dynamical system specified by a Hamiltonian H which 
cannot be expressed as an algebraic function of anv set of canonical variables, 
but which can all tho same be represented by a matrix H(£'£"). Such a problem 
can still be solved by the present method, since one can still use equation (3) 
to obtain the energy levels and eigenfunctions. We shall find that the Hamilto¬ 
nian which describes the interaction of a light-quantum and an atomic system is 
of this more general type, so that the interaction can be treated mathematically, 
although one cannot talk about an interaction potential energy in the usual 
sense. 

It should be observed that then* is a difference between a light-wave and the 
do Broglie or Schrbdinger wave associated with the light-quanta. Firstly, the 
light-wave is always real, while the de Broglie wave associated with a light- 
quantum moving in a definite direction must be taken to involve an imaginary 
exponential. A more important difference is that their intensities are to be 
interpreted in different ways. The number of light-quanta per unit volume 
associated with a monochromatic light-wave equals the energy per unit volume 
of the wave divided by the energy (2:rA)v of a single light-quantum. On the 
other hand a monochromatic de Broglie wave of amplitude a (multiplied into 
the imaginary exponential factor) must be interpreted as representing a 2 light- 
quanta per unit volume for all frequencies. This is a special case of the general 
rule for interpreting the matrix analysis,* according to which, if (£7°0 or 
tya* (£* # ) is the eigenfunction in the variables of the state a' of an atomic 
system (or simple particle), I tjv (c*,')l 2 the probability of each ^ having the 
value St', [or | <|v(5j/) 1 2 tf i** the probability of each lying between 

the values and 5*' -} tfJ;*', when the have continuous ranges of character¬ 
istic values] on the assumption that all phases of the system are equally probable. 
The wave whose intensity is to be interpreted in the first of these two ways 
appears in the theory only when one is dealing with an assembly of the associated 
particles satisfying the Einstein-Base statistics. There is thus no such wave 
associated with electrons. 


* I<oc. dL. II, §§ 6, 7. 



248 


P. A. M. Dirac. 


§2. The Perturbation of an Assembly of Independent Systems . 

We shall now consider the transitions produced in an atomic system by an 
arbitrary perturbation. The method we shall adopt will be that previously 
given by the author,f which leads in a simple way to equations which determine 
the probability of the system being in any stationary state of the unperturbed 
system at any time.J This, of course, gives immediately the probable number 
of systems in that state at that time for an assembly of the systems 
that are independent of one another and are all perturbed in the same way. 
The object of the present section is to show that the equations for the rates 
of change of these probable numbers can be put in the Hamiltonian form in a 
simple manner, which will enable further developments in the theory to be 
made. 

Let H 0 be the Hamiltonian for the unperturbed system and V the perturbing 
energy, which can be an arbitrary function of the dynamical variables and may 
or may not involve the time explicitly, so that the Hamiltonian for the perturbed 
system is H = H 0 + V. The eigenfunctions for the perturbed system must 
satisfy the wave equation 

ih S<]*/& = (H 0 + V) 

where (H 0 + V) is an operator. If <p = S,a f <p f is the solution of this equation 
that satisfies the proper initial conditions, where the vp/s are the eigenfunctions 
for the unperturbed system, each associated with one stationary state labelled 
by the suffix r, and the a/s are functions of the time only, then I a r 1 2 is the prob¬ 
ability of the system being in the state r at any time. The a/s must bo nor¬ 
malised initially, and will then always remain normalised. The theory will 
apply directly to an assembly of N similar independent systems if we multiply 
each of these a/s by N i so as to make | a r \ 2 = N. We shall now have that 
| a f | a is the probable number of systems in the state r. 

The equation that determines the rate of change of the a/s is§ 

ihd T = S.V„a„ (4) 

where the V f /s are the elements of the matrix representing V. The conjugate 
imaginary equation is 

- ihd* = S,V„W = wv r (4') 

t Loc. cit. I. 

X The theory has recently been extended by Bom [ ( Z. f. Physik,’ vol. 40, p. 107 (1926)] 
•o as to take into aocount tho adiabatic changes in the stationary states that may be 
produced by the perturbation as well as the transitions. This extension is not used in 
the present paper. 

s hoc . cit., I, equation (25). 
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If we regard a r and ih a r * as canonical conjugates, equations (4) and (4') take 
the Hamiltonian form with the Hamiltonian function F A = 
namely, 

da T _ 3F t da r * _ _ 3F a 

dt ih 3tt r * eft 3a f 


We can transform to the canonical variables N f , <f> r by the contact trans¬ 
formation 

a r — N r i e” # * ,/A , a* — N r J e'^ /A . 


This transformation makes the new variables N r and <£ r real, N r being equal 
to a/i* — |a r | a , the probable number of systems in the state r , and ^ r /A 
being the phase of the eigenfunction that represents them. The Hamiltonian 
Fj now becomes 

F, = Z ra V r8 


and the equations that determine the rate at which transitions occur have the 
canonical form 




__ 0Fi __ 3F 1 
d<t> r ' 0f 3N/ 

A more convenient way of putting the transition equations in the Hamiltonian 
form may be obtained with the help of the quantities 


h r - a r v * Wr * A , b* — a* 


W r being the energy of the state /*. We have \b r | a equal to | a r | 2 , the probable 
number of systems in the state r. For b r we lind 


ih b T = W Jb r | iha r e A 

= WA 


with the help of (4). If we put V f4 , — r fS «' (W ' W,RA , so that is a constant 
when V does not involve the time explicitly, this reduces to 

ihb r - WA + ivvA 

SJI r A. (5) 

where H rg = W r 8 fi *(- ^hieli is a matrix element of the total Hamiltonian 
H = H 0 + V with the time factor «* (W'-w-) 4 /* removed, so that TI„ is a constant 
when H does not involve the time explicitly. Equation (5) is of the same form 
as equation (4), and may be put in the Hamiltonian form in the same way. 

It should be noticed that equation (6) is obtained directly if one writes down 
the Schrodinger equation in a set of variables that specify the stationary states 
of the unperturbed system. If these variables are and if Hf^'i;") denotes 
VOL. cxiv.— A. 


s 
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a matrix element of the total Hamiltonian H in the (5) scheme, this 
Schrodinger equation would be 

aa+oai-SrHffvi + iF), (6) 

like equation (S'). This differs from the previous equation (5) only in the 
notation, a single suffix r being there used to denote a stationary state instead 
of a set of numerical values for the variables 5*, and b r being used instead 
of (£'). Equation (6), and therefore also equation (5), can still be used when 
the Hamiltonian is of the more general type which cannot be expressed as an 
algebraic function of a set of canoniai variables, but can still be represented 
by a matrix II (S'JT) or H ril . 

We now take b r and ihb* to be canonically conjugate variables instead of 
a r and ih a*. The equation (5) and its conjugate imaginary equation will 
now take the Hamiltonian form with the Hamiltonian function 

K — 2, A* H r A. (7) 

Proceeding as before, we make the contact transformation 

b r = ^e^ h , 6* = N,V*'\ (8) 


to the new canonical variables N r , 0 ri where N r is, as before, the probable 
number of systems in the state r, and 0 r is a new phase. The Hamiltonian F 
will now become 


F 


2„H f .N r ‘N,‘e“* 


-«.)/* 

J 


and the equations {or the rates of change of N r and 0 r will take the canonical 
form 





3F 

bn; 


The Hamiltonian may be written 


F = S,W f N, -|- N r * N,* e*<*'-***. 


(9) 


The first term 2 r W r N r is the total proper energy of the assembly, and the 
second may be regarded as the additional energy due to the perturbation. If 
the perturbation is zero, the phases 6 r would increase linearly with the time, 
while the previous phases <f>, would in this case be constants. 


§3. The Perturbation of an Assembly satisfying the Einstein-Bose Statistics. 

According to the preceding section we can describe the effect of a perturba¬ 
tion on an assembly of independent systems by means of canonical variables 
and Hamiltonian equations of motion. The development of the theory which 
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naturally suggests itself is to make theBe canonical variables q-numbers satisfy¬ 
ing the usual quantum conditions instead of c-numbers, so that their Hamilto¬ 
nian equations of motion become true quantum equations. The Hamiltonian 
function will now provide a Schrodinger wave equation, which must be solved 
and interpreted in the usual manner. The interpretation will givo not merely 
the probable number of systems in any state, but the probability of any given 
distribution of the systems among the various states, this probability being, 
in fact, equal to the square of the modulus of the normalised solution of the 
wave equation that satisfies the appropriate initial conditions. We could, of 
course, calculate directly from elementary considerations the probability of 
any given distribution when the systems are independent, as we know the 
probability of each system being in any particular state. We shall find that the 
probability calculated directly in this way does not agree with that obtained 
from the wave equation except in the special case when there is only one system 
in the assembly. In the general case it will be shown that the wave equation 
leads to the correct value for the probability of any given distribution when 
the systems obey the Einstein-Bose statistics instead of being independent. 

Wo assume the variables b n ihb* of §2 to be canonical q-numbers satisfying 
the quantum conditions 

h f . ih b* -- ihb* . b f — ih 
or bjb* — b*b r = 1, 

and bjb g — bjb T — 0, b*b* -- b*b r * — 0, 

6A* — b*b r ~ 0 (s 5 * r). 

The transformation equations (8) must now be written in the quantum form 

b r = (N r + l) 1 e—' !h =* 
b* ~ N r l c t#,,A = e ?i,/ *(N r + l) 4 , 

in order that the N f , 0 r may also be canonical variables. These equations 
show that the N r can have only integral characteristic values not less than 
zero,| which provides us with a justification for the assumption that the 
variables are q-numbers in the way we have chosen. The numbers of systems 
in the different states are now ordinary quantum numbers. 

t See § 8 of the author's paper 4 Roy. Soo. Proc.,* A, vol. Ill, p. 281 (1026). WhAt are 
there oalled the c-number values that a q-number can take are here given the more precise 
name of the characteristic) values of that q-number. 

8 2 




252 


P. A. M. Dirac. 


The Hamiltonian (7) now becomes 

F = S,A*H,A = S„N>*'»H„(N, + 

= £„H„N r » (N, + 1 - 8„)ie‘<•'-*><* (11) 

in which the H r , are still c-numbers. We may write this F in the form corre¬ 
sponding to (9) 

F = 2,W,N, + S„tv.N r * (N. +1 - $„)> (IF) 

in which it is again composed of a propor energy term 2) r W r N r and an inter¬ 
action energy term. 

The wave equation written in terms of the variables N, isf 

ih | * (N,' t N 2 ', N/ ...) = Ft{i (N/, N 2 ', N 3 ' ...), (12) 


where P is an operator, each f) r occurring in F being interpreted to moan ih 3/3N/. 
I! we apply the operator e* i$flh to any function /(N/, N 2 ', ... N/, ...) of the 
variables N/, N 2 ', ... the result is 


N 2 ', ... N/, ... ) = e w/(N/, N/, ... N/ ... ) 
= /<N/. N 2 \ ... N/ T 1, ... ). 


If we use this rule in equation (12) and use the expression (11) for P we obtain^ 

»!<MN/.N/, N,'...) 

- 1I„N/* (N/ + 1 - *„)> * (N/. N,' ... N/ - 1,... N,' + 1,...). (13) 


w e see from the right-hand side of this equation that in the matrix repre¬ 
senting P, the term in P involving r* (Bf ‘ it)lh will contribute only to 
those matrix elements that refer to transitions in which N r decreases 
by unity and N* increases by unity, i.f\, to matrix elements of the type 
P(N/ # N a '... N/... N/ ; N/, N a ' ... N/ - 1 ... N/ + 1 ...). If we find a 
solution N 2 ' ...) of equation (111) that is normalised one for which 

Sy.'.N/ l^(N,', N/ ...)| 2 = 1] and that satisfies the proper initial con¬ 
ditions, then I ^ (N/, N 2 ' ...) I 2 will be the probability of that distribution in 
which N/ systems are in state 1, N 2 ' in state 2, ... at any time. 

Consider first the case when there is only one system in the assembly. The 
probability of its being in the state q is determined by the eigenfunction 

t Wo are supposing for dofimteness that the label r of the stationary states takes the 
values 1, 2, 3. 

J When* — r»^(N l ',N a / ...N/ — 1... N + 1) is to be taken to meaner(N/N/... N/...), 
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N 2 ', ...) in which all the N”s are put equal to zero except N g ', which ia 
put equal to unity. Thia eigenfunction we shall denote by <|* {?}• When it is 
substituted in the left-hand side of (13), all the terms in the summation on 
the right-hand side vanish except those for which r = q, and we arc left with 

which is the same equation as (5) with ^ { 7 } playing the part of 6 „. This estab¬ 
lishes the fact that the 1 present theory is equivalent to that of the preceding 
section when there is only one system in the assembly. 

Now take the general case of an arbitrary number of systems in the assembly, 
and assume that they obey the Einstein-Rose statistical mechanics. This 
requires that, in the ordinary treatment of the problem, only those eigen¬ 
functions that are symmetrical between all the systems must be taken into 
account, these eigenfunctions being by themselves sufficient to give a complete 
quantum solution of the problem.'!' We shall now obtain the equation for the 
rate of change of otic of these symmetrical eigenfunctions, and show that it is 
identical with equation (13). 

Tf we label each system with a number n , then the Hamiltonian for the 
assembly will be H A - iI #( H (//), where H (w) is the II of §2 (equal to H 0 + V) 
expressed in terms of the variables of the nth system. A stationary state of 
the assembly is defined by the numbers r v r z ... r n ... which are the labels of the 
stationary states in which the separate systems lie. The Schrodinger equation 
for the assembly in a set of variables that specify the stationary states will be 
of the form ( 6 ) |with H A instead of II], and we can write it in the notation of 
equation (5) thus: - 

...) —- Ha(* 1*2 ••• » * 1*2 ••■) h(14) 

where H A (/y 2 . . ; .s r s 2 ...) is the general matrix element of H A [with the time 
factor removed]. This matrix element vanishes when more than one s n differs 
from the corresponding r n ; equals ll rm9m when s m differs from r m and every 
other s n equals /„ ; and equals iI n H riir „ when every s n equals r H . Substituting 
these values in (14), we obtain 

%h b (r^f 2 ...) = (/*j/g • ■ • lVw41 ***) "f" (1®) 

We must now restrict b {r x r % ...) to be a symmetrical function of the variables 
r v r a ... in order to obtain the Einstein-Bose statistics. This is permissible 
since if 6 (r x r 2 ...) is symmetrical at any time, then equation (15) shows that 


t Jjoc. riL, I, § 3. 
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b(r x r 2 ...) is also symmetrical at that time, so that b (r x r 2 ...) will remain 
symmetrical. 

Let N r denote the number of systems in the state r. Then a stationary state 
of the assembly describable by a symmetrical eigenfunction may be specified 
by the numbers Nj, N 2 ... N f ... just as well as by the numbers r v r % ... r n ...» 
and we shall be able to transform equation (15) to the variables N lt N a .... 
We cannot actually take the new eigenfunction b (N lf N a ...) equal to the pre¬ 
vious one b (r x r 2 ...), but must take one to be a numerical multiple of the 
other in order that each may be correctly normalised with respect to its 
respective variables. We must have, in fact, 

I*r, . | b (r, r 2 ...) |«> = 1 = S,.n. .. | b (N„ N 2 ...)| a , 

and hence we must take | b (N lf N 2 ...) | 2 equal to the sum of | b (r x r 2 ...) | 2 for 
all values of the numbers r v r 2 ... such that there are N x of them equal to 1, N a 
equal to 2, etc. There are N I/N x ! N 2 ! ... terms in this sum, where N = 
is the total number of systems, and they are all equal, since is a 

symmetrical function of its variables r 1% r 2 .... Hence we must have 

6(N lf N 2 ...) - (N l/N, ! N 2 ! ...)* &(v 2 ...). 


If we make this substitution in equation (15), the left-hand side will become 
ih (Nj! N 2 ! ... /N !)* 6 (Nj, N a ...). The term (Va ... r„_i s m r mi .i ...) 

in the first summation on tlic right-hand side will become 

[NJN 2 l...(N r -l)!...(N tf +l)!.../N!]‘II r ^(N^N 2 ...N r -l...N,+l...), (16) 


where we have written r for r m and s for s m . This term must be summed for 
all values of s except r, and must then bo summed for r taking each of the values 
r v r 2 .... Thus each term (16) gets repeated by the summation process until 
it occurs a total of N r times, so that it contributes 

NrlNjl N t t... <N r - 1)!... (N,+l)l .../N!]* H,/> (N„N a ...N f —1 ...N.+ 1...) 

= N,‘(N.+ l) 1 (N 2 ! N a ! ...IS !) 1 H„6(N„N 2 ... N f -1... N. +1...) 


to the right-hand side of (15). Finally, the term 2* (r L , r 2 ...) becomes 

OTk• b (v 4 ...) = S^rr. (N t ! N,! ...fS !)* b (N,, N, 

Hence equation (15) becomes, with the removal of the factor (N t 1 N 2 1.../N ')*, 

ihb (N lf N,...) = 2,2,*, N, 1 (N.+1)»H ri 6(N x ,N,... N f -1...N, +1...) 

+ 2^^^, Nj...), (17) 
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which is identical with (13) [except for the fact that in (17) the primes have 
been omitted from the N’s, which is permissible when we do not require to refer 
to the N’s as q-numbers]. We have thus established that the Hamiltonian 
(11) describes the effect of a perturbation on an assembly satisfying the Einstein- 
Bose statistics. 


§ 4. The Reaction of the Assembly on the Perturbing System . 

Up to the present wo have considered only perturbations that can be repre¬ 
sented by a perturbing energy V added to the Hamiltonian of the perturbed 
system, V being a function only of the dynamical variables of that system and 
perhaps of the time. The theory may readily be extended to the case when 
the perturbation consists of interaction with a perturbing dynamical system, 
the reaction of the perturbed system on the perturbing system being taken 
into account. (The distinction between the perturbing system and the per¬ 
turbed system is, of course, not real, but it will be kept up for convenience.) 

We now consider a perturbing system, described, say, by the canonical 
variables J A , to A , the J’s being its first integrals when it is alone, interacting 
with an assembly of perturbed systems with no mutual interaction, that satisfy 
the Einstein-Bose statistics. The total Hamiltonian will be of the form 


H t - H p (J) + S tt H(n), 


where H p is the Hamiltonian of the perturbing system (a function of the J’s 
only) and H (n) is equal to the proper energy H 0 (ft) plus the perturbation energy 
V(n) of the wth system of the assembly. H {n) is a function only of the variables 
of the nth system of the assembly and of the J’s and w’s, and does not involve 
the time explicitly. 

The Schrodinger equation corresponding to equation (14) is now 


ihb (J , ...) — iy» a H r (J , r x r %... \ J ,^5j...) i(J 


in which the eigenfunction 6 involves the additional variables J*'. The matrix 
element H T (J', r x r 2 ...; J", ...) is now always a constant. As before, it 

vanishes when more than one s n differs from the corresponding r n . When 
8 m differs from r m and every other $ n equals r n , it reduces to H (JV m ; J*s m )> 
which is the ( JV m ; J"# m ) matrix element (with the time factor removed) of 
H =* H 0 + V, the proper energy plus the perturbation energy of a single 
system of the assembly; while when every s n equals r nf it has the value 
H P + S„H (JV„; J"r n ). If, as before, we restrict the eigenfunctions 
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to be symmetrical in the variables r v r 2 we can again transform to the 
variables N,, N 2 .... which will lead, as before, to the result 

N,\ N a '...) = H P (J') b (J', N'j, N/ ...) 
+S J „S r ..N/»(N/-f-l-SJ‘H(JV; J*a)6(J',N/,N 1 '...N/-l...N/ +1...) (18) 

This is the Schrddingcr equation corresponding to the Hamiltonian function 
b' = Tl P (J) + (N. + (19) 

in which H„ is now a function of the J’s and w' s, being such that when repre¬ 
sented by a matrix in the (J) scheme its (J' J") element is H (.TV; JV). (It 
should be noticed that H f ,still commutes with the Ns and Os.) 

Thus the interaction of a perturbing system and an assembly satisfying the 
Einstein-Base statistics can be described by h Hamiltonian of the form (19). 
We can put it in the form corresponding to (11') by observing that the matrix 
element H (JV ; J7) is composed of the sum of two parts, a part that comes 
from the proper energy H ft , which equals W r when = i L ' and s — r and 
vanishes otherwise, and a part that comes from the interaction energy V, 
which may be denoted by r(J7 : J7). Thus wo shall have 

H„ - Wr Kt + V rn 

where v rt is that function of the J’s and w s which is represented by the matrix 
whose (J' J*) element is v (.TV ; J7), and so (19) becomes 

F ^ Hi»(J) fSM + Sr.a 1 (N a + (20) 

The Hamiltonian is thus the sum of the proper energy of the perturbing system 
Hp (J), the proper energy of the perturbed systems X r \V r N r and the perturba¬ 
tion energy E flt v w N f * (N, -f 1 — 8J 4 e t{9, ~ $t)ih . 

§ B. Theory of Transitions m a System from On# State to Others of the Same Energy . 

Before applying the results of the preceding sections to light-quanta, we 
shall consider the solution of the problem presented by a Hamiltonian of the 
type (19). The essential feature of the problem is that it refers to a dynamical 
system which can, under the influence of a perturbation energy which does 
not involve the time explicitly, make transitions from one state to others of 
the same energy. The problem of collisions between an atomic system and an 
electron, which has been treated by Born,* is a special case of this type. Bom’s 
method is to find a periodic solution of the wave equation which consists, in 
so far as it involves the co-ordinates of the colliding electron, of plane waves, 

* Born, • Z. f. Phyaik,’ vol. 38, p. 803 (1026). 
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representing .the incident electron, approaching the atomic system, which are 
scattered or diffracted in all directions. The square of the amplitude of the 
waves scattered in any direction with any frequency is then assumed by Born 
to be the probability of the electron being scattered in that direction with 
the corresponding energy. 

This method does not appear to be capable of extension in any simple manner 
to the general problem of systems that make transitions from one state to others 
of the same energy. Also there is at present no very direet and certain way 
of interpreting a periodic solution of a wave equation to apply to a non-periodic 
physical phenomenon such as a collision. (The more definite method that 
will now be given show's that Burn's assumption is not quite right, it being 
necessary to multiply the square of the amplitude by a certain factor.) 

An alternative method of solving a collision problem is to find a mm-periodic 
solution of the wave equation which consists initially simply of plane waves 
moving over the whole of space in the necessary direction with the necessary 
frequency to represent the incident electron. In course of time waves moving 
in other directions must appear in order that the wave equation may remain 
satisfied. The probability of the electron being scattered in any direction with 
any energy will then he determined by the rate of growth of the corresponding 
harmonic component of these waves. The w'ay the mathematics is to be 
interpreted is by this method quite definite, being the same as that of the 
beginning of §2. 

We shall apply this method to the general problem of a system w r hieh makes 
transitions from one state to others of the same energy under the action of a 
perturbation. Let II 0 be the Hamiltonian of the unperturbed system and 
V the perturbing energy, which must not involve the time explicitly. If we 
take the case of a continuous range ol stationary states, specified by the first 
integrals, a* say, of the unperturbed motion, then, following the, method of 
§ 2, we obtain 

iAa(a') ■= | V(a'a") da" . <z(a"), (21) 

corresponding to equation (4). The probability of the system being in a state 
for which each a* lies between a/ and a/+ da*' at any time is|a (a'J^da^ . da 2 ' ... 
when tt(a') is properly normalised and satisfies the proper initial conditions. 
If initially the system is in the state a 0 , we must take the initial value of a (a') 
to be of the form a 0 . 8 (a' *— a 0 ). We shall keep o° arbitrary, as it would be 
inconvenient to normalise a (a') in the present case. For a first approximation 
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wc may substitute for a (a") in the right-hand side of (21) its initial value. This 
gives 

iha( a') = a°V(a'a°) = a°y (a'a°) c* * w w 

where v (a'a°) is a constant and W (a') is the energy of the state oc'. Hence 

„i(W W)-\S{*«))t}h _ i 

*,«)-**« <®> 

For values of the a*' such that W (a') differs appreciably from W (a 0 ), a (a') 
is a periodic function of the time whose amplitude is small when the perturbing 
energy V is small, so that the eigenfunctions corresponding to these stationary 
states are not excited to any appreciable extent. On the other hand, for values 
of the a fc ' such that W (a') — W (a 0 ) and a*,' ^ a fc ° for some k , a (a') increases 
uniformly with respect to the time, so that the probability of the system being 
in the state a' at any time increases proportionally with the square of the time. 
Physically, the probability of the system being in a state with exactly the same 
proper energy as the initial proper energy W (a 0 ) is of no importance, being 
infinitesimal. We are interested only in the integral of the probability 
through a small range of proper energy values about the initial proper energy, 
which, as wo shall find, increases linearly with the time, in agreement with the 
ordinary probability laws. 

We transform from the variables x 2 ... a H to u set of variables that are 
arbitrary independent functions of the as such that one of them is the proper 
energy W, say, the variables W, y lf y 2 , ... y u 1 . The probability at any time 
of the system lying in a stationary state for which each y k lies between y/ and 
Yk + dy k w now (apart from the normalising factor) equal to 

2 £( a i » a 2 ••• 

9(W', y/.-.y^i') 

For a time that is large compared with the periods of the system we shall find 
that practically the whole of the integral in (23) is contributed by values of 
W' very close to W° = W (a 0 ). Put 

a (a') = a (W', y') and 3 (a/, a 2 ' ... a tt ')/0 (W', Yl ' ... y tt _i') = J <W', y'). 
Then for the integral in (23) we find, with the help of (22) (provided y^ y*° 
for some 4) 

11«(W', y') | 2 J (W f , y') dw 

^ r. r^ov'-w 0 )^ n iv-<<w'-w*)«/a n 

= |«°! a j|«(W', T '; W°,y°)|* J(W\ y') [ -- 

= 2 1 o° I* J I v ( W',y' ; W°,Y°)|» J(W',y')[ 1 - cos(W'—W°) t/h] /(W'—W 0 )*.iW' 

= 2 | o° I* t/h . j|«(W° j-hx/t,Y) W°,y°)| a J(W°+ hx/t , Y ')(1 — cosx)/x*. dx. 


( hi ■ df 2 ’ ... rfY« / I «(=0 


(23) 



Emission and Absolution of Radiation. 


259 


if one makes the substitution (W'—W°)</A = x. For large values of t this 
reduces to 

2\a°\*tlh.\v (W°, y'; W°, y°) | 2 J (W°, y') |" (l-oos x)/x* . dr 

= 2n | a 0 1 2 tjh. \ v (W°, y' ; W°, y°) |* J (W°, y'). 
The probability per unit time of a transition to a state for which each y* lies 
between y*' and y fc ' + dy k ' is thus (apart from the normalising factor) 

2tt | a 0 1■/* . | v (W°, y'; W* y°) | 2 J (W°, y') rfy/ . <Zy 2 '... dy u Y, (24) 

which is proportional to the square of the matrix element associated with that 
transition of the perturbing energy. 

To apply this result to a simple collision problem, we take the a’s to be the 
components of momentum p^ p v , p t of the colliding electron and the y's to 
be 0 and <f >, the angles which determine its direction of motion. If, taking the 
relativity change of mass with velocity into account, we let P denote the 
resultant momentum, equal to (p* j- p y 2 + p, 2 )*, and E the energy, equal to 
(wiV+P^ 2 ) 4 ! of the electron, m being its rest-mass, we find for the Jacobian 

9 (i, 0, <f>) c 1 

Thus the J (W°, y') of the expression (24) has the value 

J(W°,y')-E / P'sin 0'/<* (2R) 

where E' and P' refer to that value for the energy of the scattered electron which 
makes the total energy equal the initial energy W° (i.e., to that value required 
by the conservation of energy). 

We must now interpret the initial value of a (a'), namely, a 0 8 (a' — a"), 
which we did not normalise. According to §2 the wave function in terms of the 
variables oc* is b (a') a (a') c~ xyit:h , so that its initial value is 

a 0 8 (a' — a 0 ) eT iWth -= a 0 8(p/ — p x °) 8 (p/ — p") 8 (pJ — p z °) e ,u f \ 

If we use the transformation function* 

(x7p')^(27rA)- :, V s ^' v '* > 
and the transformation rule 


+ (*') = jV/p') «!»(p') dp* dp v ' dp 


we obtain for the initial wave function in the co-ordinates x, y, z the value 

a 0 (2 tt 


* The symbol x is used for brevity to denote x, y, z. 
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This corresponds to an initial distribution of j a 0 1 2 (2 tcA)“ 3 electrons per unit 
volume. Since their velocity is PV/E 0 , the number per unit time striking a 
unit surface at right-angles to their direction of motion is j o° | 8 P°c 2 /(2 nh)* E°. 
Dividing this into the expression (24) we obtain, with the help of (25), 

•lit 2 (2nA) 2 | v (;/; p") | 2 sin 0' dtf d<f>\ (26) 

C 1 

This is the effective area that must be hit by an electron in order that it shall 
be scattered in the solid angle sin 6' d 0' d<f> 9 with the energy E'. This result 
differs by the factor (2nh)*/2mK' . P'/l >0 from Born’s.* The necessity for the 
factor P'/P° in (26) could have been predicted from the principle of detailed 
balancing, as the factor | r (j/; y#°)|* is symmetrical between the direct and 
reverse processes.^ 

§6. Application to Lujht-Quanta. 

We shall now apply the theory of §4 to the ease when the systems of the 
assembly are light-quanta, the theory being applicable to this case since light- 
quanta obey the Einstein-Bose statistics and have no mutual interaction. A 
light-quantum is in a stationary state when it. is moving with constant momen¬ 
tum in a straight line. Thus a stationary state r is fixed by the three com¬ 
ponents of momentum of the light-quantum and a variable that specifies its 
state of polarisation. We shall work cm the assumption that there are a finite 
number of these stationary states, lying very close to one another, as it would 
be inconvenient to use continuous ranges. The interaction of the light-quanta 
with an atomic system will be described by ft Hamiltonian of the form (20), 
in winch H P (J) is the Hamiltonian for the atomic system alone, and the 
coefficients v rn are for the present unknown. We shall show f that this form 
for the Hamiltonian, with the v n arbitrary, leads to Einstein’s laws for the 
emission and absorption of radiation. 

The light-quantum has the peculiarity that it apparently ceases to exist 
when it is in one of its stationary states, namely, the zero state, in which its 
momentum, and therefore also its energy, are zero. When a light-quantum 
is absorbed it can be considered to jump into this zero state, and when one is 
emitted it ran be considered to jump from the zero state to one in which it is 

* In ft more recent paper (* Nochr. Gesell. d. Wiss.,’ Gottingen, p. 146 (1926)) Born has 
obtained & result in agreement with that of the present paper for non-relativity mechanics, 
by using an interpretation of the analysis based on the conservation theorems. I am 
indebted to Prof. N. Bohr for seeing an advance copy of this work. 

t See Klein and Kosseland, * Z. f. Physik,’ vol. 4, p. 46, equation (4) (1021). 
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physically in evidence, so that it appears to have been created. Since there is 
no limit to the number of light-quanta that may be created in this way, we must 
suppose that there arc an infinite number of light-quanta in the zero state, so 
that the N 0 of the Hamiltonian (20) is infinite. We must now have 0 U . the 
variable canonically conjugate to N 0 , a constant, since 

6 0 — 3F/clN 0 =- \V 0 + terms involving N 0 • or (N 0 + l) -4 

and W 0 is zero. In order that the Hamiltonian (20) may remain finite it is 
necessary for the coefficients r ,«, v 0r to be infinitely small. We shall suppose 
that they arc infinitely small in such a way as to make r M) N 0 * and i? 0 ,N 0 * 
finite, in order that the transition probability coefficients may be finite. Thus 
we put 

IU (No 4-1 ) 4 — »„ ^OfN 0 ^ ,#o ^ — r*, 

where v T und r* are finite and conjugate imagirmrics. We may consider the 
v, and v r * to be functions only of the J’s and id's of the atomic system, since 
their factors (N 0 -f l) 1 e - ' 9 ”* and are practically constants, the rate 

of change of N 0 being very small compared with N 0 . The Hamiltonian (20) 
now becomes 

F - H P (.l) + 2,W,N, + S rft0 LivN r ‘e*' h | , V *(N, | 

+ (N, |-1 - $ r5 )>e l (27) 

The probability of a transition in which a light-quantum in the state i* is 
absorbed is proportional to the square of the modulus of that matrix elemeut of 
the Hamiltonian which refers to this transition. ThiH matrix element must 
come from the term v r N r 4 c^’ /ft in the Hamiltonian, and must therefore be 
proportional to N/* where N/ is the number of light-quanta in state >* before 
the process. The probability of the absorption process is thus proportional 
to N/. In the same way the probability of a light-quantum in state /* being 
emitted is proportional to (N/ + 1), and the probability of a light-quantum in 
state r being scattered into state .v is promotional to N/ (N/ + 1). Radiative 
processes of the more general type considered by Einstein and Ehrenfest.f in 
which more than one light-quantum take part simultaneously, are not allowed 
on the present theory. 

To establish a connection between the number of light-quanta per stationary 
state and the intensity of the radiation, we consider an enclosure of finite 
volume, A say, containing the radiation. The number of stationary states 
for light-quanta of a given type of polarisation whose frequency lies in the 
t ‘ Z. f. Physik,* vol. 19, p. 301 (1023). 
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range v, to v f + rfv r and whose direction of motion lies in the solid angle dco r 
about the direction of motion for state r will now be Av/Wv^e^/c? 1 . The energy 
of the light-quanta in those stationary states is thus N/ . 2nhv r . Av f Vv/iw r /<?. 
This must equal Ac” 1 I^iv f dto f , where l f is the intensity per unit frequency 
range of the radiation about the state r. Hence 

I,-N/(2t zhW/<*, (28) 

so that N/ is proportional to I f and (N/ + 1) is proportional to l r + (27rA)v, 8 /c®. 
We thus obtain that the probability of an absorption process is proportional to 
I r , the incident intensity per unit, frequency range, and that of an emission 
process is proportional to T r + (2Tcfc)v f 3 /c 2 , which are just Einstein’s laws.* 
In the same way the probability of a process in which a light-quantum is scattered 
from a state r to a state s is proportional to T f [I, + (27rfe)v r 3 /c a ], which is Pauli s 
law for the scattering of radiation by an electron.*)' 

§7. The Probability Coefficients for Emission and Absorption. 

We shall now consider the interaction of an atom and radiation from the wave 
point of view. We resolve the radiation into its Fourier components, and 
suppose that their number is very large but finite. Let each component be 
labelled by a suffix r, and suppose there are o f components associated with the 
radiation of a definite type of polarisation per unit solid angle per unit fre¬ 
quency range about the component r. Each component r can be described by 
a vector potential < r chosen so as to make the scalar potential zero. The 
perturbation term to be added to the Hamiltonian will now be, according to 
the classical theory with neglect of relativity mechanics, c' 1 S r « r X*, where X r 
iB the component of the total polarisation of the atom in the direction of 
which is the direction of the electric vector of the component r. 

We can, as explained in § 1, suppose the field to be described by the canonical 
variables N f , 6 r , of which N f is the number of quanta of energy of the com¬ 
ponent r, and 6 r is its canonically conjugate phase, equal to 27tAv f times the 
0 f of §1. We shall now have *c f = a r cos 0 f /A, where a r is the amplitude of 
#f r , which can be connected with N f as follows:—The flow of energy per unit 
area per unit time for the component r is ^7tc _1 a r 2 v r 2 . Hence the intensity 

* The ratio of stimulated to spontaneous emission in the present theory is just twice its 
value in Einstein’s. This is because in the present theory either polarised component of 
the incident radiation can stimulate only radiation polarised in the same way, while in 
Einstein's the two polarised components are treated together* This remark applies also 
to the scattering process. 

t Pauli, ‘ Z. f. Physik,* vol. 18, p. 272 (1023). 
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per unit frequency range of the radiation in the neighbourhood of the com¬ 
ponent r is T r - = u r 2 v r 2 <j r . Comparing this with equation (28), we obtain 

a r = 2 (Av r /cey f ) J N r K and hence 

fc f = 2 (Avr/ccr,.) 1 N r 4 cos 0 f /A. 

The Hamiltonian for the whole system of atom plus radiation would now be, 
according to the classical theory, 

F — H P (J) + (27tAv r ) N r -1'2c~ A 2i, (hv r /CG r ) 1 X f N r * cos 0,/A, (29) 

where H P (J) is the Hamiltonian for the atom alone. On the quantum theory 
we must make the variables N r and 0 f canonical q-numbers like the variables 
J*, w k that describe the atom. We must now replace the N, 1 cos 0 r /A in (29) 
by the real q-munber 

\ {N, 1 e' 0r ‘ h + e ■ '*'* N/} - \ {N r * J- (N r + 1 ) A er t6rlfl } 
so that the Hamiltonian (29) becomes 

F = Tip (J) 1- IB, (27tAv f ) X, + h* r- ’ £ r (v f /n,)i X, {N r * e'* rih + (N r + 1 )* *-*'*}■ 

(30) 

This is of the form (27), with 

v r - y r * = A* c ' (v r /<r r ) 4 X r (31) 

and —0 (r, .s ^ 0). 

The wave point of view is thus consistent with the light-quantum point of view 
and gives values for the unknown interaction coefficient v rM in the light- 
quantum theory. These values are not such as would enable one to express 
the interaction energy as an algebraic function of canonical variables. Since 
the wave theory gives v ra ■= 0 for r, s 0, it would seem to show that there are 
no direct scattering processes, but this may be due to an incompleteness in 
the present wave theory. 

We shall now show that the Hamiltonian (30) leads to the correct expressions 
for Einstein’s A’s and B’s. We must first modify slightly the analysis of §5 
so as to apply to the case when the system has a large number of discrete station¬ 
ary states instead of a continuous range. Instead of equation (21) we shall 
now have 

iAd(a')-X a ~V (aV)a(a'). 

If the system is initially in the state a 0 , we must take the initial value of a (oc') 
to be which is now correctly normalised. This gives for a first approxi¬ 
mation 

ih a (a') = V (a'a°) = t>(a'*°) e ‘£ w <-'>- w <*W/\ 


ih a (cl) = 8 rt v + v (a'a°) 


t[W(«')-W(a°)]/A’ 


which leads to 
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corresponding to (22). If, as before, we transform to the variables W, y v 
y 2 ... Yu -i> we obtain (when y' ^y°) 

a (WY) = ^ (W\ y ; ; W°, y°) 

The probability of the system being in a state for which each y fc equals y k ' 
*h S\\- | a (W' y')! 2 . If the stationary states lie close together and if the time t 

is not too great, we can replace this sum by the integral (AW)” 1 j* | a (W'y') | 2 dW\ 

where AW is the separation between the energy levels. Evaluating this integral 
as before, we obtain for the probability per unit time of a transition to a state 
for which each y k --= y k ' 

Sic/AAW . j v (W°, y' ; W°, Y °) I 2 . (32) 

In applying this result we can take the y’s to be any set of variables that are 
independent of the total proper energy W and that together with W define 
a stationary state. 

We now return to the problem defined by the Hamiltonian (30) and consider 
an absorption process in which the atom jumps from the state J° to the state 
J' with the absorption of a light-quantum from state r. We take the variables 
Y' to be the variables J' of the atom together with variables that define the 
direction of motion and state of polarisation of the absorbed quantum, but 
not its energy. The matrix element v (W°, y ; W°, y°) is now 

A 1/2 ^ -1/2 (v r /a f ) l,/J X r (J°J')N r °, 

where X, is the ordinary (J°J') matrix element of X r . Hence from (32) the 
probability per unit time of the absorption process is 


27C 

aaw 


^jX r (J"J')|*N r ft . 

&O r 


To obtain the probability for the process when the light-quantum comes from 
any direction in a solid angle tfca, we must multiply this expression by the number 
of possible directions for the light-quantum in the solid angle dto, which is 
do j rs r AW /2nh. This gives 


rfw^|X r (JoJ')|*N r ° - rf w _L. 8 |X f (J«J')|*I r 

with the help of (28). Hence the probability coefficient for the absorption 
process is 1 /2tcA 2 cv, 2 . |X r (J°J') | 3 , in agreement with the usual value for Ein¬ 
stein’s absorption coefficient in the matrix mechanics. The agreement for 
the emission coefficients may be verified in the same manner. 
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The present theory, since it gives a proper account of spontaneous emission, 
must presumably give the effect of radiation reaction on the emitting system, 
and enable one to calculate the natural breadths of spectral lines, if one can 
overcome the mathematical difficulties involved in the general solution of the 
wave problem corresponding to the Hamiltonian (30). Also the theory enables 
one to understand how it comes about that there is no violation of the law of the 
conservation of energy when, say, a photo-electron is emitted from anutom 
under the action of extremely weak incident radiation. The energy of inter¬ 
action of the atom and the radiation is a q-number that does not commute with 
the first integrals of the motion of the atom alone or with the intensity of the 
radiation. Thus one cannot specify this energy by a c-number at the same 
time that one specifies the stationary state of the atom and the intensity of the 
radiation by c-numbers. In particular, one cannot say that the interaction 
energy tends to zero as tin* intensity of the incident radiation tends to zero. 
There is thus always an unspeeifiable amount of interaction energy which 
can supply the energy for the photo-electron. 

I would like to express my thanks to Prof. Niels Bohr for his interest in this 
work and for much friendly discussion about it. 

S ummunj. 

The problem is treated of an assembly of similar systems satisfying the 
Einstein-Bose statistical mechanics, which interact with another different 
system, a Hamiltonian function being obtained to describe the motion. The 
theory is applied to the interaction of an assembly of light-quanta with an 
ordinary atom, and it is shown that it gives Einstein’s laws for the emissiou 
and absorption of radiation. 

The interaction of an atom with electromagnetic waves is then considered, 
and it is shown that if one takes the energies and phases of the waves to be 
q-numbers satisfying the proper quantum conditions instead of c-numbers, 
the Hamiltonian function takes the same form as in the light-quantum treat¬ 
ment. The theory leads to the correct expressions for Einsteins A’s and B’s. 
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Introduction . 

The study of (3-ray spectra has now advanced to that stage at which, for the 
majority of radioactive substances, the velocities of the homogeneous electrons 
forming the “ lines ” have been measured with a fair accuracy. The relative 
intensities of the “ lines ” have in the past been obtained by visual estimation 
of the photographic blackening of the plates on which they have been recorded, 
and it has become important to obtain more precise information on this subject. 
The most direct method of determining the relative intensities would be to 
count the number of, or measure the total charge carried by, the particles form¬ 
ing the lines. This is not practicable, to any high degree of accuracy, because 
of the small effects which are obtainable, and it is obvious that the photographic 
plate, in giving quite intense and sharp lines, in addition to a permanent record, 
presents many advantages. The use of this method, however, necessitates 
the calibration of the plate both for the variation of the blackening with exposure 
and also with velocity of the rays. The corresponding calibrations for ordinary 
light have now become a matter of routine, but since there has, as yet, been little 
systematic work on the behaviour of the photographic plate to (3-rays, we have 
thought it best to record in this paper such experiments as we have found 
necessary before undertaking the main intensity problem. It is the dependence 
of blackening on exposure which is mainly treated in this paper, although we 
have in addition obtained some interesting results on the effect of (J-particles 
of different velocities. 

In an investigation on the relationship between blackening and exposure, 
i.e., the characteristic curve of a type of plate, it is first necessary to find the 
dependence of the blackening " 1 D on the time of exposure t> when the product 
of intensity I and time of exposure t is kept constant. If D is independent 
of t , when I. t is constant, then the Reciprocity Law of Bunsen and Roscoe is 
said to be valid for the plate. This law, although it has to be slightly modified 

* Blackening or density is defined thus, D — log I 0 /I, where I 0 /l is the ratio of the 
incident to transmitted light passing through the darkened patch. 
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for luminous radiation, has been shown to be true in the ease of X-rays and also 
for heterogeneous (3-rays.* In all previous work on the photographic action 
of (3-raysf the particles were of heterogeneous velocities, but in view of the 
ultimate object of this investigation it was thought unsatisfactory to employ 
heterogeneous particles, and although the procedure was thereby made rather 
more laborious, beams of practically homogeneous particles, taken from the 
continuous (3-ray spectrum, were used. It is in general important, when deal¬ 
ing with an unknown type of plate, after investigating the validity of the Re¬ 
ciprocity Law, to determine the variation of the characteristic curve with time 
of development, and thereby find the optimum value. Our general experience 
in photographing (3-ray spectra had led us to employ a particular type of plate 
and method of development, and the main value of our experiments on the 
variation of the characteristic curve with time of development was that it 
indicated the error introduced into the value of the density tor a given uncer¬ 
tainty in the time of development. 

Having settled these preliminary points, it was possible to attack the main 
problem of the variation of photographic action with velocity. It might have 
been expected that the characteristic curves of density plotted against total 
exposure, for equal numbers of (3-particles of different velocities, would have 
differed not only in magnitude but in form ; however, we were able to show that, 
fortunately, matters were somewhat simpler. The form of the curve was 
always the same, and we may say that, when the specific photographic action 
of different velocities is taken into account, the response of the photographic 
plate is the same to (3-rays of all velocities. 

In so far as the Reciprocity Law is concerned our present results agree with 
previous work, namely, that it holds also in the case of homogeneous particles, 
but it would appear that the characteristic curve of the Ilford X-ray plate used 
by us, is linear over a much shorter range of density than the Agfa film cited 
in Bothe’s experiments. 


Method. 

The usual (3-ray spectrograph, modified in certain particulars, was employed. 
Normally the photographic plate is pressed against the long slot CD, through 
which the rays pass after completing their semicircular tracks. In the present 
experiment, the slot CD was filled up except for a small rectangular opening 
AB (0 • 5 x 1 • 0 cm.) having its long side perpendicular to CD. The photographic 

* Botho, 1 Z. f. Phytiik,* vol. 8, p. 243 (1022), 
t See also Salbach, 4 Z. f. Physik,' vol. 11, p. 107 (1022). 

T 2 



268 


C. D. Ellis and W. A, Wooster. 


plate was not pressed against CD but supported on a tray ef t which could be 
moved along under the slot by a thread operated from outside by a vacuum- 
tight winch. 



The magnetic field being applied in the appropriate direction, the plate was 
moved along to its first position. After the first exposure the tray was moved 
to an adjoining position and a different exposure made. This was repeated 
again, giving three exposures on each plate. The same process was carried 
out several times for the same value of the magnetic field. The latter was then 
changed and exposures made to rays of another velocity. A thick emanation 
tube was used as source, and in order to avoid the presence of (3-ray lines on the 
patches, it was placed longitudinally instead of laterally in the apparatus. 
The mean value of p, the radius of the [1-ray tracks, was 6*5 cm. 

The jdates were developed in the usual way, 1: 20 rodinal being used as 
developer and the time of development in general five minutes. Development 
was carried out in dishes immersed in a thermostat at 18° C., and as many plates 
as possible were developed at the same time. A single (5 X 4) Ilford X-ray 
plate was cut into five portions, four of which were exposed to the (1-rays ; the 
fifth was not exposed but developed in the same dish as the others. 

The density of the blackened patches of the plates wore determined by means 
of a Dobson photo-electric microphotometer in the following maimer. The 
light passing through the portion of the plate under investigation was balanced 
against the standard wedge of the instrument and all densities were deter¬ 
mined in terms of this wedge. The difference in wedge readings corresponding 
to an absolute density difference of unity is equal to 30*0 ± 0*6 mm.; but it 
should be noted, that the differences in density, as recorded by the micro- 
photometer, are not necessarily equal to those which would be obtained by other 
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instruments often employed in photographic work, which determine the 
“ contact density ” of the darkened patch. Whereas the Dobson miero- 
photorneter utilises a narrow cone of the light emerging from the plate, the 
latter type of instrument absorbs the whole of the transmitted radiation. For 
purposes of reference, densities in the following curves are expressed in milli¬ 
metres of the photometer wedge as well as in absolute measure. 

Three densities were measured for each patch, namely those of— 

1) the unexposed plate, constituting a blank ; 

(2) the background on either side of the patch ; 

(3) the jrntch itself. 

The difference (3) (1) gives the increase in density due to [3-rays and general 

(3- and y-ray fog, whilst the difference (2) —(1) gives the density due to general 
(3- and y-ray fog alone, outside the patch. Whilst the density of this fog inside 
the patch is not in general the same as that outside, due to the fewer number of 
unaffected grains present at any given time, the values of (3)—(1) and (2)—(l) 
were small enough to justify this assumption being made. Correction was 
made for the increase of (3)—(1) due to this fog by increasing the numerical 
value of the exposure by an amount equal to that required to give a density 
( 2 )—( 1 ). 

Experimental Results, 

(a) Test of Reciprocity Law,- -In order to test the validity of the Reciprocity 
Law under the present experimental conditions a density-exposure, i.e. 9 D/I . t 
curve (I representing the intensity of the radiation was taken equal to the number 
of millicuries of radioactive material, and t was simply the number of hours 
exposure), was drawn for each plate, successive plates being exposed to sources 
of different intensity and the time of exposure being suitably chosen. Where 
the curves overlapped, the values of D for a given I . t were read off. If the 
Reciprocity Law holds, the values of I) for the same I. t should be independent 
of the value of t. In the accompanying figure D is plotted against log L 

It will be seen that corresponding points are distributed about a mean 
horizontal straight line, the difference between the observed and the mean 
value being always within the experimental error. In the curves C and H 
the points lie quite close to the horizontal straight line, and in the cases of the 
other three there is no systematic divergence therefrom. When the Reciprocity 
Law fails, as in the case of luminous radiation, it is customary to apply the 
Schwortzchild relation 


where p is a constant. 


D = / (I. n 
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The curves A, B in fig. 2 give the variation of D for constant I. t when values 
p — 1*2 and 0*8 are taken. It is clear that the value of p, even if the experi- 



log t 

Fig. 2. 

mental points of curves K, F, G were taken as accurate, would be nearer to 
unity than either 1 *2 or 0*8. Thus we may conclude, taking also into account 
the fact that the Reciprocity Law has been shown to hold both for X-rays* 
and hetergeneous (i-rays,t that the law also applies to homogeneous particles. 

(6) Variation of Density with Time of Development. The effect of variation 
in the time of development Z on the characteristic D/1 .t curve is a large problem 
more associated with the study of the photographic plate than with measure¬ 
ments on the intensity of [1-ray lines by a photographic method. Our general 
experience has shown that, with the relatively powerful sources of radium B 
and C at our disposal, that development for five minutes gives the most satis¬ 
factory photographs. There was no need, therefore, to seek for an optimum 
value of Z, as would normally be done with an unknown type of plate, but 
rather we used the results, indicated in fig. 3, to determine the error introduced 
in the density by a variation in the time of development about the mean value 
of five minutes. 

The curves of fig. 3 were obtained by using (1-rays of mean velocity Hp = 
3055; the points lie evenly about the smooth curves plotted according to a 

* Glocker u. Traub, * Phys. Z.,’ vol. 22, p. 345 (1921); also Bouwers, 4 Z. f. Physik, 
toL 14, p. 374 (1923). 

t Salsbach and Bothe, loc . cit . 
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theoretical formula which is stated in the next paragraph, and from them it was 
deduced that a change of 7 seconds in the time of development, which we con- 



Fk.. 3. 


aider is probably the maximum error, gave rise to a variation of 3 per cent, in 
the value of tho density. 

It is of some interest to note that those curves appear to show that 10 minutes 
is the most advantageous value of Z, since a given density can be obtained with 
greater contrast for a smaller exposure. However these curves are, from the 
nature of the way in which they are plotted, independent of the amount of 
chemical fog, and whilst this is quite small between Z=3-6 minutes it increases 
considerably between Z = 5-10 minutes. It is the appearance of an appreciable 
amount of chemical fog beyond Z = 5 minutes which makes this the most 
advantageous value. 

The problem of obtaining the (3-ray “ lines ” of weak sources or the faint 
“ lines ” of strong sources is outside the soope of this work, but it is generally 
known that long development by special methods, which avoid the appearanoe 
of chemical fog, are advantageous, as is suggested by the above curves. 

In the next paragraph we Bhall show that the characteristic curve obtained 
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with a time of development of five minutes is independent, as regards its shape, 
of the velocity of the particles, and is given by a simple formula suggested by 
theoretical considerations. This formula is 

J) -= C log (I. t/x + 1), (1) 

where C and x are constants. The same would appear to be true for other 
times of development as is to be expected, since by varying the ordinates 
appropriately the three curves can be made to coincide. It would thus appear 
that only the constant C is affected by varying the time of development. 


Variation of Density with Exposure, for different velocities of p- particle . 

The variation of density with exposure I. t for various velocities of p-partide 
and constant time of development (5 minutes) is shown in the diagram below. 



K’o. 4. 


The smooth curves are based on the theoretical formula (l) and the points 
indicated are all actual experimental values. The divergences from the smooth 
curves are within the experimental error, and it is clear that the formula forms 
at least a good basis for interpolation. 

The absciss® of the curves given above though proportional to, are not in 
the ratio of the number of particles of the three velocities incident upon the 
plate, since the relative numbers emerging from the emanation tube were 
unknown. We can therefore obtain no evidence from these curves as to the 
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relative photographic action of particles of different velocities, hut we may 
obtain some very useful information by proceeding in the following manner. 
Consider very small numbers n v n 2 , « 3 , of particles of the three velocities incident 
in different places upon an otherwise blank plate. We may choose a ratio n x : 
« 2 ' such that they produce equal blackenings. Suppose now that the streams 
of particles continue to be incident upon the plates in the same ratio, then we 
want to know whether the blackening produced in each case also continues to 
be the same. To return to the above curves, we may alter their abscissae 
so that in each case the blackening for a given very small exposure I . t is the 
same. This is, of course, equivalent, to making the tangents at the origin the 
same in each case. When this is done the curves coincide and all the experi¬ 
mental points lie evenly about the one smooth curve as shown in the next 
figure. 



This is an extremely interesting result which greatly simplifies the com¬ 
parison of lines duo to (3-rays of different velocities. 

We have not attempted any detailed theoretical explanation of our results, 
but it might be noted that the natural interpretation of fig. 5 is that a (3-particle 
has a certain probability of rendering developable a grain through which it 
passes, and this probability is analogous to ionising power and varies with the 
velocity. Except for this feature, introducing a simple multiplying factor, all 
(3-particles within the range investigated behave identically towards a photo- 
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graphic plate. The form of the curve in fig. 5 is determined entirely by the 
photographic plate, in fact by the size and arrangement of the grains, but it 
is not affected by the agency, external to the plate, which renders the grain 
developable. The problem of comparing the intensities of two (3-ray beams by 
their photographic action can now bo seen to fall into two parts. The first is 
the determination of the curve of the plate valid for all velocities, as we have 
done above, the second the determination of the specific photographic action of 
different velocities. Unfortunately, this latter point is uncertain and methods 
of estimating it are discussed in the following paper. 

Discussion . 

Our experimental results can be summarised by stating that independently 
of the time of development or tilt* velocity of the ^-particles, the density D 
is connected with the total exposure I . t by the equation 

D = C log (I . tj t + 1) 

where C and t are constants. The effect of varying either the time of develop¬ 
ment, or the velocity of the particles is only to change these constants, but it 
appears that there is still a further simplification in that the constant C is 
determined only by the time of development, and the constant t by the velocity 
of the particles. The manner in which C varies with the time of development 
is not relevant to the present paper. So far although we have frequently 
quoted the above equation, we havo made no reference to the assumptions on 
which it was deduced by Bus6* and Silberstein. The first point which strikes 
one is that Silbersteinf only obtains this formula for a plate having a single layer 
of sensitive grains, whereas Ilford X-ray plates are specially arranged to have 
several layers, that is a thick coating, to increase the absorption. Again, 
although the only physical assumption that is made is that the amount of 
blackened silver halide is the result of the probability distribution of effective 
hits by the (3-particlcs on the sensitive grains, the calculation of this amount of 
silver halide would in this case be complicated by the many layers of grains 
and by the fact that the grains are not all of the same size. We are greatly 
indebted to Ilford Ltd., and especially to Mr. B. V. Storr, of Ilford Ltd., for 
providing us with data about the distribution of grain size in these X-ray plates, 
but finally, following their advice, we thought it unjustifiable to assume any 
simple law for this distribution. The result is that we do not attempt any 
deduction of Silberstein’s equation such as might be thought to be applicable 

* Bus6, ‘ Physios,’ March, 1922, Nr. 3. 

f L. Silberstein, ( Phil. Mag.,’ vol. 45, p. 1062 (1923). 
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to our present case. However, it appears to us that the simple logarithmic 
connection is essentially a property of single layered plates, but that to pene¬ 
trating radiations like (i-rays or X-rays even a many-layered plate will behave 
in the same way. This suggests that with (3-particles of velocity below Hp = 
800, when most of them will be stopped completely in the film, the form of the 
characteristic curve might alter. 

It is a matter of great interest that Sliberate in showed this same formula to 
hold for blackening by X-rays, and the results of a very thorough investigation 
by Bouwers* renders a still closer comparison possible. It is to be expected 
that X-rays would give the same blackening law as (3-rays since the photo¬ 
graphic action of X-rays, like the ionisation, is to be ascribed to the high-speed 
photo-electrons which are liberated. Since the velocity of these electrons 
increases as the wave-length diminishes, we might expect the same changes to 
be produced by faster particles or shorter wave-length X-rays. This is exactly 
what is observed, Bouwers found that while t was independent of the time 
of development, it increased with decreasing wave-length just as w'e found it to 
increase with increasing velocity of the (3-rays. Further the variation of 0 with 
time of development was in the same sense and of the same order. 

Finally, reference must be made to the divergence of these results from those 
of Bottle,*)' who also investigated the blackening effect of [3-particles. He found 
a characteristic curve linear up to I) ■= 1, whereas it can be seen that it is not 
possible to draw a straight line through the initial points of our curves above 
a density of 0*35-0*40 for 5 minutes’ development. The cause of this differ¬ 
ence is probably not to be found in the fact that he used the heterogeneous 
particles of radium K, since the maximum intensity of this spectrum occurs 
at a value of Hp ~~ 2,900 approximately, and it has been shown in the above 
that within the range Hp = 1,450-5,830, particles of different velocities have 
the same form of blackening curve. Since the experimental procedure was the 
same in both cases, it would appear that the Agfa film has a characteristic curve 
with a much longer initial linear part than is the case for Ilford X-ray plates. 


Summary. 

The blackening of Ilford X-ray plates by (3-rays has been investigated under 
varying conditions, and it has been found that — 

1. The Reciprocity Law' holds. 


* Bouwers, loc. cit, 
t Loc . ctt. 



276 CJ. D. Ellis and W. A. Wooster. 

2. The form of the characteristic curve is independent of the velocity of the 

particle. 

3. The characteristic curve, as in the case of X-rays, follows the equation 

D = C log (Itjr + 1) giving an initial part which may be considered 
linear up to a density of 0*3. 

We wish to thank Dr. H. W. B. Skinner for much assistance in the manipula¬ 
tion of the photometer, Mr. B. V. Storr, of Ilford Ltd., for many valuable 
suggestions in the handling of the plates, and Mr. G. R. (Trowe for the prepara¬ 
tion of the radioactive sources. 
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Introduction. 

It is well known that the study of the energy of the groups of homogeneous 
(3-particles emitted by radio-active bodies has led to many important results, 
of these the chief is that these groups are due to the conversion of the characteris¬ 
tic y-rays emitted by the body during the disintegration. From the measurement 
of the energy of these groups, it has been possible to deduce the energy or fre¬ 
quency of the y-rays, and there appears to be evidence indicating that the 
y-rays are associated with a nuclear level system in the manner familiar from 
X-ray and optical spectra. This opens up a promising field of work, since a 
knowledge of these level systems, and the way they varied from body to body 
would be an important addition to our all too scanty knowledge of the nucleus. 
Unfortunately, it must be admitted that the existing measurements of the 
|3-ray groups are not of sufficient accuracy to provide a unique determination 
of the level system, they indicate strongly that the level systems exist, but it 
is difficult to deduce the actual arrangement with any certainty. An increase 
in the accuracy of the (3-ray measurement would undoubtedly lead to interesting 
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conclusions, but no simple way lias as yet been proposed by which this can be 
achieved. Instead of attempting this method we have attacked the (3- and 
y-ray problem from another side. 

Previous investigations have been concerned chiefly with the energy of the 
individual electrons comprising the (3-ray groups and of the y-rays which can 
be deduced from them, but it is clear that any theory of their role in the dis¬ 
integration must also take into consideration their intensities. This seems to 
be a more promising method of advance than that of trying to increase the 
accuracy of measurements already carried to a fraction of a per cent., since 
even approximate values of the intensities would be valuable. There are throe 
main lines along which intensity measurements can usefully be made, one of 
which is the subject of the present paper. Considered by itself, each is interest¬ 
ing, but since it appears likely that the most valuable results will be obtained 
by comparing all three, it is permissible to refer briefly to them here. 

During the disintegration there are believed to occur in the nucleus certain 
quantum transitions, which sometimes result in the ejection of an electron from 
the electronic structure to form one of the [3-ray lines, but more often give rise 
to a y-ray escaping from the atom. Opinions differ whether the y-ray may 
always be considered to be emitted from the; nucleus, and sometimes internally 
absorbed before it leaves the atom, or whether it is better to keep to the more 
general standpoint above. However, in either case we can speak of the 
probability p of a certain nuclear transition occur ring at any one disintegration, 
and we can denote by a the fraction of these transitions resulting in (3-ray 
groups. The more detailed view would describe a as the internal conversion 
coefficient of the y-ray 8 - The amount of y-ray energy issuing from the atom 
will be S/tv 1 p 1 (l — a) and the corresponding number of secondary electrons will 
be Hpx<x. v Actually, it is necessary to consider that electrons may come from 
any of the K, L If L n , ..., etc., levels, and one coefficient a is not sufficient. 
Using an obvious notation it will be seen that the present measurements of the 
relative intensities of the (3-ray lines consist m a determination of the relative 
values of the quantities p lK pn lf p ihl cLi ./> 2K ;a 2 . 

It is to be expected that the most interesting results would be obtained if 
the two factors p and a could be separated and determined in absolute measure, 
and this introduces the need for the other intensity measurements already 
referred to. A comparison of the number of secondary electrons ejected from 
the radioactive atoms with the number of quanta of the corresponding y-rays 
actually emitted, would give a/(I—a). Many estimates of these quantities 
have already been made, but since we hope soon to publish some measurements 
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by a new method, it is sufficient here to note that the quantities % can be deter¬ 
mined independently of the p’s. All that then remains in order to be able to 
give a complete account of the disintegration in terms of the p’s and ot’s is to fix 
the absolute values of the intensities of the (J-ray groups. This may be done by 
a variety of methods, by a direct measurement of the stronger groups as carried 
out by Gurney,* or indirectly from the total y-ray energy emitted as indicated 
by the present writers on another occasion.*)* 

The object of this introduction is to show that although the present measure¬ 
ment presents many points of interest considered by itself, its chief importance 
lies in the fact that it is an essential step towards combining several different 
intensity measurements which will then yield values for the probabilities of 
the occurrence of the various fundamental stages in the (3-ray disintegration. 

Methods of Measuring the Relative Intensities of the $-nuj Lines. 

There are several ways of recording (3-ray spectra, any of which might at 
first sight appear suitable for determining the relative intensities of the groups, 
but a closer consideration shows that the photographic method, in spite of one 
serious disadvantage, is alone suitable. 

In every case a magnetic field must be used to separate out the groups of 
different velocity, but there are four main ways of recording them. In the first 
place with any one setting of the magnetic field (3-partieles within a narrow 
range of velocities can be allowed to enter an ionisation chamber or electrical 
counter, and, by varying the magnetic field, the entire spectrum can be recorded* 
In both cases, the slit of the ionisation chamber or counter must be covered 
with thin mica which involves difficult corrections for reflection, and, further, 
in the case of the ionisation chamber the ionising effect for a fixed number of 
particles varies with the velocity and to a lesser extent there is probably a 
similar effect with a counter. These difficulties would be avoided if the 
(3-particles were received in an open Faraday cylinder and their number deter¬ 
mined directly by measurement of the charge. This method has been used by 
Gurney, and he has made some important measurements which will be referred 
to later; but it shares with the other two methods the fundamental disadvantage 
that only the stronger lines of the spectrum are detectable. 

It must be remembered that the [3-ray groups only form a small portion of 
the total electronic emission, the main part of which is duo to the disintegration 
electrons. These are spread out over a wide range of velocities and form a. 

* Vide infra. 

t ‘ Phil. Mag vol. 50, p. 521 (1925). 



Magnetic /3-Ray Spectra of Radium B and Radium C. 279 

continuous background on which the groups are superimposed. In most cases 
the groups represent only a small increase of a few per cent, over this back¬ 
ground, and a direct determination by subtracting two ionisation currents is 
impracticable, in fact with measurements of the ordinary type most of the lines 
escape detection. The photographic method of recording the (J-ray spectra, 
on the other hand, seems specially adapted for investigating the lines since, 
in general, if a line can be seen on the plate its density can be measured by a 
photometer. It should be noted that with this method the difficulty of the 
continuous spectrum still exists, for the usual statement that the photographic 
plate shows up the lines at the expense of the background is, of course, untrue. 
The density of a photographic pi at(5 does not increase linearly with the exposure, 
in general the sensitivity of the plate falls oil at higher densities, which is a 
distinct disadvantage as compared with the linear relations of the electrical 
methods; but still it reproduces'the relative intensities, and on the photographic 
plate the lines will represent on the whole a smaller percentage increase of the 
density than on an ionisation curve. The reason why they can be detected 
m the latter case and not in the former, depends entirely on the fact that while 
it is very difficult to balance out 95 per cent, of an ionisation current with its 
probability fluctuations, it is very simple with modern photometers to balance 
out 95 per cent, of the opacity of a plate and still have a sufficiently sensitive 
optical balance to be able to concentrate on the remaining 5 per cent. 

While the photographic plate seems for these reasons to offer the only method 
of measuring the intensities, it suffers from the disadvantage that the photo¬ 
graphic effect of the (i-particles varies with the velocity. At the moment the 
correction for this has to be estimated, but we have presented our results in 
such a way that should subsequent experiment show our method of correction 
to be in error, it will be quite easy to apply any other. 

The method of taking the photographs needs no remarks since wc used the 
standard focussing method with a very thin walled glass tube filled with radium 
emanation as source, or in the case of the slower groups a bare activated wire. 

Experimental Procedure . 

The density of the photographic blackening of the line was measured by means 
of a micro-photometer. In the form of instrument used in this work one beam 
of light was passed through a uniform wedge, and the “ thickness ” of the wedge 
was varied until the intensity of the beam of light passing through it became 
equal to that of the light passing through a strip of the line l/50th mm. wide. 
In thiB way the density of the line at any point could be expressed in terms of 
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the length of the standard wedge. In the case of the lines produced by wire 
sources it was sufficient to determine the density at the peak of the lino, but 
when an oc-ray tube was used as source the intensity was found at a large number 
of points along the line. In the preceding paper the present authors have shown 
that the photographic density is related to the number of particles hitting the 
plate according to the following equation 

D = V log (E/t + 1) 

where D = density. 

E = number of particles hitting the plate. 

C and t are constants. 

Values for C and t appropriate to our conditions were determined in the 
previous experiments referred to, and the measured densities were converted 
into their equivalent values of E by means of this equation. Curves were then 
plotted for each line showing the variation of E along the plate—such curves 
are here termed intensity-distribution curves. When due allowance has been 
made for the continuous background, the number of particles falling into the 
line is proportional to the area under the intensity-distribution curve. It was 
somewhat difficult in the present work to determine this area accurately, as 
the intensities of most of the lines were small. Though the density at the peak 
of the faint lines was measurable with fair accuracy, the total area under the 
curve was uncertain because the tail of the line merged slowly into the con¬ 
tinuous background. For determining the intensities of the weaker lines the 
following method was, therefore, adopted. A curve was drawn from the results 
for the stronger lines, showing the variation with Hp of the particles of the ratio 
of the total area of the line to the density at the peak. From this curve the 
appropriate ratio was read off for each of the weaker lines, and this when multi¬ 
plied by the measured density at the peak gave a value of the area, which is 
probably more accurate than that obtained by measuring the area directly. 
Corrections were applied to these values to reduce them all to a standard radius 
of curvature (6 cm.) of the particles. 

In the case of the lines obtained with wire sources, the calculation given by 
one of us provided values for the ratio of area to peak density, and hence it was 
only necessary to measure the latter in each case.* 

No mention has as yet been made of the variation of the photographic action 
of the [J-rays with velocity. It has been tacitly assumed in applying the equa¬ 
tion (1), that all particles have the same specific action. This is certainly 

* It is hoped shortly to publish full details of these and allied calculations which have 
been carried out by one of us (W. A. W.). 
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not true, but unfortunately there is no direct experimental evidence as to the 
appropriate correction. We have assumed that the activity of the {3-rays is 
proportional to the energy lost in the film during their transit through it, t.e., 
proportional to fP. This assumption seemB reasonable, and is supported by 
the fact that W. Wilson's 1 " results on the ionisation of gases indicate the same 
variation with velocity. The final results include this correction but should it 
be necessary to apply subsequently some other correction for velocity this may 
readily be done since our uncorrected values can be obtained from the table 
by dividing by (3*. 

Before giving the experimental results we would emphasise that it was a 
special point of these measurements to determine the intensities of the radium 
B lines on the same scale as those of radium C, or in other words on the basis 
of equal numbers of disintegrating atoms of the two bodies. There was no 
difficulty in doing this since the amounts of radium B and radium C present on 
a source are easily determinable. 

Experitnental Results. 

The lines whose intensities we have been able to measure in the manner 
described in the last paragraph are marked by a star in Table I. The intensities 

Table I.—Intensity of the {3-Ray Groups emitted by Radium B and Radium C 
for equal number of disintegrating atoms. 

(Fox origin of groups see ‘ Roy. Soc. Proc./ A, vol. 106, p. 174 (1924), and 
‘ Camb. Phil. Soc. Proc.,' vol. 22, p. 374 (1924).) 

Radium B. 


Hp. 

Intensity 
in arbitrary 
units. 

Values 

of 

pa. 

H,. 

intensity 
in arbitrary 
units. 

Values 

of 

pa. 

0flO-9f 

17 

0-0093 

1410* 

57 

0-0314 

667-Of 

5 

0 0027 

1496* 

7 

0-0038 

687'Of 

1 

0-0005 

! 1670* 

3-5 

0-0019 

768-8f 

11 

0 0060 

1077* 

79 

0-0436 

793-If 

8 

0-0044 

1774* 

12 

0-0066 

799*1| 

4 

0-0022 

1850* 

1-5 

0-0008 

833-0 

2 

0-0011 

1938* 

100 

0-0.>60 

838-0 

5 

0-0027 

2015* 

15 

0-0088 

855-4 

2 

0-0011 

2064* 

5 

0-0087 

860-9 

5 

0*0027 

2110 

1-5 

0-00O8 

877-8 

1-5 

0-0008 

2256* 

22 

0-0181 


1-5 

0-0008 

2307* 

8-0 

0-0044 

920-2 

3 

0-0016 

2321 

1*6 

0-0008 

949-2 

3 

0*0016 

2433 

1-5 

0-0008 

1165 

2 

0-0011 

2480 

1-5 

0-0008 

1200 

1 

0-0005 





Values less certain for these lines. 


* Wilson 1 Roy. Soc. Proo.,’ A, vol. 85, p. 240 (1911). 
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Table I -(continued). 

Radium C. 


H, 

Intensity 
in Arbitrary 
units. 

Values 

of 

pa. 

H,. 

Intensity 
in arbitrary 
units. 

Value. * 
of 
pa. 

1379 

005 

0*00002 

6428 

0*15 

0-00008 

1438 


0*00002 

6552 

0-2 

0*00011 

1557 


0*00022 

6708 

0*15 

0*00008 

1586 

01 

0*00005 

5904* 

4*06 

0 00223 

1834 

0*1 

0*00006 

5948 


0*00011 

1912 

01 

0*00006 

6030 

0-2 

0*00011 

2085 

0-5 

0*00027 

6161* 

0-99 

0*00054 

2156 

01 

0*00005 

6212* 


0*00020 

2260 

0*3 

0*00016 

6350 


0*00006 

2390 

01 

0*00005 

6623 

0*07 

0*00004 

2550 

01 

0*00005 

6656 

0*07 

0-00004 

2720 

0-2 

0*00011 

6800 

0*07 

0-00004 

2840 

01 

0*00005 

6932 

0*15 

0-00008 

2890 

0 1 

0*00005 

6998 

0*16 

0-00008 

2980* 


0*00396 

7109* 

0*85 

0-00040 

3145 


0-00027 

7240 

0-07 

0-00004 

3203 

I: 

0*00027 

7380 

0*20 

0-00011 

3271* 

I Hr ■ 

0*00094 

7530 

0-05 

0-00003 

3307 

H 

0*00027 

7690 

0*06 

0-00003 

3326 

wsmmj 

0*00027 

7974 

0*05 

0-00003 

3584 

UPS ®) 1 

0*00027 

8090 

0*05 

0-00003 

3824 


0*00027 

8313 

0*05 

0-00003 

4196* 


0*00047 

8617 

0*20 

0-00011 

4404 


0*00027 

8885 

0*05 

0-00003 

4866* 

1-94 

0*00107 

9165 

0*05 

0-00003 

4991 

0*3 

0-00015 

9425 

0*05 

0-00003 

6136 

0*3 

0-00015 

9665 

0*06 

0-00003 

5178 

0-3 

0-00015 

10020 

0*06 

0-00003 

5281* 

0*81 

0*00044 

i 




Intensities of lines marked with * wore measured directly, and those of the remainder inter¬ 
polated from visual estimates. 


of the numerous weaker lines were estimated by a method which is discussed 
later and for the moment the figures in the third column headed pat. will not be 
referred to. 

We could not expect our measurements to be more accurate than about 
5 per cent, even in the case of the strongest lines, while the weaker lines would 
be even less accurate. However, within these limits there is fair agreement 
with the results of Gurney.* Using an electrical method he measured directly 
the number of electrons in the four strong lines of radium B, and his results are 
compared with the values from Table I in Table II. As it is only a question 
of relative intensity, the intensity of the strongest line Hp 1938 is put equal to 
100 in each case. 


* * Roy. Soo. Proo., 1 A, vol. 109, p. 540 (1925). 
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Table II. 


Hp of line : 

1410 

1677 

1938 

2250 

Gurney . 

46 

74 

100 

23 

BUifl and Wooster 

57 

79 

100 

23 


Two of the three comparisons are in sufficient agreement but for Hp 1410 
the divergence is 20 per cent. This is not so serious as it might seem since 
Gurney's measurements were bound to be uncertain for this line. As he explains 
in his paper, the intensity of a line can be deduced from his curves by taking the 
height of the peak above the continuous spectrum, and to carry this out the 
curve of the continuous spectrum has to be extrapolated through the region of 
the line. While this can be done with fair accuraoy where the run of the 
curve is flat or only slightly inclined, as is the case for the three higher lines, 
the process becomes uncertain for Hp 1410 where the curve ascends sharply. 

We have already mentioned that it was not possible to measure directly the 
intensities of the weakest lines, but it is not difficult to form an estimate by 
comparing the present measurements with the visual estimates made by previous 
observers.* It is found that on the whole the visual estimates were surprisingly 
correct except in the case of lines differing considerably in intensity, when the 
weaker line is usually overestimated. Again, as was pointed out in the papers 
cited, it is difficult to give relative intensities valid over a wide range, and here 
again we find that there has been a steady tendency to overestimate the lines of 
higher Hp. In general, however, the visual estimates may be used with fair 
accuracy as giving the intensities of the faint lines relative to those actually 
measured, provided the extrapolation is between lines not differing by more 
than a factor of three in intensity or by 1 *5 in Hp. In this way wo have found 
the values in Table I which are not marked with a star. 

A more difficult problem is presented by the group of lines between Hp 363 
and Hp 1300. The faint lines around Hp 800-960 can only be estimated by the 
above method, but the lower group are sufficiently intense to be measured 
photometrically. Unfortunately, this has little value, since this is just the 
region where the velocity correction if applied would produce large differences, 
and where further it is very uncertain. These (3-particles have not sufficient 
energy to penetrate completely the photographic film with small loss of energy, 

* Ellis and Skinner, Roy. Soc. Proc.,' A, vol. 105, p. 174 (1924); Ellis, ‘Proo. Camb. 
Phil. Soo.,' vol. 22, p. 374 (1924). 
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but will be very largely absorbed. For [3-particles of still lower velocity, none 
of which penetrated the film completely, it would be possible to find another 
basis for comparing the photographic action by means of the total energy, 
but with the groups about Hp 663 it is difficult to know what correction to 
apply. We therefore decided it was necessary to treat these lines by a different 
method, and in the meanwhile to complete the table we give figures taken from 
Gurney’s paper. Taking his measurements of the intensity of Hp 663, 668, etc., 
relative to that of Hp 1938 we obtained directly the figures shown in the table, 
and the intensities of the remaining lines in this region were interpolated from 
these using the visual estimates. In the table these intensities are marked to 
show they may be less accurate than the remainder. 

Discussion of Results. 

A point of great interest is to compare the intensities oi the lines due to the 
conversion of the same frequency y-ray in different levels, such as the K and 
Li. This is shown in Table III where in order to Bhow the accuracy attainable 
the ratio for each pair of lines is tabulated for each plate on which they both 
occurred. The reason why there is only a single entry against Hp 1496 and 
Hp 1938 is that satisfactory photographs of both K and L lines were not obtained 
on the same plate, so in these cases the mean values from Table I are used. 

Table III.—Ratio of the Intensities of (3-Ray Groups due to the Conversion 
of the same frequency y-Ray in the K and Lj levels. 


Hp of groups compared. 

Energy of y-ray 

Ratio 

K. 

Lr 

in volts. 


1410 

1744 

2*43 X 10» 

0*24 

017 

1400 

1850 

2*60 i 

0*21 

1077 

2015 

2*07 

O-lfl 

0*20' 

ms 

2256 

3 54 

0*22 

2080 

3271 

6-12 

0*21 

0*26 

0-21 

0*27 

5004 

6161 

14*3 

0*22 

0*24 
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It is possible to treat six y-rays in this way, and taking into account the 
difficulty of the measurements it appears that the Lj/K ratio is sensibly con¬ 
stant. This is a very striking result, since the range of energy of the y-rays is 
from 2*4 X 10 5 volts to 14*3 X 10 5 volts, a sixfold increase. As we have 
already mentioned, the (1-ray groups can be considered as being due to internal 
absorption of the y-rays, and on this view the constancy of the Li/K ratio would 
mean a constant ratio for the probability of internal absorption in the L ( and 
K levels, independent of the frequency. This is precisely what is found, to a 
first approximation, for ordinary external absorption in the X-ray region, and 
what is still more significant, according to the latest measurements of Allen, 41 
the ratio at the K jump for atomic numbers near to 83 is 0*2, while the mean of 
the above values is 0-22. 

These measurements would indicate, in this respect, a close parallel between 
ordinary external absorption and what has been termed internal absorption, 
and if this should subsequently be found to be the case for all y-rays, the 
phenomenon has an important bearing on the much discussed question of the 
physical reality of internal absorption. Smekalf has recently given a clear 
statement of the difficulties raised by the phenomenon, and he pointed out 
that what had been observed was only a numerical connection between the 
energies of the y-rays and the energies of the groups in the (1-ray spectra. This 
connection could be explained by postulating emission of the y-rays from the 
nucleus and subsequent reabsorption, but he was of the opinion that nothing 
was gained unless some connection could be established between this internal 
absorption and ordinary absorption. No obvious connection had previously 
been discovered and for this reason Smekal questioned the utility of this 
conception, but the results obtained in the present investigation certainly 
support the original idea. The internal absorption appears to have one 
characteristic in common with external absorption, namely, the constancy 
of the L/K absorption ratio over a wide range of frequencies, and further the 
numerical values for this ratio in the two cases are in agreement. There is too 
little evidence to speak with certainty on this point, but it is our opinion that 
in the case of y-rays it is both useful and probably correct to consider the 
(1-ray groups as due to a true internal absorption, and that this absorption is 
similar to ordinary external absorption when the special conditions under 
which it occurs are taken into account. 

The most striking characteristic of the ordinary absorption is the rapid varia* 

* * Phys. Rev./ p. 920 (Nov., 1926). 

t ' Ann. d. Physik; vol. 8, p. 374 (1926). 
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tion with the wave-length. There is no direct evidence on this point for the 
y-ray region, bat Ahmad’s* results suggest that the same laws hold for these 
high frequencies as for ordinary X-rays. We should, therefore, expect the 
photoelectric absorption, with which we are comparing the internal absorption, 
to vary approximately as X s . It is scarcely within the province of the present 
investigation to consider the actual valueB of the internal absorption coefficient, 
but it may be pointed out that again, in the question of variation with wave¬ 
length, our results indicate that there is a general similiarity between the two 
types of absorption. This is best brought out by considering a special case. 
From the third column of Table I, whose derivation will be explained in the 
next paragraph, it can be deduced that the prominent y-rays of radium C, of 
energies between 10 s and 2 x 10® volts, lead to the emission of 5 K electrons 
from every 1000 disintegrating atoms, whereas the three strong Y-rays of radium 
B of energies about 0*3 x 10® volts give about 130 K electrons from the same 
number of disintegrations. There are several lines of evidence which indicate 
that the total number of y-rays emitted in these two cases is of the same order 
of magnitude, so that a change of energy of the y-ray from 0*3 to 1 — 2 X 10* 
volts changes the internal conversion coefficient by a factor of the order of 
magnitude of 5/130. Although rough calculations of this type, in which y-rays 
of different frequencies are grouped together, cannot be used to find the rate of 
variation of the internal absorption coefficient with frequency, they do Bhow that 
like the external absorption it must decrease rapidly with increasing frequency. 

We hove taken up a cautious attitude on the question of the reality of the 
internal absorption, because as yet the evidence for a final decision is incom- 
plate, but we consider that such evidence as there is points strongly to the 
existence of a true internal absorption. 

An essential feature of Gurney’s work was that he was able to find directly 
the number of electrons in the stronger groups from a given amount of radio¬ 
active substance. Using the previous notation of p being the probability of a 
certain y-ray being emitted at any one disintegration, and a the probability 
of its conversion inside the parent atom, then Gurney determined the quantities 
pet for five of the stronger lines. It appears that on our arbitrary scale a line 
of intensity 100 corresponds to a value of pet of 0*055, that is 55 electrons would 
go to form such a line from every 1000 atoms that disintegrate. The pa values 
for all the lines are given in columns 3 and 6 of Table I, and were obtained by 
simple multiplication of the intensities in columns 2 and 4 by this factor 0*055. 


• * Roy. Sac. Proc.,’ A, vol. 105, p. 507 (1924). 
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By adding together all the figures in columns 3 and 6 of Table I it appears 
that radium B emits 213secondary electrons for every 1000 atoms that disintegrate, 
and radium C 16. Taking into account the disintegration electrons of which 
there is one per atom, radium B emits 1*21 electrons per disintegrating atom, 
and radium C 1 -016 or together 2*23. It is a matter of great interest to com¬ 
pare this figure with the direct determination made by Gurney. His final 
value depended on whether the number “ n ” of atoms disintegrating per 
second in 1 millicurie was taken as 3-4 or 3-72 x 10 7 , the first being the value 
found by Geiger and Werner,* and the second that of Hess and Lawson.f 
According as to which* figure was taken Gurney found respectively 2*48 or 2 *27 
electrons to come from each pair of disintegrating radium B and radium C 
atoms. At first sight the value 2*23 found in the present work appears to be 
in excellent agreement with the second value, but to appreciate the accuracy 
with which agreement might be expected it is necessary to enter into a little 
more detail. 

Using the values of Table I we have deduced that from 1000 atoms each of 
radium B and radium C 230 secondary electrons are emitted, but since this 
figure is based on Gurney’s measurement of the number of electrons in the 
strong radium B line Hp 1938, which in its turn depends on the number of atoms 
disintegrating per second in a millicurie, it can be seen that our experimental 
figure of 230 secondary electrons is uncertain to 10 per cent, from this cause 
alone. Adding another 5 per cent, for our own experimental error we arrive 
at a total uncertainty of 15 per cent. We can, therefore, say that our experi¬ 
mental figure of 230 electrons from every KMX) disintegrating atoms should be 
correct to 15 per cent, after allowing for the divergence between the existing 
determinations of " n.” This will be found repeated as the first entry of Table 
IV below. We will now deduce directly from Gurney’s measurements another 
estimate for the number of secondary electrons. According to the value chosen 
for “ n ” (number of atoms disintegrating per second) he found that 1000 
atoms each of radium B and radium C gave either 2480 or 2270 electrons. Since 
each atom gives one disintegration electron 2000 of these electrons are nuclear, 
leaving respectively either 480 or 270 as the number of secondary electrons. 
These two estimates form the second and third entry in Table IV, and since the 
value of the total emission is probably accurate to 3 per cent., the values for 
the secondary emission determined by subtraction will be accurate to 16 per 
cent, and 25 per cent, respectively. 

* 1 Z. f. Physik/ vol. 21, p. 107 (1924). 

t * Phil. Mag./ vol. 48, p. 200 (1924). 
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Table IV. 

—Total number of photoelectrons from 1000 disintegrating atoms 
each of radium B and radium C. 

230 

tiding Gurney's value for number of electrons m line Hp 1938 and also measure¬ 
ments of present paper. Probable error 15 per cent., which includes uncertainty 
in “ w.” 

480 

Using Gurney’s value for total number of electrons emitted by KaB and RaC and 
calculating with 44 n ” — 3*4 X 10 7 . Probable error 16 per cent. 

270 

The same, hut using “ n ** 3*72 X 10 7 . Probable error 25 per cent. 


It would thus appear that either Gurney included in his measurements, in 
spite of all his precautions, some electrons which did not come directly from 
the radioactive material, or the value of “ w ” is nearer 3*7 x 10 7 than 3-4 X 
10 7 . 

In the course of this paper we have discussed several interesting points which 
arise naturally from the measurements of the intensities of the groups, but we 
would emphasise again that this does not exhaust the information which can 
be obtained. It is to be hoped that a suitable comparison of these values with 
the other intensity measurements referred to, will lead to an estimate of mag¬ 
nitudes of a more fundamental nature, the absolute probabilities of the nuclear 
quantum transitions. 

Summary. 

1. The relative intensities of the (3-ray groups of the radium B and radium 
C magnetic spectrum have been measured for equal number of disintegrating 
atoms. 

2. The ratio of the intensities of the groups arising by internal absorption 
of a y-ray in the L and K levels is independent of the frequency of the y-ray, 
and approximately equal to that applying in the case of the external absorption 
of X-rays. 

In conclusion we would like to express our thanks to Prof. Sir EraeBt Ruther¬ 
ford for his interest and help in these experiments and for providing us with 
the radioactive material, and also to Mr. G. R. Crowe for the preparation of the 


sources. 
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Experiments to Test the Possibility of Transmutation by 
Electronic Bombardment . 

By M. W. Garrett, D.Phil., Exeter College, Oxford. 

(Communicated by F. A. Lindemann, F.R.S.—Received December 15, 1926.) 

Experiments upon Tin. 

In an earlier paper* experiments were described which were carried out in 
order to tost the production of gold from mercury, as reported by Miethe and 
Stammreich, and by Nagaoka. These experiments led to conclusively negative 
results, but it was considered desirable to repeat also the work of Smits and 
Karssenf upon the conversion of lead into thallium and mercury. To this 
end it was decided to adapt the quartz tube apparatus with sealed in tungsten 
leads, already used in the case of mercury, and described and illustrated in the 
previous paper (interrupted arc method). 

While waiting for a specially pure preparation of lead, tin suggested itself as 
a suitable metal for further experimentation. Besides its low melting point, 
there is the further advantage that indium, the most probable product of any 
transmutation of tin, can be spectroscopically detected in exceedingly minute 
traces, whilst its occurrence is so limited that the danger of accidental con¬ 
tamination from the ordinary materials of the laboratory is much smaller than 
is the case with most elements. In this respect, a positive result with indium 
would be more convincing than the production of mercury reported by Smits. 

The quartz tubes employed were similar to those already used in the case of 
mercury, but a burner was added to the apparatus for heating the metal to its 
melting point. The tubes were run from the 100 volt mains, with a large 
inductance in series. With a short circuit current of 40-50 amperes, and a mean 
heating current of 18-22 amperes, they remained red hot without the aid of 
the burner, which was extinguished as soon as the arc had Btarted. These 
currents were supported without overheating by the 0-5 mm. tungsten-lead 
seals, which remained at a temperature below the melting point of tin in spite 
of heat conduction from above. The flickering light from the arc was focussed 
upon the slit of a small Hilger quartz spectrograph and the spectrum 
photographed. 

The tin was freed from oxide by being melted once or twice in vacuo and 

* ‘ Roy. Soc. Proc./ A, vol. 112, p. 391 (1926). 
f Smits and K&rssen, * Nature, 1 vol. 117, p. 13 (1926). 
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forced through a fine constriction, after which it was sealed up in the quartz 
tube under a pressure of a centimetre or two of hydrogen. But it was found 
necessary to leave a minute trace of oxide contaminating the tin. Otherwise 
the bright metal adhered so firmly to the quartz walls as to crack the tubes 
on cooling. 

Considerable difficulty was experienced in obtaining tin free from all traces 
of indium. The spark or arc spectrum of ordinary commercial tin showed a 
very strong line at 4511, and this line could be detected under favourable 
circumstances in all the samples of “ pure ” tin which were at first available. 
An attempt was made to remove the indium from the tin by distillation in vacuo 
for 40 hours, in a quartz tube, at a temperature of about 800°. The indium lines 
were weakened by this treatment to such an extent that they could no longer 
be detected with certainty in the open arc Hpectrum, but the four most prominent 
ones came up clearly in the spectrum of the arc in the sealed quartz tube. 
This constitutes a more delicate test than the ordinary open arc method. 

A sample of Kahlbaum's purest tin was ultimately obtained, and this failed 
to show any trace of the blue indium line, either in the carbon arc in air or in 
the quartz tube. A careful examination of the photographs of the quartz arc 
showed faint traces of 4102 (indium) and of 4058 (lead). All the other lines 
measured, with the exception of Ha and the mercury spectrum (see below), 
were due to tin. It is interesting to note that in this case 4102 proved to be the 
most persistent indium line, in place of 4511 (de Gramont) or one of the ultra¬ 
violet lines (Hartley and Adeney). When all four lines were present, their 
intensity followed the order of decreasing wave length, 4511 being the strongest. 

Decisive results were obtained from the first tube which was filled with 
Kahlbaum’s tin. This tube was run at an average current of 18 amperes, and 
maximum instantaneous current of 45 amperes, for 50 hours before it was 
punotured by an intense local arc. Photographs of its spectrum were obtained 
at short intervals, from a few minutes after starting to one hour before its 
collapse, and since these photographs showed uniformly the same faint indication 
of the line 4102 without any trace of the other indium lines, or of cadmium, 
the attempt to transmute tin was abandoned. 

A sample was now obtained of Kahlbaum’s purest lead, which, upon 
spectroscopic examination in an open carbon arc, failed to show any indication 
of the mercury or thallium lines. It was found, however, on attempting to 
run lead in the quartz tubes in the same way as the tin, that the tubes invariably 
cracked, either upon cooling or reheating, and it was evident that a new 
technique would have to be evolved before successful runs could be made. At 
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just this time a paper appeared by Smite,* in which he reported considerable 
difficulty in duplicating his earlier results, and concluded that the conditions 
favourable to transmutation were so obscure and so difficult to reproduce 
that “ even an extended series of negative results would not necessarily be 
convincing.” For this reason the experiments upon lead were discontinued 
as unprofitable; for any negative results which might have been forthcoming 
would be no more convincing than those already obtained by Smits, whereas 
a positive result was considered unlikely. 

The test for mercury under the conditions of Smits’s experiment is so extra¬ 
ordinarily sensitive that the utmost rigour of proof, in a considerable series of 
consistent experiments, is required before the possibility of accidental 
contamination from so common a substance is altogether eliminated. The 
difficulty of excluding mercury was brought out in the experiments upon tin, 
where, in spite of careful handling, the mercury lines appeared quite distinctly 
in several of the tubes, though the almost complete absence of this element 
from the original tin was shown by the fact that several tubes showed merely 
a very faint trace of 2537, without any of the other mercury lines. The most 
interesting case was that of the tube already described at length, in which 
the strongest mercury lines were all present from the beginning, but in 
which thoy increased unmistakably in intensity, by comparison with the tin 
lines, during the course of the run. Since the tube was sealed throughout 
this time, such an effect is difficult of explanation, but it may possibly have 
a bearing upon the earlier results of Smits. 

Experiments upon Titanium . 

These experiments differed from those previously described in that high speed 
electrons capable of penetrating the innermost electronic orbits of the titanium 
atom were employed, the bombardment being carried out in vacuo . Titanium 
was chosen because of its non-volatility and low atomic number (Ka voltage 
under 5000), and the fact that it might be expected to yield scandium, also 
a non-volatile element, and one which, though spectroscopically detectable 
in very minute traces, is of very limited occurrence. Furthermore, though 
scandium is one of the rarest of all the elements upon this planet, its lines are 
more prominent in stellar spectra than are those of titanium, which suggests 
a possibility that the two elements may be mutually convertible under certain 
conditions which may occur in the hot stars. 

* Smits, *Z. anorg. Ch., 1 vol. 155, p. 269 (1926). See also * Nature,* vol. 117, p. 613 
(1926). 
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A 20 cm. glass bulb was employed, provided with a Coolidge cathode, and 
a water-cooled anticathode which is sketched in the accompanying figure. 

With an input of 300 watts, only a small dull, 
red spot was observable at the focus, and since 
only about half this power was actually 
employed during the course of the experiment, 
the anticathode was not heated to a temperature 
at which any scandium formed might be 
expected to volatilise off. Several runs were^ 
made, the longest being of 30 hours, with an 
average current of 12 milliamperes at 12,000 
volts. The arc and spark spectra were photo¬ 
graphed with a small concave grating spectro¬ 
graph, but no trace of scandium could be 
detected. 

Summary. 

An attempt to transmute tin into indium, in 
a quartz apparatus similar to that used in the 
case of mercury (described in a previous paper), and to the apparatus in which 
Srnits reported evidence of the formation of thallium and mercury from lead, 
proved a failure, in spite of the employment of high current densities and the 
extraordinary sensitiveness of the spectroscopic method. Indium was detected 
in all the samples of “ pure ” tin examined, though in barely detectable traces 
in the purest tin of C. A. F. Kahlbaum. The 4102 line was found to be the 
most persistent in the spectrum of this element (de Gramont lists, 4511). 

Attempts were made to prepare scandium from titanium, using electrons of 
sufficient speed to bo certain of penetrating the K ring of this element. Titanium 
was bombarded with 12,000 volt electrons from a hot filament in an evacuated 
bulb, but no evidence of any transmutation was obtained. 

Grateful acknowledgment is due to Prof. F. A. Lindemann for numerous 
helpful suggestions, and to the International Education Board for a generous 
financial grant. 
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Bands in the Secondary Spectrum of Hydrogen . 

By H. Stanley Allen, M.A., D.Sc., Professor of Natural Philosophy in the 
University of St. Andrews, and Ian Sandeman, Ph.D., late Carnegie 
Research Scholar in the University of St. Andrews. 

(Communicated by O. W. Riclmrdson, F.R.S.—Received December 17, 1926.) 

Fulcher’s discovery of bands in the secondary spectrum of hydrogen at 
low pressures proved the starting point of a number of investigations, including 
those, based on the valuable tables of Merton and Barratt, which have been 
carried out in the University of St. Andrews.* * * § The application of the quantum 
theory to these bands has been discussed by one of us (H. S. A.), by Curtis, 
and in particular by Richardson who, partly in association with Tanaka, has 
added greatly to the number of known regularities and done much to bring them 
into line with the theory of band spectra. Nevertheless, apart from the Fulcher 
system, of which Richardson has recently given a very complete account, 
there remains a very large number of lines which have not yet been classified. 

One of the present writers (I. S.) has been engaged in a study of the secondary 
spectrum at “higher pressures, and among the regularities which have been 
selected by this method is a band with head at 4682*58 A.U. and shading 
towards the violet, which has been described in a recent communication.J 
This band yielded an initial moment of inertia agreeing closely with a value 
deduced from a static model of triatomic hydrogen, H 3 .§ This band has since 
been found to be one of a large number of similar bands which it will be the 
purpose of this paper to describe. We shall refer to it for convenience as 
“ Band II A , a.” 

A very remarkable feature of the blue and violet regions of the spectrum is 
the number of times series occur parallel to the Q series of Band II A , a. These 

* (1) Allen, 4 Froc. Roy. Hoc., Edin.,’ vol. 43, p. 180 (1923); (2) Allen, 1 Roy. Soc. Proc., 
A, vol. 106, p. 69 (1924); (3) Sandeman, 4 Roy. Soc. Proc.,' A, vol. 108, p. 607 (1925); 
(4) Sandeman, 4 Roy. Soc. Proc.,’ A, vol. 110, p. 326 (1926). 

f See, inter alia , 4 Roy. Soc. Proc.,’ A, vol. Ill, p. 714 (1926), and a letter in * Nature,’ of 
July 24, 1026. 

% Sandeman, Zoc. cit. (3). 

§ Allen, loc. ctt. (1). It is not claimed that such a model represents all the properties 
of the molecule, but it is reasonable to suppose that it gives at least the right order of 
magnitude for the moment of inertia. 
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series involve a considerable number of the faint lines recorded by Tanaka,* 
and generally occur in groups, the individual series of each group being 
separated by about 92 wave-numbers. We shall designate all the regularities 
of this type by the roman numeral “ II ” to discriminate them from all other 
known types of bands, and, further, use the capital letters, A, B, C, as 
suffixes to distinguish the systems to which the various groups belong. 

In Table I we give a well-marked group which occurs just on the short-wave 
side of the primary line The individual series forming the group have been 

allotted the small letters, a, 6, c, ..., starting from the most intense series which 
occurs in this case on the right-hand edge of the group, while the system to which 
the group belongs has been allotted the suffix “ B.*' Thus we can refer to the 
band to which the a column of Table I belongs as “Band II B , a.” This 
nomenclature has been chosen as.providing a convenient way of referring to 
the various series independently of any assumption as to the structure of the 

group.t 

Table I shows the wave-numbers of the lines with intensities in brackets 
underneath. The first figure given is the intensity recorded by Merton and 
Barratt or by Tanaka, an “ M ” or “ T 99 being prefixed to indicate which 
observations are referred to. The other two figures refer to observations of 
the arc spectrum at atmospheric pressure and at 45 cm. of mercury made in 
this Laboratory, to which reference has been made in previous papers.^; The 
letter “ H ” or “ L ” indicates that the line is recorded by Merton and Barratt 
as enhanced at high or low pressure. “ Z ” indicates lines showing normal 
Zeeman effect, “ NZ ” lines not showing Zeeman effect, and “ ZA ” lines given 
by Dufour§ as showing abnormal Zeeman effect. 

Both horizontal and vertical differences are given in italics. The horizontal 
differences are everywhere nearly 92 wave-numbers, but appear to increase 
slightly in passing from the left-hand to the right-hand edge of the table. The 

* Tanaka, ‘ Roy. Soc. Proc.,’ A, vol. 108, p. 592 (1925). 

f This notation is consistent with that employed in a recent Paper for Band System IV* 
(Sandeman, loc. cit . (4)). It is probable that the bands to which the series belong corre¬ 
spond to various transitions, n -> n\ of the vibration quantum number, so that the letters, 

a, 6, r.can be assumed to stand for bracket expressions (n, »'). Further, we have 

provisionally supposed the different groups to belong to different systems. When the 
structure of these regularities becomes better known, the suffix allotted to the strongest 
group may be extended to the whole of the related system, and the electron quantum 
numbers inserted in the expressions for the bands, as has been done in the case of Band 
System 1V±. 

% Sandeman, toe. cit. 

§ Dufour, ‘ Joum. do PhyB.,* Ser. 4, vol. 8, p. 237 (1909). 
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vertical differences are very nearly the same as those of the Q Series of Band 
II A , a* which are 6-83, 25-15, 43-39, 61-12, 79-52, and 99-11. 

If we except the three doubtful members which have been placed in brackets 
and the lines 21009*64 and 20777*02 which are overlaps with the Blue Fulcher 
System, the various series of Table I are similar in intensity sequence. 

It must be admitted that Table I shows a number of coincidences with the 
lines of Richardson's Blue Fulcher System. It is, however, noteworthy that 
the lines 21078 * 95 and 20985 * 70, which appear as Q(2)’s of the a and 6 columns, 
are somewhat intense for their positions in Richardson's! series, so that they 
may well be genuine overlaps. The numerical coherence of Table I is sufficiently 
striking to warrant a conviction that the series are actually related to II A , a, Q, 
a conviction which is strengthened when we find the same configuration of 
lines cropping up in other parts of the spectrum. 

The intensity sequence shown by the first four members of the a column of 
Table I suggests that this series is of the alternating-intensity type, since 
Q(2) and Q(4) are stronger than Q(l) and Q(3). There is, however, a curious 
rise in intensity at Q(5) both in the arc and in the Geissler-tubo observations. 
A rise in intensity at Q(5) is also apparent in the b column. In a scries like this, 
where Q(2) is moderately strong, Q(3) and Q(4) weak, and Q(5) again moderately 
strong, we seem to have indications of the enhancement of every third line instead 
of every second, a state of things which we may call “ threefold intensity 
alternation.” This peculiarity appears again in other groups, and calls for 
theoretical explanation. If we could assume the operation of a principle of 
threefold intensity alternation simultaneously with one of twofold alternation, 
the intensity sequence of the a series of Table I would, in fact, cease to be 
peculiar. We shall later return to this question. 

The group shows signs of extrapolating horizontally in the direction of 
longer wave-lengths, and, at least as far as the more intense lines Q(2) and 
Q(5) are concerned, also in the direction of shorter wave-lengths. We have 
not, however, included these lines in Table I, since it is doubtful whether they 
are really members of the system. 

In Table II we give another group (IIq) which bears a striking similarity to 

* Sandeman, loc. at. (3). The numeration adopted in the present paper differs from 
that previously given for Band H*, a. The values of m have each been decreased by 1, so 
that the line of lowest quantum number is now takon as Q(l) instead of Q(2). While the 
experimental evidence is insufficient to enable us to regard either numeration as preferable, 
the one here adopted seems better suited for a preliminary study of these bands, since it 
yields values of the £ and e constants of reasonable magnitude. 

t Richardson, loc . cit . 
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X 


* The same line as 20 Q(2). 

J The wave-number of this line is a little too low. Kichardson informs us that he claims the line as his A Q(|)i Tanaka has 

as of strength 3 on one plate. This would make it too strong for either band, and tend to support a real coincidence. 
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Group II B . This group occurs on the short-wave side of the primary line H y . 
Table II shows only the intensities recorded by Merton and Barratt or by 
Tanaka. The continuous spectrum is bo strong in the arc in this region, that 
measurement of the fainter lines was difficult. Besides the lines given, 23577 * 1 
(T) and 23619-05 (TO) may be Q(3) and Q(4) respectively of column /. 

The horizontal differences are again everywhere about 92 wave-numbers, 
but do not appear to increase towards the short-wave side of the group as in 
Table I. There is, however, considerable similarity between the two tables. 
The best marked series again occurs on the right-hand edge of the group; 
columns a and b are again more intense than the others; and the Q(1 )’b are again 
faint or missing. It is also interesting that Q(5) of the d column is missing in 
both tables, while Q(2) of the e column is missing in Table II and very faint in 
Table I. Again in both tables o, Q(7), is present, while o, Q(6), is not. 

There are three lines, 23773*97, 23668-19, and 23804*13, which appear to 
be rather intense, but, apart from these and the two lines noted as overlaps, 
the intensity distribution of the series in Table II is reasonable. The vertical 
differences are nearly the same in the two groups. 

Interspersed with the Q series of Group II C are other lines which show 
horizontal differences of the same order, and presumably belong to related series. 
We have not succeeded in finding any convincing arrangement of these. Nor 
have we been able definitely to identify P and R series in the case of the previous 
group. A difficulty which presents itself in searching for R series parallel to 
the R series of Band II A , a, is that the distance between R(l) and R(3) is nearly 
the same as the horizontal interval separating the series: in fact, in Band 
II A) a, R(3) — R(l) = 93*63 cm." 1 , so that it is hard to say whether a given line 
should bo identified as R(1) or as R(3) of the band immediately on the long¬ 
wave side. 

As we shall show later, groups of the type considered exist in which both P 
and R series can be identified, and others in which apparently only R series are 
present. 41 We shall leave the question of the identification of P and R series 
for Groups II B and II C until further experimental evidence is available. 

In Table III is given a remarkable group of lines occurring on the short-wave 
side of the primary line Ha in a region where lines are comparatively scarce. 
This group differs from the last in having its best marked series on the long¬ 
wave side of the group, and in showing the horizontal differences between the 
columns to increase regularly in passing up the group. The Q(l)’s are, in fact, 

* In the present paper we shall deal in detail only with groups showing both F and R 
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* An overlap. A similar overlap between a Q(3) line and a Q{6) line occurs in other instances, e.g. t Tables I, V, and VII. 
f Merton and Barratt record a line 24967-63 (0). 
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spaced out according to a quadratic law. The a series is one of considerable 
length and is of the alternating-intensity type. There are, moreover, indica¬ 
tions of intensity-alternation horizontally as well as vertically, since the 6 and 
d columns are more intense than the a, o, and e columns. 

Table III shows one or two missing lines besides a few intensity peculiarities, 
and since little is known about structure in this region, not much can be said 
about the latter. Nevertheless, the horizontal differences are exceedingly 
regular, and the vertical differences closely resemble those of the other groups 
and yield a nearly constant second difference. Besides the lines given, 24545 * 18 
(Ml) may be Q(l) of the column immediately on the long-wave side of the a 
column, which we may call the “ z ” column. It may be mentioned that there 
are two lines, 24645*41 (MO) and 24676*85 (MO), which appear to continue the 
a series of Table III in the direction of lower quantum numbers, t.e., on the 
numeration adopted these lines would be Q(0) and Q(—1). These have not 
beon included in Table III, since wo have no definite analogy for the existence 
of such members in the other groups * 

Group Up shows indications of possessing R series parallel to that of Band 
II A , a. Moreover, a little farther up the spectrum there is a similar parallel 
group which seems to beaT a particularly intimate relation to it. We shall 
defer consideration of these related regularities to a later paper. 

It is worthy of mention that the original Q series, II A , o, Q, itself shows 
indications of fitting into a scheme similar to that of Tables I and II. Table IV 
shows a scheme incorporating this series (column a). The horizontal differences 
here seem to be in the neighbourhood of 93 instead of 92. Table IV shows a 
considerable number of missing lines besides overlaps with lines of other systems. 
However, since we have indications of a threefold intensity alternation in column 
a, such as was found to hold in Table I, and as this peculiarity repeats itself in 
columns 6, c, and d, the scheme seems not unlikely. 

A Band System in the Infra-red showing P, Q, and It Combinations similar to 
Band I/ A , o.—Recent measurements of the infra-red secondary spectrum of 
hydrogen by T. E. Allibonet have made possible a more thorough study of the 
Bpectral region beyond H a , and have shown the existence of another group of 
lines bearing a close resemblance to those given in the preceding tables. This 

* Some of the groups show doubtful extrapolations in the direction of lower quantum 
numbers. These ore, in most cases, such a bad fit that it seems likely that such lines are 
members of some other related series coming accidentally near the positions which the 
extrapolations of the Q series should occupy, 
t Allibone, * Roy. Soc. Proc.,* A, toL 112, p. 196 (1026). 
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Table IV.—Band Group II A . 
Q Series. 



a. 


h. 


c. 


4(1) 

21830 *67;i 
(M1NZ, q, p) 


'1 





6-83 






Q(*> - 

... 21837-50 

(M3NZ, 4, 4) 

93-13 

21930-93* * § 
(M2ZA, 6, 6) 

93-46 

22024-39 
(M2HZ, -) 

93-58 


25 -15 




24-18 


Q(3) 

21862-65 
(M4H, 10, 8) 




22048-57* 
(M3, -) 



43-39 




43-31 


Q<<) - 

21906-04 
(M1HNZ, 5, 5) 




22091-88 

<t**, -) 



61 12 




61-08 


Q(S) 

21967-16J 
(M3HNZ, 8, 7) 
79 52 

92-11 

22059-27 
(MUZA, 3,1) 
80-64 

93-69 

22152-96* 
(Ml,-, -) 

94-33 

Q(«) 

22046-68 
(M3NZ, 6, 4) 

93-23 

22139-91*t 
(MIH, -) 





99-11 


99-36 




Q(7> 

22145*79* 
(M1HNZ, 6, 5) 

93-43 

22239-27 
(Tprf. 0d, p) 

94-52 

22333-79 
(T?, -) 



117-45 


Q(8) ... 22203-24* 

(MflLZ, 1. 1) 


d. 


22117-97 
(M07.A, 2. 1) 


22247-29* 
(M2l„ -) 


* Members of Richardflon’s Blue Fulcher System, 

t The same line as 101 14(4). 

j The same line as 60 R(G). 

§ Recorded by Merton and Barratt as an unresolved doublet. This line also appears as 
101 R(3) and 26 P(5). 

|| The intensity of this line was given before ns (Ml, 0, -). Later measurements would indioate 
the above as a better ratio of the intensities at atmospheric pressure and at 45 om. 

J 21922-75 (MOL, l,p) may bo 6. Q<1). 

*• Tanaka describes this lino as of “ quito variable ” intensity, perhaps meaning that some 
parts of tho line looked more intense than others. 


group. Band Group II F , is given in Table V in which the letter “ A ” before 
the intensities indicates that the observations are Allibone’s. Three parallel 
Q series can be identified showing horizontal and vertical differences of the 
same magnitude as before and possessing an intensity distribution not unlike 
that of the other groups. The rise of intensity at Q(5) is specially well marked 
in all three series. Moreover, an R and a P series can also be identified closely 
parallel to the R and P series of Band II A , a, and fitting into a P, Q, and R 
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«(1) 

Table V.- 

a. 

-Band Group II F . 

Q Series. 

b. 

c. 

Q(2) . 

13470 42 
<A4) 

94-29 

13564-71 

(Al) 

93-24 13657*95 

(A3) 


25- 13 


23-95 

23-44 

Q(3) 

13496’65 
(Al) 

93-11 

13588-66 

(Al) 

92-73 13681-39* 

(A6) 


43-37 


43-43 

43-35 

m 

13638-92 

(A4) 

93-17 

13632-09 

(A3) 

92-65 13724-74 

(Al) 


01 81 


02-23 

02-43 

Q(6) 

13600-73 

(A12) 

93-59 

13604*32 

(A4) 

92-85 13787-17 

(A6) 


80-06 


80-73 


Q<«) 

13681-39* 
(A6) 

93-66 

13776-05 

(Missing) 



99-93 


99 22 


Q(7) 13781-32+ 92-93 13874-27 

(A10) (Al) 

* An overlap. Cf. Tables I and III. 

•f This is probably a strong line of another system overshadowing a weaker member. 

mi) 

Table VI. — Band Group 11*. 

An R and a P series in conjunction with 11*, 
lip, a, R(m). 

P(2) 

«, Q. 

Ilf, a, P(»i). 

R<2) 

13612-96 

(Al) 


P<3) 

13463-02 
(A2) 


55-2.5 



13-80 

R<3) 

13568-20 

(Al) 


P(4) 

13466-82 

(A*) 


73-79 



31-67 

R(4) 

13641-99 

(A8) 


P(o) 

13498*49 

(Al) 


91-35 



50-29 

R(») 

13733-34+ 

(Calculated) 


P(6) 

13648-78J 

(Al) 


* The intensity of this line differed widely on Allibone’s two plates, being recorded as 1 on 
Plate A and 0 on Plate B. 

t The line 13732-28 (A6) comes near this value. This line seems, however, more likely to be 
Hr, 6, R(4), since it gives 13693-98 (A4) as lly, 6, P(5) in agreement with the Combination 
Principle. 

J Richardson informs us that this line coincides with his 4 a 6 Q(2). 



303 


Bands in Secondary Spectrum of Hydrogen . 

combination along with the Q series of column a. These series are given in 
Table VI. The first differences of the R series closely resemble the corre¬ 
sponding first differences of the series II A , a, R, which are 56*52,* 73*52,* and 
91*29, while the first differences of the P series are not unlike the corresponding 
first differences calculated for the incomplete P series of Band II X , a, which are 
12-10, 30*58, and 49-35. 

The Simple Combination Principle applied to Band II F , a. gives : — 

Difference. 

Q(2) + Q(3) = 26965*97, R(2) + P(3) - 26965-97, 2 A 3 = 0-00, 

Q(3) + Q(4) 27034*47, R(3) + P(4) « 27035-02, 3 A* -= +0-55, 

Q(4) + Q(5) = 27139-65, R(4) + P(5) = 27140-48, 4 A 5 = +0-83. 

A curious feature of the band is the apparent capriciousness in the intensity 
of the line P(4) observed by Allibone, suggesting that some of the other observed 
intensity-peculiarities may be traceable to some such “ capriciousness ” rather 
than to overlaps with lines of other systems. The possibility presents itself 
that the lines of the system may be peculiarly sensitive to changes in the con¬ 
ditions of excitation. There is, for example, in the aref some condition which 
causes enormous enhancement of the lines of Band II A , a —see Table IV. We 
shall later return to this point in considering the question of the identity of 
the emitter. 

Besides the lines given in Tables V and VI there are other lines which may be 
members of the R and P series belonging to the other bands of the group, but, 
as these series are uncertain owing to their fragmentary character, we shall 
leave them until further experimental evidence is available. 

A circumstance which provides strong evidence for the validity of Group II P 
is that an almost parallel configuration of lines occurs a little farther up the 
spectrum (Group II G ). This second group occurs astride the primary line H. 
in the region between the observations of Merton and Barratt and those of 
Allibone, and some of its members come out in the arc,f which are not recorded 
by other observers. Although no high accuracy is claimed for these determina¬ 
tions! these lines fit into the general scheme, and the R and P series of the a 
band are in moderate agreement with the Combination Principle. The details 
of this group are given in Tables VII and VIII. 

* These values ore based on an approximate determination of an are line. The firet is 
probably too large, and the seoond too small. See Sandeman, be. cit. (3). 

t The are observations referred to throughout the present paper are those made at 
St. Andrews, see Sandeman. be. cit. 
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The Simple Combination Principle applied to Band IIq, a, gives:— 

Difference. 


Q(2) + Q(3) = 

30173-04, 

R(2) + P(3) = 30172-65, 

,A, 

= -0-39, 

Q(3) + Q(4) = 

30242-59, 

R(3) + P(4) = 30242-52, 

»A« 

= -0-07, 

Q(4) + Q(6) = 

30347-49, 

R(4) + P(5) = 30348-34, 

4^ 

= +0-85, 

Q(5) + Q(6) = 

30489-76, 

R(5) H- P(6) = 30490-66, 

5^9 

= +0-90. 


Table VII. — Band Group II G . 





Q Series. 




a. 

5. 


e. 

Q(l) 


15162-68$ 

91-H7 

15264-55H 



(-. 1, 1) 


(PI. 0,2) 



6-09 


6-26 

Q(2) 

15073-25f 

96-62 15168-77H 

92-04 

15260-81 


(-. 4, 2) 

(PI, 0, 0) 


(Tr, 0, 3) 


26-54 

23-16 


24-26 

Q(3). 

15099-79 

92-14 15191-93H 

93-14 

15285-07* * * § 


(A0, -, -) 

(-. 3, Id) 


(M2, 2. 1) 


43 01 



43-21 

Q(4) .... 

15142-80 



15328-28** 


(A3, p) 



(Musing) 


61-89 



62-08 

<M»). 

16204-69: 



15390-36 


(-.-,2) 



(MO, 0, 1) 


80-38 


Q(0). .... 18285-07* 

(M2, 2, 1) 

100-32 

Q(7) . 15385-39 

(MO, 1,0) 

* An overlap. Of. Table V. The lino 15285*07 is also a member of Richardson's Red Fulcher 
System. The strength of this lino in the arc at higher pressures is sufficient to indioate a real 
coincidence. 

. t Arc line, W.L. 6632-44 (C/. Piazzi Smith 0032*7 R.A. (0)) not completely resolved from 
0633-86 (A3, 1, 2). The wave<number seems rather low. 

* Aro lino, W.L. 6575-11. 

§ Aro line, W.L. 6593*32. 

|| Porlezza's measurements reduced to I.A., 1 Atti. Acad. Lincci,* vol. 20 (2), p. 176 (1911). 
The wave-lengths are 6590>90 and 6553*83 R.A. 

f Aro line, W.L. 6580*63. The intensity at atmospheric pressure seems rather high, and the 
wave-number is too low, so that there is probably an interference here with a line of some other 
system. 

** The line 15327*31 (MO, 3, 2), a member of Riohardson's Red Fulcher System, oomes near 
this value* 
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Table VIII.—Band Group IIq. 

An R and a P aeries in conjunction with IIq, a, Q. 


R(l) 

IIq, a, R(m). 


IIo. «. P(»)- 

t 

P(21 

H(S). 

15115 79} 

(-. 3, 2) 

P(3) 

15056-86* 


(-, 0, 1) 


50-71 


13 16 

R(3) 

15172'GO§ 

P<4) 

10070*02 


(A3. 2,1) 

(A3,1, 2) 


73-Si 


31-93 

R(4) 

15240 * 34,1 

1*(5) 

15102-00 


(-. 2, -) 

(A2, 4, 4) 


92-30 


50-02 

R(5) 

15335-04 

m 

15152-02 


(M4H, 4, 3) 

(A4, -) 


* Aro line, W.L. 0839-66. 

t The line 15078-11 (A4, 5, 3) may bo H(l), but seems rather too intense. 

t Arc lino, W.L. 0013-78. 

§ The same lino aa IVa. 0 P(6). 

|| Aro line, W.L. 0557* 14. This lino was difficult to measure owing to its proximity to H*. 

It is noteworthy that, although the Q(2) , s of Table VII are somewhat irregular, 
the difference Q(3) — Q(2) varies from column to column in much the same way 
as it does for Table V. 

The fact that the a bands of the two groups are very nearly parallel is best 
shown by means of the scheme of term differences for the two bands (Table IX), 
Both initial- and final-term differences seem very slightly greater for Band II 0 , a, 
than for Band II F , a. In Table IX the initial-term difference, F(m + 1) —■ 
F(m), has, for each value of m, been taken as the mean of the two quantities 
It (m) — Q (m) and Q (m + 1) — P (m + and similarly the final-term differ¬ 
ence, f(m -f 1) — /(mi), as the mean of the two quantities R (m) — Q (m + 1) 
and Q (m) — P (m + 1). Although the accuracy of the observational data, at 
least in the case of the second band, is insufficient to warrant the attaching of 
much importance to the small quantities A a {F(m 1) — F(m)} and A*{/(m + 1) 
—/(m)}, yet the fact that the Simple Combination Principle holds with moderate 
closeness enables us with confidence to use the scheme of term differences to 
draw a number of conclusions regarding the structure of the bands. 

The first question to be decided is what formula to employ to represent the 
terms. The fact that the quantities A*{F(m + 1) — F(m)} and A“{/(*» + 1) — 
J{m)} in Table IX contain so many + signs makes it appear very unlikely that 



806 


H. S. Allen and I. Sandeman. 


the formula of Kramers and Pauli* will be found to give a reasonable repre¬ 
sentation of the bands, and, indeed, this formula has already been found to be 
unsatisfactory in the case of Band II A , a. In default of a better term repre¬ 
sentation, we have used the general quadratic expressions - 

F(m) = B (m 4* E)*, 

/(m) = b(m 4- e)*. 


Table IX.—Bands II F , a, and II a , a. Term differences. 
Initial Term Differences. 


Bond. 

m. 

F (m -|- 1) - F(m). 

a jF (»»+l)-F (m)j. 

A« !F(,n+l)-F(m)K 

Hr.o 

i 

3 

4 

5 

42*03 

72*375 

102*665 

132*61 

20*845 

30*28 

20*055 

! 

-f 0 - 436 
-0325 

IIo* ft 

1 





2 

42*735 

30 01 

+0-36 


3 

72*745 

30-37 

+0 015 


4 

103*116 

30-385 



0 ! 

133*50 




Final Term Differences. 


Bond. 

M. 

/(m + 1) -/(*»)• 

A{/(m+ 1) 

1) -/(»)}• 

Hr, « 

1 

1 ! 




2 


11*605 

+0*236 


3 

20*005 | 

11*84 

-0*735 


4 1 

40*846 

11*105 



6 

61*95 

_ 1 


11(1, ft 

1 




2 

16*195 , 

13*54 , 

-2*05 


3 

20-735 

11*49 ! 

+0*405 


4 

41*225 

11*895 


6 

53-12 




Here B, in agreement with mathematical theories of band spectra, may be 
taken to represent the expression h/ 8n*I lf Ij being the initial moment of inertia 
of the molecule, and E is a constant for a given band, m + E representing the 

* F(m) = B(Jm* — <r J + p)*. See Kramers and Pauli, ' Zeito. fhr Physik,’ vol. 13, 
p. 361 (1023). For a discussion of the applicability of this formula to Band IIa, a, see - 
Sandeman, Joe. eit. (3). 












Bands in Secondary Spectrum of Hydrogen . 


307 


“ effective ” initial quantum number, and similarly for the quantities b and c 
which appear in the expression for the final term, /(wi). Further, taking the 
P, Q, and R lines to correspond to transitions of the rotation quantum number 
as follows- 



m — 1 m , 

QW, 

in > m 


w + 1 -> m 


the assumption adopted by Kratzer* and again by Kramers and Pauli and 
followed in his experimental work by Richardson, we obtain the expressions 
for the band lines as :— 

P(?h) = v 0 -1- F(m - 1) —/(m), 

Q(m) = v p + F (m) —/(*»), 

R(m) = v 0 + F(m + 1) —/(m). 

From these expressions the constants R, I lf E, 6, I 2 , e, and the null line, v 0 , 
can be deduced by the methods described in a previous paper.f The constants 
deduced for Bands II r , o, and II G , a, are shown in Table X. In Table X owing 
to the uncertainty attaching to the line II G , a, Q(2) we have used only the data 
corresponding to m — 3, 4, 5, and 6. This procedure, although admittedly 
approximate, was the only one that seemed to promise a fair comparison between 
the bands. Further, since we cannot hope to obtain very accurate values of 
the null lines, v 0 , from the present data, these have been calculated from the 
Q series only, and in fact from the lines Q(3), Q(4), Q(5), and Q(6). Table X 
also gives the constants for Band II A , a, deduced from the corresponding data 
for comparison. 

Table X.—Band Constants. 



Table X shows that the initial moment of inertia is very nearly the same for 
the three bands, while the final moments of inertia are all different. The E 

* Kratzer, 1 Ann. der Phystk,* vol. 872, p. 127 (1822). 
t Sandoman, loc, tit. (4). 
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and e constants of Band II A , a, are markedly smaller numerically than those of 
the other bands, showing that the molecular configuration is somewhat different 
for this band. Another curious conclusion arises from a consideration of 
Table X. Although at a first glance we might be inclined to suppose that the 
small changes in the term differences in passing from Band II F , a, to Band IIq, a, 
are to be attributed to the same cause, yet Table X indicates that, while the 
small change in the initial-term differences is to be traced to a change in the 
initial moment of inertia as well as to a change in the E constant, the small 
change in the final-term differences is entirely attributable to a change in the 
final moment of inertia, since the e constant is noticeably the same for both 
bands. 

Although the data at present available make it impossible as yet to unravel 
these peculiarities, Tables IX and X indicate clearly that there is some intimate 
relationship between Band Groups II F and II Q . On the basis of current band 
theory, three possibilities seem to be present, which we may call (1), (2), and 
(3)- 

(1) It is possible that, while the corresponding columns of the two groups have 
the same vibrational quantum numbers, the groups have the final electronic 
state in common and correspond to different initial electronic states. On the 
basis of this supposition we should expect the groups to be given by some 
formula analogous to that of Rydberg. In justice to this view it may be pointed 
out that a decrease in the final moment of inertia has ako been found to take 
place with riso of electron quantum number in the case of Band System IVa.* 
Nevertheless, it is hard to see why the initial moment of inertia should also 
decrease, as it appears to do, with rise of electron quantum number. 

(2) It is possible that the groups have both electronic states in common, and 
correspond to different “ groups ” of a Deslandres system. For example, it is 
possible that the a, 6, and c bands of II P correspond to vibrational transitions 
such asO-^O, 1-^1, 2-^2, and those of II a to transitions such as 1 -> 0, 2 -*■ 1, 
3 -*2. An objection to this view is that, by making all likely assumptions, it 
should be possible to forecast the remaining groups of the Deslandres system. 
Although the writers have tried a number of likely assumptions, their efforts 
to find the other Deslandres groups have so far proved abortive. It may be 
said, however, that much of the system of Typo-II regularities is so faint that 
this possibility may conceivably be found to be a solution of the problem, once 
it has been found possible to devise experimental conditions which would favour 
the lines of the system. 


* Sandeman, loc. cit. (4). 
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(3) A third possibility which is worthy of mention is that the groups, while 
having their electronic states in common, may each represent a one-dimensional 
system of bands with a common vibrational state. On this assumption, for 
example, the a, 6, and c bands of II* may correspond to vibrational transitions 
0->*2, 0->l, 0->0, and those of II G to transitions 1 -*2, 1 -*1, l >0. This 
possibility seems less likely, since it would lead to a Deslandrcs formula in which 
the coefficients of the linear terms in the vibrational quantum numbers would 
be of very different orders of magnitude. One would, in fact, be of the order 
92 cm." 1 , and the other of the order 1605 cm. -1 (the interval separating the 
groups). 

Another objection to Possibility (3) is that neither the initial nor the final 
state seems to be the same for the two a bands, although these bands occupy 
the same positions in the two groups. Indeed, the variation in the band con¬ 
stants in passing from Band II*, o, to Band 1I G , a, is so peculiar, that it is 
difficult to admit any explanation purely in terms of vibration quantum numbers. 
It must also bo remembered that we are dealing with bands the presumable 
emitter of which is II 3 , and have no adequate theory to guide us in the study 
of triatom its spectra. 

Other regularities of the same type as the above have been detected, and 
serve to throw some light on the questions just considered. A consideration 
of these is reserved for a subsequent paper. We shall conclude the present 
paper with some remarks as to the identity of the emitter. 

The Emitter .—One of the difficulties raised by the bands which have just been 
described is the very largo difference between the initial and final moments of 
inertia which are of the order 18 X 10 ' 4I gm. (cm.) 2 and 45 X 10" 41 gm. (cm.) 2 
respectively. As has been mentioned earlier in the present paper, the initial 
moment of inertia comes near the value 19*33 X 10~ 41 gm. (cm.) 2 deduced from 
a static model of triatomic hydrogen, H a .* This static model is one in which 
the three protons and three electrons are imagined to be situated at alternate 
comers of a regular hexagon, and as a tentative explanation of the facts the 
writers have supposed that all the bands of Type II correspond to a transition 
of the molecule from some such simple hexagonal configuration to an unsym¬ 
metrical configuration with one of the protons relatively distant from the other 
two, which would possess a much larger moment of inertia* 

In addition to the evidence provided by the moments of inertia, there are 
three considerations which support the allocation of the Type-11 bands to tri¬ 
atomic hydrogen:— 


* Allen, loe . cit . (1). 
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(1) The faintness of the system. We should not expect H 3 to be very abun¬ 
dant in the Geissler-tube discharge compared with H 2 . 

(2) The enhancement of some of the lines in the arc at higher pressures. It 
is not surprising to hud some of the bands due to II a to come out strongly in 
the arc, e.g.. Band II A) a —since the striking of an arc in hydrogen has long been 
known to chemists as a method of preparing “ active hydrogen.” 

Belated to this may be the variable intensity shown by some of the lines. 
{See the foot-note on the line Ily, a , P(4).) Again, the lines II A , a, R(5) and 
II D , a ' Q(l) are recorded by Merton and Barratt as measured on one plate only, 
while Allibone’s tables record a similar observation for Ily, a, Q(3).) Such 
variable intensity is what we should expect from the unstable character of H 3 , 
since the amount of H 3 present during an exposure is likely to be very sensitive 
to small changes in the conditions of excitation. 

(3) The peculiar intensity distribution of the series. We might expect to 
find diatomic spectra show twofold intensity alternation in the series, but hardly 
threefold intensity alternation such as appears in the recrudescence of intensity 
at Q(5) in some of the groups, since we have no analogy for this in the known 
diatomic bands. 

In a recent letter to ‘ Nature,’ J. C. Slater* has given an explanation, based on 
a suggestion made by Ehrenfest and Tolman, of how twofold and threefold 
intensity alternation in band series may come about. A brief idea of this 
theory may be given diagraimnatically as follows :— 
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Suppose we regard the three atoms of a triatomic molecule as being at the 
corners of an equilateral triangle in the XY plane of the diagram, 0 being 
the centre of gravity of the triangle and the X axis coinciding with a median. 
During a complete rotation about an axis such as OY there is only one position 
corresponding to that of the figure. ■ During a complete rotation about an 
axis such as OX, however, there are two positions, viz., the second position 
occurs when the two atoms not on the axis of rotation have changed places. 
And during a complete rotation about an axis such as OZ there are three similar 
positions. Taking <f> as the azimuthal co-ordinate about the last axis, it is 
uncertain whether the integral 

j p* # 

has to be taken from 0 to 2tz, or from 0 to 2 tc/ 3. On the latter assumption 
we should have 

I "In 

p$d<f> = mh, 

o 

giving 

o h 

r* = s 

Thus every third line would be intensified. 

Although such an explanation is somewhat conjectural, it is interesting to 
note that the symmetrical hexagonal configuration which we have assumed for 
the initial state in the Type-II bands would admit of just such a possibility 
as this, so that it is not surprising to find the lines Q(2) and Q(5) simultaneously 
intense.* Moreover, if the threefold intensity alternation is traceable to the 
initial term,t we should expect to find R(4) simultaneously intense with Q(5). 
This is certainly the case for Band II F , a, in whicli Q(5) and R(4) are noticeably 
intense lines. P(6) should also be simultaneously intense, although we should 
not expect it to be as intense as R(4). The line II F , a, P(6) is scarcely a satis¬ 
factory member of the system, since it is claimed as Richardson’s 4 a ft Q(2), yet 
it is noteworthy that there is not a single R(4), Q(6) or P(6) line which is certainly 
absent. Again, R(4) is noticeably stronger than R(3) in Band II A , a, which shows 
strength in Q(5). 

* The theory suggests that Q(3) and Q(6) would have been a better numeration for these 
lines. 

f A difficulty arises in reconciling the foregoing explanation with the writers’ assumption 
that the bands are due to a transition from a symmetrical to an unsymmctrical molecular 
configuration, particularly when the Selection Principle is taken into account. Our present 
object is to examine various possibilities, which can be judged in their proper perspective, 
as the structure of these regularities becomes better known. 
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Whether we accept the foregoing explanation or not, it seems probable that 
the peculiar intensity sequence of the bands is attributable to the triatomic 
molecule. 

Summary . 

In a recent communication [Sandeman, * Roy. Soe. Proc./ A, vol. 108, p. 607, 
(1925) ] on the secondary spectrum of hydrogen at higher pressures a band has 
been described, comprising a P, Q and R combination, and attributed to tri¬ 
atomic hydrogen. This has since been found to be one of a very considerable 
system of bands. These bands occur in groups, the bands of a group being 
spaced out at intervals of very nearly 92 wave-numbers, the spacing being in 
some cases approximately constant and in others conforming to a quadratic 
law. The bands are found both in the range of wave-lengths measured by 
Merton and Barratt and by Tanaka, and also in the infra-red region recently 
investigated by Allibone. Two groups occurring in the latter region have been 
considered in detail. 

Experiment has shown that in some cases the lines of the groups an; enhanced 
in the spectrum of the arc in hydrogen at higher pressures. The bands must 
originate in molecules with large moments of inertia, and other reasons are also 
advanced for believing that they are due to active or triatomic hydrogen. A 
complete analysis of their structure would prove an important step towards 
an understanding of triatomic spectra. 

We wish to thank the Department of Scientific and Industrial Research for 
a grant towards instrumental equipment, and Prof. 0. W. Richardson for 
helpful information and advice. 

[Note added December 13,1926.- -In a communication which has just appeared 
(‘ Roy. Soc. Proc., 5 A, vol. 113, p. 420 (1926)) Dcodhar gives a list of faint 
hydrogen lines between 6601*99 and 3357*52 I.A. among which are the follow¬ 
ing lines which serve to fill gaps and extend the series of the above system:— 
Table I, II Bl 6, Q(6), 21194*30 (r). 

II B , c, Q(7), 21201*58 (?) 

II B , d, Q(4), 20869*07 (?d) 

Table II, II 0 , a, Q(6), 24223*28 (r<f) 

Table III, II D , e, Q(2), 25018-64 (r) 

Table IV, II A , 6, Q(3), 21956*50 (r) (Wave-number rather high.) 

H A , 6, Q(4), 21998-42 (r) 

II A , c, Q(6), 22232-34 (0 d) 

Table VII, II G , a, Q(8), 15503-84 (rd 2 ). 
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Deodhar also confirms the lines II Q , 6, Q (1) and II a , c, Q (1), his wave 
numbers being 15162*24 (ni 2 ) and 15253-88 (rd). 

The missing line P (5) of the original band 1I A , a, the value of which was 
predicted from the Combination Principle as 21858*35, is present on his list 
as 21857*96 (g). P (6) is not given by Deodhar, but its predicted value occurs 
very near the comparatively strong line 21906-04 (M1H, 5, 5).] 


The Straggling of a Particles from Radium C. 

By G. H. Briggs, Ph.D., Lecturer in Physics in the University of Sydney. 

(Communicated by Sir Ernest Rutherford, Pres.R.S.—Received January 19, 1927.) 

[Plate 20.] 

§ 1. Introduction . 

It is well known that a pencil of homogeneous a particles in passing through 
matter decrease in energy and become increasingly heterogeneous with the 
amount of matter traversed. It can be shown that this straggling of the a 
particles, so named by Darwin,* is a necessary consequence of any theory of 
absorption of a particles in which the loss of energy depends on the transfer of 
energy to the electrons or nuclei of the atoms which it encounters. The well- 
known fact that the ranges of individual a particles, whether measured by the 
scintillation, photographic, or Wilson cloud method, are subject to fluctuations, 
is an illustration of this phenomenon. This straggling is most clearly shown by 
observing the broadening in a magnetic field of a narrow pencil of homogeneous 
a rays after their passage through a definite thickness of absorbing matter. No 
quantitative measurements have hitherto been made by this method, but this 
broadening was clearly shown by Rutherfordf in experiments on the capture 
and loss of electrons by a particles. It is also seen in the photographs obtained 
by HendersonJ in experiments on the same subject. 

The first experiments on the straggling of a particles were made in 1910 by 
Geiger,§ who measured the variation in range of ot particles by the scintillation 

* 1 Phil. Mag./ vol. 23, p. 901 (1912). 

t 4 Phil. Mag./ vol. 47, p. 277 (1924). 

J 4 Roy. Soc. Proe./ A, vol. 109, p. 157 (1925). 

§ 4 Roy. Soc. Proc./ A, vol. 83, p. 505 (1910). 
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method. This method was also used by other observers,* but the values obtained 
were all several times too great, as was shown by the experiments of Makower,f 
who detected the a particles by their photographic action and pointed out that 
the failure of the scintillation method is probably to be ascribed to the difficulty 
of counting extremely feeble and comparatively bright scintillations simul¬ 
taneously. Recently the straggling of particles has been measured by the 
Wilson cloud method by I. Curie,J Meitner and Freitag§ and I. Curie and 
Mercier.y The results of these experiments will be discussed in § 10. 

The only aspect of the straggling of a particles which has hitherto been investi¬ 
gated quantitatively is the straggling of the ranges at the end of the path. At 
any point in the range of a beam of a particles, however, straggling must pro¬ 
duce variations in the energies and velocities of particles which have traversed 
the same distance. At the same time there will be variations in the distances 
traversed by particles which have all lost the same amount of energy. At the 
end of the range the latter becomes the total straggling of the ranges. 

In the experiments to be described below the distribution of the velocities 
has been measured by the magnetic deflection method for a particles from 
radium C after passing through mica for a range of emergent velocities from 
0 • 98 V 0 to 0 ■ 22 V 0 . From these data and the velocity curve which has also been 
measured over the same range of velocities, as will be described in a later 
paper and which will be referred to here as Part II, the straggling of the 
energies and ranges at any point in this region may be calculated. Thus, 
it has been possible to study the phenomenon of straggling over nearly the whole 
of the range of the a particles and to determine the contribution to the total 
straggling of various parts of the range. 

§ 2. Description of Apparatus. 

The apparatus used for experiments with mica of stopping power less than 
3-5 cm. of air is shown diagrammatically in fig. I. A is the source of a rays, 
a platinum wire 0-10 or 0*125 mm. diameter on which radium active deposit 
was collected by exposure to radium emanation in an electric field. The wire 
was stretched taut by a spring holding it normal to the plane of the diagram. 
A length of about 8 mm. of wire was effective in producing useful rays. B is 

•Taylor, ‘Phil. Mag.,* vol. 26, p. 377 (1913); Friedmann, ‘Wien. Ber.,’ vol. 122, 
p. 1269(1913). 

t ‘ Phil. Mag.,’ vol. 32, p. 222 (1916). 

% * Ann. de Physique,* vol. 3, p. 299 (1925). 

§ ‘ Z. f. Phyaik/ vol. 37, p. 481 (1920). 

|| 4 J. Phys./ vol. 7, p, 289 (1926). 



Straggling of a Particles from Radium G. 


315 


i sheet of mica almost touching the wire. Mica was chosen as the absorbing 
material because it is practically the only substance which can readily be 



*- lz -- It -* 

Fin. I. 


obtained in sufficiently thin uniform sheets. Four slits spaced at. distances of 
about 2 mm. were mounted on C ; only one slit is shown in the diagram. The 
slits were made of copper, the edges were accurately ground and polished, and 
the angle between the two faces forming an edge was about 130°. The widths 
of the slits were 0-48, 0*88, 0*51 and 0*80 mm. wide. I) is a photographic 
plate, 6 by 1 - 8 cm. The distance from A to D was 21 cm. and C was placed 
midway between the source and the plate. The supports carrying A, B and C, 
were fastened to a brass base and the whole could be slid into a brass box 
between the poles (shown by dotted lines) of a large electro-magnet. This 
electro-magnet had been designed for use in the Cavendish Laboratory in 
experiments with large deflections of a particles. The rectangular ends of the 
pole pieces are 24 by 8*5 cm. and for a gap of 2 *7 cm., and a field of 10,000 gauss, 
the variation is only a few gauss over the greater part of the area. The pressure 
in the brass box could be reduced rapidly to less than 10- 4 mm. of mercury 
by a diffusion pump. Mercury vapour was kept out by liquid-air traps. A 
shutter worked by a windlass could be lowered over the slits to prevent a 
particles from reaching the plate before the pressure was sufficiently reduced. 
With a field of 10,000 gauss the deflection with a bare source was about 23 mm. 
Fluctuations in the current through the electro-magnet were detected by a 
potentiometer, and it was found quite possible to keep the current constant to 
within 1 in 20,000. 

The exposure for the deflected lines was made first and was generally begun 
15 to 20 minutes after the source was removed from the activating apparatus. 
If the mica was less than 2 cm. equivalent air stopping power, an exposure of 
15 to 20 minutes was sufficient with a source of y-ray activity equivalent to 15 

y 2 
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milligrams, and the undeflected lines would then require an exposure of 30 to 
90 minutes, depending on the broadening to be expected. 

To find the mean reduction in velocity produced by the particular piece of 
mica employed, it was generally arranged that the mica did not completely 
cover the source, so that simultaneously with the deflected lines from the four 
slits a set of lines, due to particles having the initial velocity of a particles from 
radium C, were produced. The residual field of the electro-magnet was so small 
that these faster particles did not produce any alteration in the width of the 
undeflected bands. A gap of two- or three-tenths of a millimetre was sufficient 
to give satisfactory lines of this kind. Except for a small correction due to the 
fact that the deflection is not exactly a linear function of 1/r (r being the radius 
of curvature of the path), the value of Y/V 0 is given by the ratio of the deflection 
of this no-mica line to that of the main deflected line. 

§ 3. Calibration of the Photographic Plates . 

Ilford process plates were found to be the most satisfactory among several 
kinds tried. They were calibrated by making a series of exposures in over¬ 
lapping steps under conditions very similar to those in the straggling experi¬ 
ments. The plates were exposed in pairs, one on either side of a wire activated 
with radium C, and care was taken to see that the obliquity effect noted by Bothe* 
did not produce serious errors. When the plates were measured with a micro- 
photometer it was found that the relation between the number of a particles 
per unit area and the resulting density could be represented by an exponential 
curve of the form D — D 0 (1 — e cN ). The calibration extended over ranges of 
density from 0*01 to 2*2. At the latter density the slope of the curve was 
still about two-thirds of its initial value. For some plates the times of exposure 
varied by a factor of 180, the source remaining constant to 5 per cent. It 
follows, therefore, that the Schwarzchild factor p must be approximately unity, 
and the exponential form of the law seems to indicate a simple relationship 
between density and exposure for a rays, namely, that the rate of increase of 
density is proportional to the number of a rays falling on the plate at any instant 
multiplied by the number of grains which are left unacted upon at that instant. 
A similar exponential law was found by Kinoshitaf for other types of plates. 

In the straggling experiments densities of more than 0-8 were infrequent. 
It is clear from the curve that only a small error is made by assuming that the 
density is proportional to the number of a particles. In the experiments on 

* 1 Z. f. Physik,’ vol, 8, p. 243 (1921-22); vol. 13, p. 106 (1923). 
t 4 Roy. Soo. Proc.,’ A, vol. 83, p. 432 (1020). 
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straggling the breadth of the bands is the quantity which is required and any 
error due to the above assumption is quite negligible. 

§ 4. Measurement of the Distribution of Density in the Bands . 

The distribution of density in the bands was measured with a micro-photo¬ 
meter making use of the null method of Dobson and measuring the density 
directly in terms of a neutral grey wedge. In this instrument a magnified 
image of the line is projected on a narrow slit so that at any one setting a narrow 
portion of the line is sorted out. The length of this portion on the photographic 
plate was about 1*5 mm. For the narrowest lines (0*24 mm. wide) the width 
of the slit was one-twelfth of the width of the image of the line. The effect of 
this finite width of slit will be discussed later. 

A typical example of the results obtained is given in fig. 2, which shows the 



Deflection 


Kiu. 2.- Density (.'urvon. V/V 0 - 0*825. 
a, Undetected Lines; 6, Deflected Linos. 

distribution of density in the undeflected and deflected lines for an exposure 
mode with mica of 3-05 cm. air equivalent stopping power. The mean velocity 
was 0*825 V 0 and the mean deflection 29 mm. The broadening of the deflected 
line shows that the velocities of the a particles are no longer homogeneous. For 
the same average deflection this broadening increased with the thickness of the 
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mica, while measurements of the breadth of the undeflected line from any one 
slit remained constant to within a few per cent. 

The question whether there is any appreciable variation in the velocity of 
the rays when they leave the source was investigated by making exposures in 
the usual way but without any absorbing material. These experiments will 
be described in Part II. It was found that the rays from the source were not 
Btrictly homogeneous but a number difficult to estimate; probably about 
5 per cent, had velocities less than the maximum by amounts up to 1-5 per 
cent. The general form of deflected line obtained without mica can be illus¬ 
trated by modifying the undeflected line (a) of fig. 2 by the dotted line shown. 
This slight lack of homogeneity is probably chiefly due to some of the radium 
B being shot into the wire by recoil during activation, and in the deflected lines 
obtained with mica produces a slight lack of symmetry apparent on the low- 
velocity side, but only near the base. This lack of symmetry gradually dis¬ 
appears as the broadening gels greater with increasing thickness of mica. It 
is apparent in the line (6) shown in fig. 2, but the error produced by this effect 
in the determination of the distribution coefficient of the variation in velocity 
is negligible. 

§ 5 Calculation of the Distribution of Velocities from the Experimental Data . 

The most satisfactory theory of the straggling of a particles is that given by 
Bohr,* which will be discussed later. This theory leads to the conclusion that 
the law of distribution about the mean energy of the energies of a beam of 
a particles which have all passed through the same thickness of absorbing 
material is to a high degree of approximation Gaussian in form, so that if T 
is the mean energy of the a particles and W {t)dt denotes the probability that 
T has a value between T |- 1 and T + t + then 

W (1) 

PV* 

[The term “ distribution coefficient ” will be used to denote any parameter 
such as p in an equation of this type.] Bohr further concludes that the dis¬ 
tribution of the ranges at the end of the path is also of this form, and it can 
readily be proved that if the straggling is small, the distribution of velocities 
must be of the same form as the distribution of energies but with a different 
distribution coefficient. 

In the present experiments a probability distribution of velocities would 
* * Phil. Mag.,’ vol. 30, p. 631 (1916). 
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give rise to a probability distribution of deflections if the straggling is small, for 
if D is the deflection and V the velocity, 


SD = _SV 
D V ’ 


( 2 ) 


if 8V is small. If the mean velocity and mean deflection are taken as unity, 
the distribution coefficient of the deflections is equal to the distribution coefficient 
of the velocities. 

If the undeflected line is narrow compared with the deflected line, and the 
rays are initially homogeneous, we should, therefore, expect from Bohr’s 
theory that the distribution of density in the deflected line would be given by 
an expression of the form 

>f —^e-W'dx. (3) 

a'yn 

A similar result would be expected, even when the broadening is small, if the 
density in the undeflectod line happened to be distributed according to a law 
of the form given by equation (3), For if each element of area beneath a curve 

defined by y = — !_ <?- <W“ dx is distributed about its centre according to 

a z v 7C 

a law y — — e - (ar /»»> 1 dx, the final result of distributing the original area is 
<t 2 V tu 

now an area bounded by tho curve y ~ ' ( ‘ rW1 dx, where 

o 3 a ^ af -1 <t 2 2 . (4) 

In curve 6, fig. 2, the plotted points are the actual photometer readings and 
the smooth curve represents a distribution of the form given by equation (3), 
Allowing for the slight initial lack of homogeneity, there is no experimental 
evidence of any departure from a law of this form for the distribution of veloci¬ 
ties except near the end of the range, where the relative variation in velocity 
is large. We take this law as a basis of calculation and have to deduce from 
the form of the density curves tho variation in velocity which we may express 
by means of a distribution coefficient p a , defined as follows:—If V be the 
velocity of an a particle and V the most probable velocity, the probability 
W ($) ds that V has a value between V (l + .s) and V (1 + s ds) is given by the 
equation 

W(s)ds — — e~ W*' 1 ds, (5) 

?iV n 

where s gives the variation in velocity as a fraction of the mean velocity. 
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Ii tangents are drawn at the points of inflexion of the curve for equation ( 3 ), 
intercepting a length d on the base, then 

d = 2oV2, (6) 

so that if we have two such curves with coefficients ctj and 03 , we can deduce 
from equations (4) and ( 6 ) the distribution coefficient <j 2 which transforms curve 
1 into curve 3 from the relation 

®2 = ^V(d 3 2 -<*!*)• (7) 

Neglecting for the present the correction due to the fact that the density curves 
of the undeflected lines arc not true probability curves, it follows that 

p2 = 4gr - di 2 ), w 

where D is the mean deflection of the band and d x and rf 2 are the intercepts on 
the base of the density curves made by tangents at the points of inflexion. 

This method of deducing the spreading from the intercepts on the base 
made by tangents at the points of inflexion of the deflected and undeflected 
bands has several advantages over methods based on the areas and heights of 
the curves, for owing to small irregularities the shapes of the curves at the top 
differ Blightly, but the sides, like those of a true probability curve, are practically 
straight over a considerable distance, so that the tangents can be drawn with a 
high degree of accuracy. Further, since the slight initial lack of homogeneity 
produces no detectable increase in the intercept on the base of the deflected 
lines obtained with no mica, where the effect would be a maximum, it 
seems that this method of calculating p 2 eliminates any error due to lack of 
homogeneity. 

In using equation ( 8 ) corrections should be applied, Bince (i) the deflected 
line undergoes a certain amount of broadening merely on account of geometrical 
considerations, and (ii) the calculated value of p a may require correction 
because the distribution of density in the undeflected line cannot be expressed 
by an equation of the form ( 2 ). 

(i) Referring to fig. 1 it can be shown that the deflection d is given by 
d 2 — d (m + p) + n = 0 , where 
m = (l x -f- 2 1 2 ) tan 0 , 



p 2 ™ 4r 2 cos 2 0 — h 2 , 

0 is the angle between the path of the undeflected beam and the 
normal to the plate, and r is the radius of curvature of the deflected 
beam. 
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Hence 


Writing 


we deduce 

dd 

dQ 

where 


2d = m + p — \/(?» + p) a — 4n 
= /(w, n, p). 

dd __ 8/ 8m | 8/ 8n . 8/ 8p 
dO 8m 80 "oa 80 ' 8p 80* 

{1 — a (m -|- p)} (^r~ — - + 2 an tan 0, 

Ism 20 p I 

a — {(m + p) 2 — 4w}' 4 . 


The results of evaluating this expression for the four slits and a deflection of 
30 mm. are given in the following table :— 


Table I. 


Slit. 

Tan 0. 

ddjd$. 

l’ei tentage 
correction. 

a 

0*1012 

—0*280 

-1*30 

b 

0-0800 

—0*450 

-2*17 

c 

0-0504 

-0-001 

—3* 14 

d 

0 0390 

-0-850 

-404 


The negative sign means a broadening of the deflected lines, and the fourth 
col umn gives as a percentage of the width of the deflected bands the correction 
which must be applied on this account. 

(ii) Fig. 3 shows diagrammatically a probability curve (a) and a typical 
curve for an undeflectcd line (b) drawn so that they have the same tangents at 
the points of inflexion. The lower curves c v c 2 were obtained by subtracting 
ordinates. The ordinates at C 1 and C a divide these curves into equal areas. 
For the purpose of calculation we will consider that and c 2 are replaced by 
probability curves of the same area and base. Then choosing some suitable 
distribution coefficients, we calculate the resulting curves when a , c x and c 2 are 
distributed with this coefficient. These will be probability curves, and can 
readily be plotted. They are Bhown at a' , c' and c 2 , the distances between the 
centres being unchanged. By subtracting ordinates we get 6', which must be 
approximately the true curve if the area 6 had been distributed with coefficient 
<r. We may now draw in the tangents at the points of inflexion to b and V 

» 3^? W.H _ J Pnmnnrinff the ramift wit.h rr V6 See at Once 
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the correction which must be applied to the former to give the actual distribu- 
tion coefficient a. It is most convenient to express the correction as a function 



Fig. 3. —Method of Correcting Shape of Undeflected Lino. 


of d 2 jd v The correction is negligible when this ratio is greater than 1*7, 
and this corresponds in the experiments to a thickness of mica of about 2 cm. 
air equivalent stopping power. The magnitude of the correction is shown in 
Table II. 

Table II. 


Ratio 

d t !d v 

Correction 

percentage. 

Ratio 

Correction 

percentage. 

1-2 

11-0 

1-5 

3-fl 

1-3 

8-0 

1*8 

1-8 

M 

00 

1*7 

0*7 


There will be no correction on account of the width of the slit of the photo¬ 
meter, since it can be shown that it is sufficiently narrow not to alter the position 
of the straight sides of the density curves from which the width of the line is 
determined. Its chief effect is to alter slightly the shape of the density curves 
near the base. 

Details of the calculations of p 8 from the observational data* will now be given 
for an experiment with mica of 3*05 cm. stopping power. The photometer 
curves for the lines for slit 6 have been shown in fig. 2. 
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Width of line. 

(.ii'oiwtrii-al 
i orreetion 

(/ a 

counted 



Slit. 

Vndeftectod 

</,. 

Deflected 

rf,- 

(<'/ -><?)* 

Drrtection 


mm. 

mm 

Pit rent 

nun 

mtn. 

mm. 

a 

0-244 

0088 

1-4 

O 877 

0*032 

28 99 

b 

0*298 

0-748 

2*2 

0 723 

0-009 

29 08 

r 

0-245 

0-708 

si 

0 080 

0 041 

29* 18 

d 

0-290 

0 748 

4-0 

0 71K 

0 059 

29 35 





Mean 

0 050 

29*15 


Ratio d 2 /d\ — 3 approximately, so that there is no correction on account 
of the zero line not being a true probability curve. We have, then, 

Vf 0-850 
4 20*15 


p s =t 7*88 x io- 3 . 


§ 6. Experiments at Low Velocities. 

The arrangement of source slits and plate which has b f *on described proved 
quite suitable for mica up to 4*5 cm. air equivalent. At greater thicknesses, 
owing to the increased width of the bands and the decrease in photographic 
action of the rays, the experiments were made with the distance between source 
and plate considerably reduced. With mica greater than 6 cm. air equrvalent 
the straggling became so great that deflections of l cm. and less for slower 
velocities gave ample broadening. 

It was found that for emergent ranges of less than 2 cm. the density curves 
for the deflected band showed some asymmetry. The curve (a) in fig. 4 is a 
typical example. The density curves indicated a preponderance of particles 
on the low-velocity side of the peak, and it was first thought that this effect 
might be due to scattering in the mica. For it is possible that some of the rays 
passing obliquely through the mica may have their direction changed by 
scattering so as to enable them to pass through the slit. Such rays would traverse 
a greater thickness of mica than those which pass through normally, and so 
might produce a lack of symmetry of the kind found. 

To reduce any such effect the apparatus was modified by substituting a single 
slit instead of the set of four and placing an additional slit between the source 
and the main slit at a distance of 5 mm. from the source. The width of this 
subsidiary slit was 0*125 to 0*15 mm. The mica, instead of being close to the 
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source, was now placed over this slit, and the source and both slits were placed 
outside the poles of the magnet, only the plate being between the poles. The 




Via. 4. 


Mica 

v/v. 


5* 50 

0-56 

40-5 x 10“* 

5*87 

0*49 

48-4 

6*45 

0*30 

165-0 


additional slit cut out nearly all rays scattered through angles greater than 2° ; 
it does not eliminate rays scattered laterally, but these will be a small fraction 
of the total number scattered. For angles of scattering less than 4° the inorease 
in path is unimportant. 

The effect to be expected from scattering in the mica can be seen from the 
following table. The range of the oc particles has been divided into intervals 
and a mean velocity taken for each. The values in the third column are the 
fraction of the a particles, which, on the theory of single scattering, should 
experience deflections of more than 4° in traversing the given interval. The 
results have been calculated for mica, assuming a mean atomic number 12. 
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Table IV. 


Length of 
interval. 

Mean value 
of V/V„. 

Per 

cent. 

Length of 
interval. 

Mean value 

of v/v„ 

Per 

cent. 

cm. 

1 

0*98 

0-3 

cm. 

0-25 

0-53 

0*9 

1 

0-90 

0-5 

0-25 

0-47 

1-5 

1 

O’85 


0-25 

0 41 

20 

1 

0-80 

0-7 

0-25 

0-33 

tt-2 

1 

0-7 

1*2 

0-20 

0-23 

21 0 

o*r> 

U'6 

1-2 





This is sufficient to show that the effect of scattering should be negligible in 
these measurements at the higher velocities, and may become appreciable for 
velocities less than 0-5 V 0 , increasing rapidly towards the end of the range. 
For these lower velocities the additional slit will almost eliminate the effect 
of scattering, except, perhaps, for velocities less than 0*25 V 0 . 

To determine V/V 0 the same method as before was used to obtain on the 
plate a lino due to particles which had not passed through the mica. Since for 
the slow rays the effective width of the source was now the width of the additional 
slit, the widths of the undeflected band for the two sets of rays would differ. 
It was therefore advisable that these swifter rays should not fall on the plate 
during the exposure for the undeflected band. For this purpose a small shutter 
was arranged to cover the gap left at the edge of the mica. 

It was now found that with the additional slit the values of p 2 for mica 
thicker than 4*5 cm. were smaller than before, the decrease becoming greater 
with the thickness of the mica and amounting to about 5 or 6 per cent, for mica 
of 6 cm. air equivalent. There is little doubt that with velocities less than 
0-6 V 0 scattering makes the emergent beam in an apparatus with only one slit 
more heterogeneous than it would be owing to straggling alone. The additional 
slit did not eliminate the asymmetry, which became very marked at lower 
velocities. For example, curves b and c, fig. 4, were obtained with the modified 
apparatus and with mica of 5*87 and 6*45 cm. air equivalent respectively. 
The three curves in fig. 4 have all been reduced to the same mean deflection 
and show the rapid increase in the breadth of the deflected line, which takes 
place towards the end of the range. 

Further consideration shows that some such asymmetry is to be expected on 
theoretical grounds. For if the energy losses of particles which have all passed 
through the same thickness of absorbing material are distributed approxi¬ 
mately according to a Gauss error law, then, as was pointed out previously, 
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the velocities will be distributed by a law of this same type when the average 
departure from the mean is small compared with the average energy. Towards 
the end of the range, when this condition does not hold, a Gaussian dis¬ 
tribution of energy losses will lead to an asymmetric distribution of velocities 
and a still more asymmetric distribution of density on the photographic plate. 
The curves a', V and c', fig. 4, show the theoretical shape of density curves 
calculated by assuming an infinitely narrow undeflected line and a Gaussian 
distribution of energies with distribution coefficients equal to those deduced 
from the curves a , b and c respectively. It is seen that there is an increasing 
asymmetry in both the theoretical and observed curves, and that the latter are 
not inconsistent with a Gaussian distribution of energies. The two sets of 
curves are not exactly comparable on account of the finite width (indicated by 
dotted lines) of the undeflected bands. Strictly, then, we are not justified in 
speaking of a distribution coefficient of the velocities or deflections near the end 
of the range, since neither can be represented by a Gauss probability curve. 
Practically, however, it was convenient to continue to determine the quantity 
p 2 by drawing tangents to the curves at the points of inflexion, as described in 
§ 5. By drawing tangents to theoretical curves such as a', b' and c' in fig. 4 
and comparing the result with the coefficients used to calculate these curves, 
it was found that the values of the straggling coefficients of the energies deduced 
from curves when there is asymmetry of this type are too small by an amount 
which increases from zero when the velocity is 0 • 5 V 0 to 2 • 5 per cent, at 0 • 36 V 0 
and 10 per cent, at 0*22 V 0 . 

The band due to the singly charged a particles was not observed on the plates 
for velocities greater than 0*83 V 0 , but at 0*7 V 0 it was sufficiently well defined 
to allow measurements of the straggling to be made on it. These agreed to 
within the limits of experimental error with those obtained from the double- 
charged band. For slightly smaller velocities the broadening was so great 
that the two bands began to overlap and at 0-22 V 0 the He H was so feeble as 
to be useless for measurements. These rapid changes in the widths and inten¬ 
sities of the two bands have been noted by Henderson* and by Rutherford.f 
Some measurements of the ratio of the intensities found by the present photo¬ 
graphic method will be described in Part II. At the low velocities long exposures 
with large sources were necessary and the fogging of the plates by y rays was 
serious. The experiments were not carried beyond 0-22 V 0 . At velocities 
but little less than this an appreciable number of the particles do not emerge 
from the mica, and the method of experiment obviously fails. 

* Henderson, foe. cit. f Rutherford, foe. cit. 
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§ 7. Results . 

Reproductions of sonic of the photographs are, shown in Plate 2G. 

The observed values of the straggling are given in Table V. The stopping 
power of the mica was measured by the scintillation method and the results 
which are expressed as the air equivalent at 15° C. and 760 mm. are probably 
correct to 0-01 mm. Column 2 gives p 2 , the distribution coefficient of the 
Velocities expressed as a fraction of the mean velocity of the particles at that 
point in the range. These results are shown graphically in fig. 5. The values 
obtained with the single slit apparatus for mica thicker than 4*5 cm. air equiva¬ 
lent are shown in brackets m the table and by crosses in the diagram. Column 3 
gives p v the distribution coefficient of the energies defined in § 5. p x is calculated 
from p 2 by means of the relation 

Pi - P*MV*, (9) 

where M is the mass of the a particle and V is the mean velocity on emergence 
from the mica. 

Table V. 


Air 

equivalent of 
mica. 

P<- 

Pi- 

Air 

cquivuknt of 
mica. 

Pi* 

Pi* 

urn. 

ergs. 

erg* 

era. 

ergs. 

(lgH 

0-315 

1-53 x 10-» 

3-03 10~» 

5-089 

(28-0) 

(27*8) 

0-551 

212 

4-94 

5-HMJ 

<«•*> 

(30-2) 

1-020 

3-00 

0-80 

5*432 

35-0 

28-3 

2-113 

5-08 

» S3 

5 432 

3»-(S 

29-4 

2*409 

5-80 

10*9 

5*499 

(40-5) 

(31-8) 

3-053 

7-88 

13-2 

5 001 

40*9 

29 0 

3-000 

7*04 

12-7 

5 800 

48*4 

28*1 

3*487 

9-23 

14*2 

0*000 

(70-1) 

(33-2) 

3*490 

9-50 

140 

0-060 

(72*0) 

(34-5) 

4-092 

12*0 

10-9 

0 007 

07-3 

31-8 

4-098 

12*0 

10-4 

0*290 

92*4 

29-5 

4*492 

17-0 

20-2 

0-445 

lfll 

32-9 

5 533 

(17*0) 

(20-7) 

0-501 

207 

32-6 

5*008 

(27*9) 

(28-0) 

0-659 

270 

32*5 

5-050 

20*3 

25-0 

i 




The accuracy of the determination of p 2 is greatest between 3 and 5 cm., for 
here the various corrections are negligible and there was no difficulty in obtain¬ 
ing good plates. The probable error in p 2 is here about 2 to 3 per cent. The 
probable error increases towards the end of the range, and in the last three 
results it is about 10 to 15 per cent. This is illustrated by the irregularity in 
the values of p x towards the end of the range. Theoretically cannot anywhere 



3 cut A 5 6 7 

Fio. 6. 

The variation in energy is illustrated in fig. 6 for the last 4 cm. of the range. 
The central curve giveB the mean energy of the a particles and the outer curves 
are drawn so that at any point P 

PQ = PR = Pl . 




lirii/f/s. 


Hot/ Soc. 7W\. J, ml 1 14, PI L»R 



Nun I to ,*», Obtained \\ it Ii tI h* four¬ 
'll it apparatus. Kimi midrfhrted 
lines to 11n* U ft nnc11 he four roi re¬ 
sponding Hr, ( Ihun to the light. 
Tin* no man lines aie just visible 
on «m< h plate a little to tI h* left of 
tin He f lines m No. I, and ,it 
sin eessneh ini reusing distant es in 
the ofh< r plati s The He line 
appcandmNo 4 Tile thicknesses 
of Hie mu ,i (an ripm alcnt) were 

o :i>,u :r», i o.vj <Wi.m«i 


ti 


7 


H 


it 


to 

11 


12 



The sequence of tlie lines from left to right ih 
el\en holow and the thickic^-t of the mu a for each 
plate. 

No. ti. Indeflected. He t , no-nuoa, Ife t . 4*0 eill 

No 7 — He + , lie t f , 4 5 c m 

No. S.— Broad hand due to JJravs deflected to tin* left 
m the residual Held during exposure for undeMeeted 
line also e\ident in 7 and 11. I’ndetleeted, He,, 
no-mu a. He , ,, 4 • X cm. 

No. tt I'lideHeeted, lIe M no-mira, He, ,, *0 eni 

No. 10. - „ „ „ ">*4 < m. 

No. 11.---^ rays, undetected. no-mica, lie,, lie, , , 
0*0 cm. 

No. 12. rndetleeted, no-mu ji. Ife + , He. , . t» 4 cm. 


The direction of the defiestion is from left to right. The main detected hand and the 
hand singly charged a particle's aio referred to as He, , and He,. The line used for 
determining V/Y\ t , which was due to a particles which dul not pass through the mica, is 
heie called the “ no-mica” line. 


(Hiring ff ‘US ) 
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From tables of the error integral it follows that 84 per cent, of the particles have 
energies lying between the outer curves. 

The distribution of the energies at any point leads at once to the straggling 
of the ranges. For in the diagram PT represents the distribution coefficient of 
the distances traversed by particles which have all been reduced to an energy 
PM. If we write PT = p 3 OM, then p 3 is the distribution coefficient of the 
ranges expressed as a fraction of the mean distance traversed OM and 

P3 r = Pl (dT/cto)-* (10) 

Table VI gives p 8 , and p 3 x which is the straggling of the ranges in centimetres* 
when the mean distance traversed is that given in column 1. 


Table VI. 


Stopping power 

P 3 

Pi x 

p a 3* calculated on 

pjt observed 

of mica. 

observed. 

observed. 

Bohr's theory 

p ^ ( ah uluted 

cm. 


cm. 

orn. 


0*5 

7*78 l<)—- 

3-K9 x J0-* 

2*83 < I0 —2 

1*37 

1*0 

5*44 

5*44 

3*00 

1*37 

1*5 

4*31 

0*10 

1*78 

1 35 

2 0 

3 03 

7*20 

5*45 

1 33 

2*5 

3*25 

8 12 

0*00 

1-35 

5*0 

2iH\ 

8 87 

0*48 

1*37 

3*5 

2* 77 

0 70 

0*88 

1*11 

4*0 

2*53 

Hi-12 

7*22 

1 40 

4*5 

2*43 

10*87 

7*48 

1 45 

50 

2*42 

1213 

7*00 

1-5H 

5*5 

2*17 

11 02 

7*84 

1 52 

0*0 

1*80 

11*17 

7*94 

1-41 

6*5 

1-77 

11 18 

8*01 

1*43 


Strictly we cannot have in general both PQ equal to PR and PT equal to PS. 
It can be shown from an argument which will be given in § 8 that the straggling 
of the ranges will be represented exactly by a Gauss probability curve, so that 
we should have in fig. fi SP — ST, and PQ not necessarily equal to PR. The 
assumption which was made earlier that the variation in energy can be repre¬ 
sented by a Gauss error curve is, therefore, not strictly correct. However, 
in the first 6*6 cm. of the range the greatest departure is at about 5-5 cm., 
when PR is about 3 per cent, greater than PQ. This asymmetry is altogether 
too small to be detected experimentally. We may then continue to assume 
that in the whole range investigated that both the straggling of the ranges and 
energies can be represented by Gauss error curves. 
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§ 8. The Theory of Straggling. 

Theories of the straggling of a particles have been given by Flamm* and 
Bohr.f 1 n both theories it is assumed that the phenomenon is due to probability 
variations in the energy losses of the x particle and that these losses may be 
calculated on classical grounds, assuming the electrons to be at rest. 

The two theories give substantially the same result for the straggling due to 
transfers of energy to the electrons. The small difference in the calculated 
values is due to the fact that Flamm assumes the law R — fcV 3 , while Bohr 
deduces the rate of loss of energy from his own theory of stopping power. 
Values of p, the total straggling of the ranges, i.c., the value of p 3 when x = R 
in the notation used in § 7, calculated on the two theories, are given in Table VII. 

Table VII. 

Theoretical \nlues of p for an 


Flamm. 


Bo In. 

Kl'M'tmns. 

Electrons 

corrected. 

Electrons 
+ nuclei 

Electrons 
+ nuclei 
corrected 

Kadi uni (’ 1 • 10 - 10 a 

0 985 < 10 

1 09 X 10 2 

MIOIU 8 

1 240 v K 

Polo mu m l 20 

1 089 

1-213 

1-234 

1 375 


The correction applied above to the value given by Flamm is necessary, since 
he used e — 4*65 x 10 -l(J e.s.u. and V — 2*06 X 10 9 cm., and the fourth power 
of the ratio of these quantities enters into the formula. 

Flamm concluded that transfers of energy to the nucleus will produce an 
appreciable straggling—roughly one-third of the total—but as Bohr has pointed 
out, any effect due to the nucleus will not be Gaussian in form. It is clear that 
a small number of a particles will experience a considerable reduction in range 
on account of close nuclear collisions such as give rise to the phenomenon 
of single scattering. If we recalculate Flamm’s nuclear straggling, neglecting 
all collisions for which the angle of scattering is greater than (i) 5°, (ii) 20°, 
the result is reduced to (i) 0-6 per cent., (ii) 14 per cent, of the original value. 
We may therefore safely neglect any straggling due to the nucleus at least in 
the first 6 cm. of the range and shall compare our experimental results with 

* 4 Wien. Ber./ vol. 123, p. 1393 (1914). 
t Loc. cii. 
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values deduced from Bohr’s theory from which the straggling of the energies 
and velocities may be readily deduced. 

Bohr shows that, if A 0 T be the average loss of energy in the distance dx 
and AT the actual loss of any particular particle, then the probability W( AT)dT 
that AT has a value between AT and AT + t/T (rfT being small compart'd with 
AT) is given by the equation 

W(aT)<rl '=^(34)‘ <“> 

where 

P dx — j Q*JA, (12) 

dk being the number of collisions for which the loss of energy is Q. One 

important feature of this work is that the expression j*Q 8 rfA for the parameter 

Vdx which defines the distribution of the energies after traversing a small dis¬ 
tance dx is deduced on quite general grounds, no assumptions as to the amount 
of energy transferred at a collision being necessary. 

Bohr shows that the distribution of the range's expressed as a fraction of the 
total range is given by a distribution coefficient p where 



T being the energy of the particle and R 0 the mean range. Bohr calculates 
P on the assumption that the electrons are at rest in the atom and finds that P 
is independent of the velocity of the a particles and of the binding forces of the 
electron ; the value is given by 

P = 167re 4 N», (14) 

where N = number of atoms per cubic centimetre, 
and n — number of electrons in one atom. 

We may now calculate in terms of P the theoretical distribution of the 
energies and velocities of a beam of particles which have all traversed a given 
distance®. Let us first consider a beam of particles which as a resultof straggling 
have their energies on reaching a point P (see fig. 0) distributed over the range 
QR. Let us suppose that these particles proceed to the end of their range 
without any further probability variations occurring. The paths described 
in the diagram by the particles will then be such that the distance between 
them measured parallel to the base will be constant. If we examine the 

z 2 
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distribution of energies when they have gone a total distance .r 0 , we find that 


the energy differences are greater than before in the ratio 


dT /dT 


, i.e., in the 


T Id 

dxj dx ’ 

ratio of the average slope of the curves at x Q and at x . 

This magnification of the energy variation due to change in dT I dx gives the 
answer to the question whether on theoretical grounds the straggling of the 
energies or the ranges will be exactly Gaussian. For we must assume that the 
behaviour of an a particle is a function of its energy only, so that if at any stage 
we have a Gaussian distribution of the distances travelled by particles which have 
all lost the same amount of energy, there is an equal probability for each particle 
that for a given energy loss it will go a given distance and so the Gaussian form 
of the distribution will be conserved. But if we begin with a Gaussian dis¬ 
tribution of energies, there is not an equal probability that in a given distance 
there will be a given energy loss, since the average value of dT/dx is not the same 
for all the particles. Hence in this case the Gaussian form cannot be conserved. 

To calculate the straggling of the energies in terms of P we consider a small 
homogeneous group of particles in a beam which has traversed a distance x. 
In going a further element of distance dx, 2P dx is the square of the distribution 
coefficient resulting from variations in energy losses in dx. When this group 
reaches a point x 0) the above contribution to the total straggling of the group is 
dT ® / dT** 2 

increased to 2P dx ( —) /( — i. To find the total variation in energy of the 
'dx 0 ' / \ di- 

whole beam when it reaches i 0 , wo have to apply the well-known additive law 
for the squares of the distribution coefficients. Hence we have 


t.e.. 


2 r°rm/ dT V“ ltd T f , 

A*(Fr-r»<=)' ,fc 

' az 0 ' J o ' dx! 


(15) 


This result also follows at once from equation (10), §7, and Bohr’s equation for 
the straggling of the ranges. The method given above possibly emphasises 
the mechanism of the action more clearly, and shows that part of the observed 
variation in energy and velocity at a point in the range is not due directly to 
the fundamental probability variations, but to a quasi-magnification due to the 
change in slope of the energy distance curve. We may summarise the relations 
at any point x 0 in the path between the straggling of the energies and ranges 
and P as follows 


o 'dT\“2 
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For comparison with theory it would be most useful if we could deduce from 
the experiments the value of P at any point m the range, for then we should have 

jQ l dA at any point from the straggling experiments as well as j(j<iA, which 

ia equal to dTjdx and is known from stopping-power experiments, and is also 
closely related to the Bragg ionisation curve. However, the experimental 
error does not allow one to do more than give an average value for P and to see 
whether any marked change takes place in P along the range. For when put 
in terms of the quantities which are directly measured 



so that the total error is likely to hi; considerable, particularly near the end of 
the range. To detect variations in P along the range we would have to be 
able to measure changes in the gradient of the curve for the above quantity. 

§ 9. Comparison of Experimental ami Theoretical Results . 

From equation (16) it can be seen that a comparison of experimental and 
theoretical results can be readily made by calculating the straggling of the 
ranges, i.e,, by comparing values of deduced from Bohr’s equation 

Pa 2 * 2 = £ 2P (dT/dx)~-dx, 

with values obtained from the relation 

P3-£ = Pi>MV a (dT/dx)-\ 

p a , V and dTjdx being road off from the experimental curves. 

The value of P has been calculated for air at 15° C. and 760 mm . from Bohr’s 
formula 

P = 167Wf 4 Nw, 

with the following values of the constants— 
e = 4*774 X 10" 10 e.s.u., 

N = 2-705 X X 10 1B , 

SaoO 

n (average number of electrons per atom) = 14*39, 

and so for air 

P = 9*64 X 10*-™ 

In calculating the value of P for mica the composition of mica was taken as 
K a O . 3Al a O a . 6SiO a . 2H a O, and the average conversion factor of mica to 
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air at 15° C. and 760 mm. was determined experimentally to be 1*46 milli¬ 
grammes per square centimetre. With these values we obtain for mica 

P - 11*39 x 10 

and hence the theoretical value of p a 2 ^ 2 for mica will be 11*39/9-64 -= 1-18. 
times the value calculated for air, the thickness of the mica being expressed 
in equivalent centimetres of air. 

In fig. 7, 2P (dT/dx )~" 2 is plotted using the above value of P for air. We have 
used the experimental values of dT /dr determined from the measurements 
which will be described in Part TI instead of values calculated from Bohr’s 
theory of the stopping of g particles. Since these latter are in good agreement 
with experiment, this change only alters the result by a few per cent. It is 
preferable in general to use values of dT jdx which have been directly determined, 
since modifications of Bohr’s theory of stopping power such as that of Hender¬ 
son and Fowler reduce cTT/dx to about one-half, but leave the calculated value 
of P almost unaltered. Bohr’s theory of straggling is thus to a large extent 
independent of his theory of stopping power in so far as the latter necessitates 
the fixing of a limit, beyond which transfers of energy cannot take place, and 
the position of this limit, while very important m the calculation of stopping 
power, is unimportant in straggling phenomena. For values of x greater than 
6-6 cm., dJTjdx has been deduced from the law 

V 1 5 = A* (R — x). 

It is of interest here to give values of p which have been deduced for various 
a rays, using the above value of P and values of dTjdx obtained in various 
ways. The figures given in the first line for thorium C and C' are taken from 
the paper of Meitner and Freitag,* and the values of dTjdx for the first 2 cm. 
of the range for thorium C' have been obtained from the Geiger law. 


Table VIII. 

Theoretical \aluea of p ,< I0 i . 


(/T/ric deduced from 

Polonium. 

Thorium (3. 

Radium C 

Thorium I 

Air. 1 

Mica. ! 

Bohr’s theoiy 

1 -20 

in; 

i 

1-lli 

1 

1 07 

Geiger’s cube* law 

1*21 

1-17 

i -ou { 

1 * 18 

1*05 

Experimental 

1*15 

M2 

1 08 j 

1 -17 

104 


* Lor . ciL 
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In fig. 7 the ordinate at any point is proportional to the rate of increase of 
the straggling of the ranges at that point, and the area under the curve summed 
up to any ordinate x gives the value for air of p 3 2 / 2 for that value of x . 
The corresponding value when mica is the absorbing material is obtained by 
multiplying by 1-18. 

The theoretical values of p 3 j: for mica obtained in this way have been tabulated 
in Table VI, column 4, and in column 5 the ratio of the observed to calculated 
values is given. Tt will bo seen that the observed values are roughly 
1 *4 times greater than the calculated, the ratio increasing somewhat towards 
the end of the range. Owing to the possibility of systematic errors, particularly 
at the beginning and end of the range, it is impossible to say definitely whether 
this increase is real or not. 

Since in all straggling phenomena the composition of effects due to each element 
of length is by the addition of squares the experimentally determined values of 
p 3 z a: 2 have been plotted in lig. 8 and the curve has been extrapolated in order 




Fro. 7.- -The Kate of Increase of the Fm. 8.—I.—(fV*) 2 observed. II. Twice 
Straggling of the Ranges on Bohr’s Theory. (ps*) 2 calculated on Bohr’s Theory. 

to determine the straggling of the ranges at the end of the path. The mean 
range of the particles from radium C in air at 15° C. and 760 mm., calculated 
by a method which will be described in Part II, has been found to be 6*90 cm. 
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Assuming this value for R and denoting the value of p s at the end of the path 
by p, we find for radium C in mica 

pR = 0-119 cm., 
p = 1*73 x 10 2 . 

The probable error is about 4 j>er cent. 

In fig. 8 the broken curve has been obtained by assuming a value of P twice 
that given for mica by Bohr’s theory. The two curves are seen to be in fair 
agreement. The experiments are therefore consistent witli the idea that P 
is approximately constant, but they require a value for P roughly twice that 
given by Bohr’s theory. The discrepancy between theory and experiment 
would be explained if it could be shown that the large transfers of energy from 
the a particle to the electrons which account for nearly all the straggling occur 
twice as frequently as predicted by Bohr’s theory of the stopping of a particles. 

§ 10. Comparison with the Results of other Observers . 

The straggling of the ranges in polonium has been measured by I. Curie, 
who found 

p -- 1*66 X 10 2 . 

t.e. s a value considerably greater than that given by Bohr’s theory. 

If we sum the area under the curve in fig. 7 over the appropriate range for 
polonium, we find as the value for the straggling for polonium in air according 
to Bohr’s theory, but with experimental values of dTjdx, 

p = 1-15 X 10“ 2 . 

Applying the assumption made in the previous section that the true value of 
P is approximately twice as great as that given by Bohr, we find a value 
\^2 times as great, i.e., 

p = 1-63 X Hr 2 . 

The agreement, with I. Curie’s result is much better than could be expected 
considering the probable error in the two determinations, but it is satisfactory, 
since one would expect the electrons of the atoms in mica to behave on the 
whole in very much the same way in producing straggling as those of the atoms 
in air. I. Curie’s results are thus completely consistent with the idea that the 
true value of P is approximately twice as great as that given by Bohr more 
recently. However, I. Curie and Mercier* have measured the straggling of the 
a particles of radium A and radium C by the Wilson cloud method, and obtained 
results which are in good agreement with Bohr’s theory. They conclude that 

* Loc. cit. 
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I. Curie’s value for polonium is too high. These conclusions are, however, 
based on experiments in which the number of tracks counted varied from 61 
to 241, three counts being made for radium A and three for radium C. When the 
number of tracks counted is so small, considerable errors are probable, for 80 
per cent, of the particles have ranges very close to the mean range and are of 
little use in determining the distribution. These writers note in several curves 
an excess of short or of long ranges. These may simply bo probability varia¬ 
tions, as would he expected with such small numbers of tracks. 

Meitner and Frcifcag* have also measured the straggling of a rays from 
thorium C and C' by the Wilson cloud method, and have obtained results from 
1 to 16 per cent, greater than the theoretical. These departures from 
the theoretical values are regarded as within the limit of experimental error. 
In their experiments there is a considerable variation in pressure while the rays 
are entering the chamber, and a correction amounting in some cases to 35 per 
cent, has been applied on this account. 

These authors have recently informed me that a more rigorous calculation 
of this correction, which will shortly be published, gives for oxygen p = 1 *55 — 
1 *60 X 1<> -2 , a value quite consistent with that found here for mica. For argon, 
however, the value found is about 1*30 X 10" a , which is only 10 per cent, 
greater than calculated from Bohr’s theory using values of dTjdx , also calculated 
by Bohr’s theory of stopping power. However, the velocity curve for heavy 
elements differs from that for the light elements in such a manner that the value 
of p for argon, using the value of P calculated from Bohr’s theory and experi¬ 
mental values of dTjdx , would probably be less than the experimental result, 
and more consistent with the other results. 

Although the results of the present experiments do not give quantitative 
agreement with the conclusions of Bohr’s theory, we see from figs. 5 and 8 that 
the general process of straggling takes place in very much the way predicted 
by this theory. For example, we see that the straggling of the ranges is pro¬ 
ceeding at a maximum rate near the beginning, and half the total straggling 
(t.e., half of p 3 a a£, since the phenomenon is only additive by squares) takes place 
in the first 2*4 cm. in the present experiments and in the first 2-2 cm. on Bohr’s 
theory. The last centimetre contributes very little to the straggling. The 
physical reason underlying this is that at the beginning of the range the rate of 
loss of energy with distance is small, so that there must be a correspondingly 
large variation in distance travelled for a given variation in energy loss, and 


* IjOc. a'L 
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conversely where the rate of loss of energy is a maximum (that is, at about 
6*5 cm.), the rate of increase of the straggling of the ranges will be a minimum. 

Henderson's conclusion that in addition to the straggling predicted by Bohr 
there is in air a further large straggling which arises in the last few centimetres 
appears to be extremely unlikely. The quantity measured by Henderson, 
namely, the projection of the final straight portion of the ionisation curve, 
cannot be taken as a measure of straggling, for I. Curie has shown that the 
ionisation curve for a singe average a particle differs but little from that of a 
group of a particles. 


§11. The Straggling on the Henderson-Foivler Theory of Stopping Power . 

Henderson* has suggested that no transfer of energy between the a particles 
and the electron is possible if the energy whicli could be transferred, calculated 
on classical laws, is insufficient to remove the electron entirely from the atom 
or to transfer it to a vacant orbit. Kowlerf has shown that this modification 
reduces the theoretical stopping power of air at the beginning of the range to 
0*56 of that observed. Bohr's original theory gave values very close to those 
determined experimentally. 

The straggling on the Henderson-Fowler theory can be calculated as follows :— 
From Bohr's theory 

p ... 4rte 4 E 4 Nro £ (1_1_\ 

m 2 V 4 i p*-\-a 2 ‘' 

where a = eE (M + m)/M?nV a , 


and p v — value of p beyond which no transfer of energy is possible. We replace 
p v by p Ty the value of p for which the energy transfer is equal to the first trans¬ 
ference potential. 


Now 

where 


a 2 

p 2 + a 2 



t, = first transference potential of a particular electron in volts, 
W = J/nV 2 expressed in electron volts. 


i.e 


4to 4 E 4 N 

m 2 W 


? (l —4W^‘ 


Values deduced from this expression for mica and arr, using the ionisation 

* ‘ l'hil. Mai*-.’ vol. 44. p. 680 (1922). 
t ‘ Proo. (Jamb. Phil. Sop,,’ vol. 21, p. 521 (1922-23). 
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potentials given by Fowler, are shown in the following table in the form of a 
percentage reduction of Bohr’s P at various points of the range 


Distance from 


beginning of range. 

Mica. 

Air. 

cm. 

l’or cent. 

Per cent. 

0 

7*7 

3-5 

4 

10-5 


6 

15-4 


ft-ft 

17 



The reason why the. change in the straggling is so small compared with that 
produced in the stopping power is that the large values of Q are hardly altered 
by this correction, and it is just these values which contribute most to the 
straggling. 

The existence of some such lower limit to the amount of energy which can be 
transferred appears to be necessary from quantum considerations, but its 
introduction reduces the calculated stopping power from a value in good agree* 
ment with theory to one giving only about half the measured stopping power, 
ff we assume that transfers of energy take place twice as frequently as is 
calculated from the classical theory and retain the Henderson limit for the 
least amount of energy which can be transferred, we obtain a theoretical 
stopping power in good agreement with experimental results. The same 
assumptions also lead to a theoretical straggling approximately equal to 
that found in these experiments. Sir Ernest Rutherford has pointed out to me 
that, using the latest data on the average energy required to produce an ion 
in different gases, only half of the energy loss of the a particle can be accounted 
for. This conclusion is in accord with the assumption that the present theories 
under-estimate the number of effective collisions with the electrons. * 

§ 12. Summary. 

The straggling of the a particles from radium C was investigated by measuring 
by the magnetic deflection method the variation in velocity when the rays had 
passed through various thicknesses of mica. The deflected and undeflected 
bands produced on a photographic plate were analysed with a micro-photometer 
and results are given for emergent velocities from 0-98 V 0 to 0*22 V 0 . The 

* We have not referred in this discussion to the effect of capture and loss of electrons by 
the oc particle. It is cosy to show that this capture and loss can only produce a small effect 
compared with that calculated on the ordinary theories. 
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distribution of energies on emergence was very approximately Gaussian in form, 
as the theory of the phenomenon given by Bohr indicates. From the data for 
the energy distribution it was shown that the straggling of the ranges could be 
calculated at any point in the region investigated, and it was found that the 
straggling of the ranges is taking place most rapidly near the beginning of the 
range, half the total occurring in the first 2-4 cru. The straggling was every¬ 
where found to be about 1*4 times that predicted by Bohr’s theory. This 
indicates that for a small element of path, XQ 2 , where Q is the energy transferred 
to an electron, is approximately twice as great as in Bohr’s theory. 

It is suggested that the simplest explanation which accounts for these results, 
and results for the stopping power and ionisation of a particles, is that 
transfers of energy from the a particle to the electrons occur twice as frequently 
us is accounted for by present theories. 

The possibility of an experimental investigation of the straggling of« particles 
by the method described here was first noted by Sir Ernest Rutherford in hiB 
experiments on the capture and loss of electrons by a particles, and it is a 
pleasure to acknowledge my indebtedness to him for suggesting this work and 
for criticism and advice during its progress. Dr. J. Chadwick I wish to 
thank for advice in many difficulties. I wish also to acknowledge the help of 
my wife in some of the rather tedious experimental work and to thank 
Mr. G. R. Crowe for the preparation of the radioactive sources. 
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The Decrease m. Velocity of a Particles from Radium C\ 

By Q. H. Briggs, Ph.D., Lecturer in Physics in the University of Sydney. 

(Communicated by Sir Ernest Rutherford, Pres R.S.—Received January 19, 1927.) 

§ 1 . Introduction . 

The early measurements of the decrease of velocity of a particles in passing 
through matter were made by Rutherford* and Geiger,f using the magnetic 
deflection method and observing by means of a zinc sulphide screen. The 
lowest velocities recorded were 0*43 V 0 by Rutherford and 0*2 V 0 by Geiger. 
Later Marsden and Taylor, J using the same method, made measurements with 
air, mica and metal foils as the absorbing materials. It appeared from their 
experiments that something abnormal happened when the velocity had been 
reduced to about 0*415 V 0 , for as the thickness of absorbing material was 
increased beyond this point, the observed velocity remained unaltered. The 
simplest explanation of this is that these early experiments were probably 
carried out with a residual gas pressure high enough for the exchange 
He v v ^ He, to bo frequent. Under these conditions it can readily be 
shown from the data given by Rutherford§ for capture and loss of electrons 
by a particles that when the velocity lies between 0*4 V 0 and 0*3 V 0 the 
deflection in a magnetic field remains practically constant and equal to that 
of He hV _ with a velocity of 0*4 V 0 . 

The problem of the true shape of the velocity curve towards the end of the 
range has been attacked in a number of ways. Kapitza|| measured the energy 
of a beam of a particles at i>omts along the range by the heating effect. lie 
has also^l examined by the Wilson cloud method the curvature of a ray tracks 
in very strong magnetic fields. From this data, by calculating the average 
charge on the a particle from Rutherford’s experiments mentioned above, 
he deduced the velocity curve for the region between 5 and 20 mm. from the 

end of the range in air. I. Curie** has assumed that the rate of loss of energy 

for a single a particle is proportional to the number of ions produced per unit 

* ‘ Phil. Mag./ vol. 12, p. 134 (1900). 

t ‘ Roy. Soo. Proc./ A, vol. 83, p. 605 (1009). 

J ‘ Roy. Soc. Proc./ A, vol. 88, p. 443 (1913). 

§ 4 Phil. Mag./ vol. 47, p. 277 (1924). 

|| * Roy. Soc. Proo./ A, vol. 102, p. 48 (1924). 

* Roy. Soc. Proo./ A, vol. 106, p. 602 (1924). 

** 1 Ann. de Physique/ vol. 3, p. 299 (1925). 
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length of the path, and from her measurements of the ionisation or Bragg curve 
for a beam of rays and measurements of the straggling, she has deduced the form 
of the Bragg curve for a single average a particle. From this she has calcu¬ 
lated on the above assumption the form of the velocity curve over the whole 
range. Blackett* has also deduced the form of the velocity curve near the end 
of the range from the scattering observed bv the Wilson cloud method. 

§ 2. Experimental Method *. 

In a previous paper, which will be referred to here as Part I, the writer has 
given an account of an investigation of the straggling of a rays in mica by the 
magnetic deflection method. Tt was pointed out that it was possible at the 
same time to obtain on the photographic plates data from which the mean 
value of V/V 0 for the beam of a particles could be calculated. In order to do 
this it is only necessary to arrange that the mica does not completely cover the 
source, so that for each slit an additional line is produced with a deflection 
corresponding to V 0 . This method was found to be quite practicable over the 
whole range of velocities for which the straggling was measured, i.e. y from 
0-98 V 0 to 0-22 V 0 . 

The ratio of the deflections does not give V/V 0 accurately, as the deflection 
js not exactly proportional to 1/r, r being the radius of curvature of the path. 
The values of V/V 0 have been deduced from values of rjr Q> which were calcu¬ 
lated from the appropriate formula for the deflection in terms of r and the 
dimensions of the apparatus. 

The measurements of the straggling indicate that to a high degree of approxi¬ 
mation the energies of the a particles are symmetrically distributed about a 
mean, so that the average a particle is that corresponding to the mean energy. 
Near the end of the range the deflected bands are asymmetrical. But if the 
photographic action were independent of the velocity, the ordinate which 
divides the density curve of the deflected band into two equal areas would 
correspond to the average particle. The results given correspond to this 
mean deflection. Near the end of the range, where the variation in velocity 
is large the values may be somewhat too high owing to the difference in photo¬ 
graphic action of the fast and slow particles in the band. 


* ‘ Roy. Soo. Proo.,’ A, vol. 102, p. 294 (1922). 
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§ 3. Measurement of the Air Equivalent, of the Mica . 

There are considerable discrepancies between the values found by various 
observers* for the mass of mica per square centimetre equivalent in stopping 
power to 1 cm. of air at various parts of the range. It may be that variations 
in the composition of mica account for some of these discrepancies. 

In the present experiments the mass per unit area was determined by weighing 
uniform pieces from 50 to 100 sq. cm. in area, and the air equivalent of the actual 
pieces of mica used in the deflection experiments was measured by the scintil¬ 
lation method. The source of a rays was a brass disc 2 mm. in diameter 
activated with radium C and placed about 0*05 mm. below the mica. 

Table I shows the stopping power of the mica used expressed in dry air at 
15° C. and 760 mm. Column 3 gives the observed conversion factor for mica 
to air at 15° C. and 760 mm. expressed in milligrams per square centimetre. 
The results in this column show a steady increase: the effect of experimental 
error is also apparent. The probable error in the determinations is about 
0-1 mm. 

Table 1. 


Mass per square erntimetre. 

Observed stopping power. 

Ratio of mass to stopping 
power. 

grams. 

cm. 


2 083 > l0- a 

1*440 

1*446 x 10-* 

2'995 

2*056 

1*456 

4*381 

2*982 

1*469 

4*968 

3*392 

1*464 

6-781 

3*963 

1*459 

6*474 

4*492 

1*442 

7*274 

4*959 

1*467 

7*386 

ft • 056 

1*461 

7*903 

5*432 ! 

1*455 

8*352 

5*661 

1*474 

8*837 

5*986 

1*477 

8*915 

6*067 

1*469 

9*255 

6*296 

1*471 

9*469 

6*445 

1*469 

0*630 

6*501 j 

1*481 

0*832 

ft 659 

1*477 

0*871 

6*712 

1*471 


Except for the experiments at low velocities, in which the source was outside 
the magnetic field, the a rays did not pass normally through the mica, but their 
path made an angle with the normal which could be calculated from the 

* Marsden and Richardson, ‘ Phil. Mag.,* vol. 25, p. 184 (1913); Marsden and Taylor, 
' Roy. Soc. Proc.,* A, vol. 88, p. 443 (1913); Lawson, * Wien. Ber.,’ vol. 127, p. 943 (1918). 
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dimensions of the apparatus and the radius of curvature of the path of the 
particles. 

§ 4. Results . 

The equivalent air stopping powers of the mica determined by the scintillation 
method and the effective stopping power found after correcting for the angle 
at which the rays passed through the mica are given in columns 1 and 2 of 
Table II. For the lower velocities both the He h and He f , bands were used to 
give V/V 0 , and the difference in the corrections for effective thickness of the 
mica is so small that mean vahies are given except in the experiment for mica 
of 5-986 cm. stopping power, where the deflection was unusually large. Here 
the two values are tabulated. The table also contains the results (indicated 
by an asterisk) of some experiments in which the mica completely covered the 
source so that no deflected band was obtained corresponding to the velocity 
V 0 . These results depend on the accuracy with which the magnetic field can 
be reproduced. Their agreement with direct determinations seems to justify 
their inclusion. The residual field of the magnet was between l/50() and 1/600 
of the maximum field, so that the correction on this account does not amount 
to 1 in 500 until the velocity is less than 0-5 V 0 . 


Table II. 





V/V 0 calculated from V 3 law 

Air equivalent 

Effective air 
equivalent. 

V/V 0 . 



of mica. 

K 0-90. 

R = 0-90. 



cm. 

cm. 


' 


0*308 

0*315 

0-984 

0*9847 

0-0843 

0*540 

0*554 

0-976* 

0-9727 

0*9725 

1*004 

1*026 

0 901 

0*9482 

0-9477 

1*004 

1-032 

0*947+ 

0*9477 

0-9475 

1-004 

1*037 

0*945+ 

0*9475 

0*9471 

1 *440 

1*480 

0-924* 

0*9234 

0-9228 

2*050 

2*113 

0*888+ 

0-8803 

0 8853 

2*982 

3*053 

0*825 

0-8249 

0*8230 

3*392 

3 487 

0*792 

0*7930 

0*7909 

3*972 

4*098 

0-746* 

0*7435 

0*7406 

4*492 

4*492 

0*695 

0*7078 

0*7041 

5*056 

5*089 

0*629 

0*645 

0*640 

5*432 

5*432 

0*572 

0*603 

0*597 

5*664 

5*664 

0*537+ 

0*571 

0*564 

5*986 

/ 6*008 

\ 6*066 

0*446 

0*440 

0-515 

0*504 

0*506 

0*494 

6*296 

6*296 

0*359 

0*457 

0*444 

6*445 

6*445 

0*289 

0*420 

0*404 

6*501 

6*501 

0*272 

0*404 

0*387 

6*659 

6*659 

0*219 

0-351 

0-327 
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Table II also shows the values calculated from the law proposed by Geiger 

V» = Jk( R-z), 

using R — G*96 the extrapolated range and also for R — G-90 cm. the mean 
range deduced in the following paragraph. It will bo seen that to velocities 
of 0*75 V 0 the experimental results agree with this law, using either value of 
R to within less than 1 per cent. The velocity curve is shown in fig. 1 together 
with Marsdcn and Taylor’s* curve and the V 3 law for R 6 • 96. 



cm I 2 3 4 5 0 7 

FlG. 1.—The Velocity Curve for Radium O in Air at 15° C. and 760 mm. 


1, Briggs ; 2, Marsden and Taylor ; 3, V J - - h (R — x). 


§ 5. The Mean Range. 

The various methods which have been used to determine the ranges of a 
particles do not measure the same quantity. The “ extrapolated range ” 
deduced from the ionisation curve can be determined most accurately. By 
the Wilson cloud method the mean range can be determined directly as well as 
another extrapolated range, namely, that obtained by producing the straight 
part of the number-distance curve to cut the axis. 

The present writer has attempted to calculate the mean range for radium C 
by assuming the curve 1 given by I. Curie* for the ionisation of a single « particle 
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from polonium and taking a value of p = 1 *6 x 10~ a for the straggling of the 
ranges for radium C in air. From this data the last portion of the ionisation 
curve for radium C can be calculated by summing a series of curves of the type 
assumed from I. Curie’s work, whose end-points are distributed about the mean 
range with a Gaussian distribution defined by p. The resultant curve approxi¬ 
mates closely to the ionisation curve for radium C and Bhows the same long 
straight slope which can be produced to cut the base and so give the extra¬ 
polated range. This was found to be 0*06 cm. greater than the mean range. 
Taking the extrapolation range as 6*96 cm., this gives 6*90 cm. as the mean 
range for the a particles from radium C in air at 15° C. and 760 mm. 

By the Wilson cloud method I. Curie and Mercier* have recently obtained 
for the mean range for radium C the value 6*92 cm. at 15° C. and 760 mm., 
uncorrected for the pressure of water vapour. The correction for the latter 
would probably bring the two results into much better agreement than could 
be expected from the order of accuracy of the determinations. 


§ 6. Comparison with Results of other Observers at Low Velocities. 

In the present experiments the measurements have been made from the 
beginning of the range. It is important to bo able to connect up results obtained 
in this way with experiments in which the measurements of range are made from 
the end of the paths, as may be done, for example, in the Wilson cloud method. 
If we consider two tracks obtained by this latter method, which as a result of 
straggling are of different length, the experiments described in Part I show 
that probably only 5 per cent, of this straggling occurs in the last 2 cm., so that 
in this part of the range the velocities will differ but little at equal distances 
from the end of the tracks, and will be approximately equal to that of an 
average a particle. They may therefore be compared with measurements, 
such as those described in this paper, made from the beginning of the range if 
in the former the range taken is the mean range, which has been shown to be 
about 6 * 90 cm. The velocity is given in terms of the distance from the beginning 
and the mean end of the range in Table III. 

In fig. 2 the writer’s results near the end of the range are compared with 
those of other observers, the end of the range in the present experiments being 
taken as 6 * 90 cm. In Kapitza’sf experiments on a ray tracks in strong magnetic 


* 4 J. de Physique,* vol, 7, p. 289 (1928). 
t hoc* cit. 
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Table III.—Values of V/V 0 in Air at 15° C. and 760 nun. 


Distance traversed 
in air at 15* <\ 
and 700 mm. 

Distance from 
mean end of range. 

v/v„. 

0 

0-9 

1-000 

0 5 

0*4 

0*977 

1-0 

5*9 

0*951 

1-5 

5*4 

0*923 

20 

1 4*9 

0-894 

2-5 

i 4*4 

0*803 

3*0 

i 3*9 

0-828 

3*5 

3 4 

0-790 

4-0 

2-9 

0*740 

4-5 

2-4 

0*090 

50 

1*9 

0*038 

5*5 

1-4 

0*503 

5-7 

1*2 

0*525 

5-8 

t*l 

0*504 

5*9 

1*0 

0*481 

a o 

0*9 

0*455 

0*1 

0 8 

0*427 

0*2 

0 7 

0*390 

0*3 

0*0 

0*301 

0*4 

0-5 

0*322 

0*5 

0*4 

0 278 

6*0 

0*3 

0*222 ♦ 



Fig, 2.—Emergent Mean Range in Air at 15° G. and 700 mm. 


1, Briggs ; 2, Curie; 3, Kapitza, a ray tracks; 4, Kapitza, a ray trucks corrected. 

2 a 2 
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fields the quantity directly measured was the ratio of the average charge to the 
velocity. The velocity was deduced from this data using the law 

h « v «.s 

*2 

found by Rutherford,* where *1, *2 are the mean free paths for capture and 
loss respectively. Some measurements made in the present experiments and 
described in the following section seem to indicate that an index 4*3 is 
probably more correct. In fig. 2 a curve has been drawn, deduced from Kapitza’s 
data, using this value. It is seen that the agreement is much improved. 


§ 7. The Ratio of Singly to Double Charged a Particles . 

The ratio of the number of singly to doubly charged a particles is given by 
the ratio of the areas of the density curves of the corresponding bands, for the 
calibration of the plates described in Part I showed that over the range of 
densities occurring in the deflection experiments the number of a particles 
could be taken as proportional to the density. The ratio given in 

th6 following table:— 

Table IV. 


A*/A x . 


V/V 0 . 


’ / T O' 

Observed. 

CftluulAted. 

0-825 

0-014 


0-695 

0-025 


0-693 

0-026 

[iliyj® .a"v / 

0-624 

0 038 

0-040 

0-672 

0-064 

0 059 

0-564 

0*069 

0-062 

0-537 

0*087 

0-077 

0-487 

0 091 

0-117 

0-443 

0-171 

0-176 

0-437 

0-227 

0-186 

0-289 

0-94 

MO 

0-272 

1-35 

1-35 


From these results, together with those found by Rutherford by counting 
scintillations, it is deduced that 


— = 5-3 X 1CT 3 V~ 4,8 . 


* ‘ Phil. Mag.,’ vol. 47, p. 277 (1924). 
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The index is probably correct to ±0 * 1- Henderson,* using an electrical method 
of measuring, recently found 4*3 ± 0*3 for the value of the index. 

The calculated values given in Table III are obtained using the index 4*3. 

§ 8. Comparison mth Ionisation Curve . 

It is of interest to compare the rate of loss of energy of the a particle with the 
ionisation produced by it in each element of its path. In fig. 3 dH/dz has been 



Km. 3.—1, Rate of Low* of Energy (RriggH). 2, Ionisation Curve in Air (Henderson). 

3, Ionisation Curve in Air (Curie and Bdhounok). 

plotted, where T is the energy of the a particle. It is seen that the shape of the 
curve is similar to that of the ionisation curve, and the difference is probably 
less than the experimental error. The agreement is of interest since it is known 
that, except in the rare gases, only about 60 per cent, of the energy of the a 
particle can be accounted for as ionisation. 

§ 9. Experiments on the Homogeneity of the. Initial Velocities of the a Particles 

from Radium C. 

The homogeneity of the initial velocities of the oc particles was also investi¬ 
gated with the apparatus described in Part I, exposures being made as for the 
measurement of straggling but without any absorbing material. In a similar 
investigation for the a rays from polonium, I. Curief has indicated some of the 
difficulties which arise on account of the finite width of the undeflected line. 
The analysis of the lines with a microphotometer has many advantages over 

* 4 Roy. Soc. Proo.,’ A, vol. 109, p. 157 (1925). 
t TjOC. cit. 
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a microscopic examination, for if there is any variation in velocity in which 
the distribution of the velocities is symmetrical about a mean, the width d a of 
the deflected line, found by producing the straight Bides of the density curves 
to cut the base, as described in Part I, will be greater than d v the corresponding 
width of the undeflected line. The variation in velocity can also be invest!* 
gated by measuring the widths of the two density curves at various distances 
from the base. The broadening to be expected for a given small distribution 
coefficient p of the velocities increases from zero at half the height of the curves 
to about l*6p at 0*025 of the height. 

The first experiments were made with wires of 0*125 mm. diameter 
activated by exposure to radium emanation. Here a certain lack of homogeneity 
is to be expected for two reasons. In the first place, a certain amount of the 
radium C will be embedded in the platinum by the recoil of radium B from 
radium A, and, secondly, some of the oc rays reaching the photographic plate 
will be shot through the platinum from the back of the wire. It is probable 
that about 60 per cent, of the radium G is on the surface of the wire and the 
remainder is distributed uniformly through a layer of platinum about 10 -fl cm. 
thick. An atom of radium C which is embedded 10~ s cm. below the surface 
of the wire will give rise to an a particle, which, if shot out perpendicular to the 
radius, will have its range reduced by 6 x 10“ 3 cm. of air. About 5 per cent. 

of the rays will be stopped by more than 
0 ■ 7 mm., an amount which causes a change 
of deflection of about 0*1 mm. on the 
plate. 

It appears that a particles which come 
from radium C on the surface of the wire 
and are shot through the metal will not 
produce any lack of homogeneity which is 
measurable with a microphotometer. 

If D 0 and D are the deflections of the unretarded and retarded a particles, 
B the range in platinum, we have from fig. 4 for small values of 0, if MN = x, 

x =» 28 approximately. 

SD _ _8V . 8x 
Do V« 4 R' 

D-D.= l|, 



Fig. 4.—Diagram of Wire Source. 


Hence 
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so that the increase in the deflection will be proportional to 8 and the photo¬ 
graphic density due to retarded particles will be constant for small values of 
S. Hence the ot particles shot through the wire give rise in the density curves 
to two long tails of constant height, one from the upper and one from the lower 
surface of the wire. These tails stretch away from the deflected band on the 
low-velocity side and further calculation shows that the combined density of 
the two is about 0*00(5 of that of the maximum of the main baud. A similar 
argument shows that neglecting scattering the slits will produce similar tails 
whose density is 0*001 that of the main band. Scattering will, however, deflect 
nearly all particles which pass through the copper of which the slits are con¬ 
structed completely out of cither the deflected or undeflected band. 

These experiments with wire sources indicated a small variation in the initial 
velocity which appeared to be explainable from the fact that some of the radium 
C was embedded in the platinum. Experiments were now begun to see whether 
this lack of homogeneity would be eliminated if radium B and radium C or 
radium C alone wore deposited from solution by electrolysis on a flat 
surface. The sources were made by coating a piece of platinum 8 by 3 by 
0*15 mm. with enamel and then grinding one of the longer edges bare and 
polishing it. It was found possible to get sufficient activity on such a surface 
without the slightest trace of tarnish. This type of source, however, gave 
deflected lines which showed nearly as much non-homogeneity as those obtained 
with the wire sources exposed to radium emanation. The same result was 
obtained with radium 0 deposited from solution on flat nickel sources. Some 
experiments were .also made in which the slits were made of aluminium wire 
of about 1 mm. diameter, but with the same result. 

§ 10. Results of the Experiments on the Initial Homogeneity . 

Fig. 3 shows the lower portion of a typical pair of density curves obtained 
with a flat source. The lines obtained with wire sources gave density curves 
of practically the same form. The area on the deflected curve attributable to 
slow rays varied from 3*5 per cent, to 5 per cent, in different experiments. 
Allowing for the geometrical broadening discussed in Part I, the widths of the 
deflected and undeflectod curves, beyond one-quarter of the height, were the 
same to within experimental error. 

The reason for the lack of homogeneity using flat sources prepared electro- 
lyrically is not apparent. It behaves in every way as if it were a spurious effect. 
Most of the evidence goes to show that on a metal Buch as platinum the layer 
of adsorbed gas is unlikely to be more than one or two molecules thick, whieh 
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is quite insufficient to account for the effect. Nor is the diffusion of the deposit 
into the platinum likely to be appreciable in an interval of one hour. It is 



possible that the enamel may not have protected the edges of the source 
sufficiently well, and activity may have penetrated a short distance along the 
sides of the platinum. 

Comparisons of the high-velocity side of the lines made by producing the 
straight portion of the curves to meet the base indicate that there is no detect¬ 
able alteration in the shape of the curve on this side. Any distribution of 
velocities involving velocities greater than the average would cause a rounding 
off of the curve at the base, and can be estimated by comparing distances between 
the curve and the line obtained by producing the straight side of the curve. 
Here measurements can bo made as low as 1 /40 of the height and a broadening 
of 0*01 mm. would be detectable. At this small fraction of the total height 
any broadening would be about 1 *6 times greater than the average broadening 
of an infinitely narrow zero line. As the deflection was generally about 26 nun., 
one can say that if there is any variation in velocity involving a symmetrical 
distribution about the mean, three-quarters of the rays have velocities which 
differ by less than 1 in 3,000. 

In some of the earlier experiments where the density of the line did not exceed 
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1/6 unit no lack of homogeneity was detected, and the difference between the 
deflected and undeflected lines was so small that one would have felt justified 
in estimating the degree of homogeneity as more than 1 in 500. When the 
density of the lines was increased by using stronger sources the lack of homo¬ 
geneity was quite evident, and on re-examining the curves mentioned above 
the lack of homogeneity could just be detected. The reason for this is that 
slight variations in the background and in the grain of the plate produced 
fluctuations which neurly masked the asymmetry. 

I. Curie in her experiments on the straggling of the a particles from polonium 
found that about 1 /8 of the particles did not conform to a probability distribu¬ 
tion of ranges of the form indicated by theory, but had ranges which wore too 
short. In deflection experiments with polonium similar to those described 
here, the measurements being made with a microscope, she found no evidence 
of a broadening of the deflected bands and concluded that the rays were homo¬ 
geneous to within 0*3 per cent. Owing to the difficulty of obtaining strong 
polonium sources, the lines she obtained were feeble and the limit of the density 
observable was 1/8 or 1 /10 of the maximum. The lack of homogeneity found 
in the present experiment was barely detectable at this height. It would bo 
accounted for if about 5 per cent, of the rays have velocities less than the 
maximum by amounts up to 1 *5 per cent. 

The problem has to be left in the unsatisfactory state that whereas a definite 
lack of homogeneity was always observed, its behaviour was so much like a 
spurious effect that it is felt that improved methods of preparation of the 
sources would probably eliminate it. 


§11. Summary. 

The velocity curve for a particles from radium C has been determined over 
a range of velocity from 0*98 V 0 to 0*22 V 0 . For velocities less than 0*55 V 0 
the decrease in velocity was much more rapid than was found by Marsden and 
Taylor, but near the end of the range was in satisfactory agreement with the 
results found by indirect methods by Kapitza and by I. Curie. 

Some results are given for the ratio of the number of singly to doubly charged 
a particles at various velocities, which indicate that the ratio varies as V" 4 ' 3 . 

Experiments are also described in which the variations in the initial velocity 
of the a particle were investigated. No evidence was found of velocities greater 
than the average by more than 1 in 3,000. Velocities less than the maximum 
were present, due probably to absorption in the source. 
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The results given in this paper were obtained during the course of experi¬ 
ments on the straggling of a partioles described in a previous paper. It gives 
me great pleasure to acknowledge my indebtedness to Sir Ernest Rutherford 
for his interest and advice. 1 wish also to thank Mr. H. J. J. Braddick, B.A., 
for his help in the measurement of the stopping power of the mica, and 
Mr. Q. R. Crowe for the preparation of the wire sources. 


The Thermal Conductivity of Carbon Dioxide . 
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(Communicated by II. L. Callendar, F.R.S.—Received December 11, 1926.) 

Introduction. 

Of the many experimental determinations of the thermal conductivity of 
C0 2 which have been made, the absolute values given by the various observers 
vary from 3-07 X 10 _c cal. sec. 1 cm.* 1 deg.'^Winkelman, 1), to 3-39 X 10" 5 
cal. sec. -1 cm. -1 deg." 1 (Weber, 2), and generally speaking the experiments 
were modifications of two principal methods, namely, the electrically heated 
wire of Sohleimacher (3) and the cooling thermometer method. In both of 
these methods convection losses were present to a degree depending on the 
dimensions and disposition of the apparatus, and on the pressure of the gas ; 
therefore, in the author’s opinion, the discrepancies amongst various observers 
are due to the practice of attempting to eliminate these convective losses by 
diminishing the pressure. 

Such a procedure is justifiable only if the reduction of pressure is not carried 
beyond the point at which the mean free path of the molecules becomes com¬ 
parable with the dimensions of the containing vessel. This is a critical point 
in the determination of the conductivity of a gas, as the authors’ experiments 
on C0 2 indicate that the convection becomes negligible only at pressures for 
which the mean Free Path Effect is such that the significance imposed on the 
conductivity by Fourier’s law loses its meaning, and below this critical pressure 
the conductivity varies with the pressure in a manner depending on the 
dimensions of the vessel containing the gas. In the experiments of Gregory and 
Archer (4), on the thermal conductivities of air and hydrogen, the use of a double 
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system of electrically-heated wires enabled the authors accurately to identify 
the critical pressure at which convective losses became negligible. This is 
an extremely important point in all applications of the hot-wire method to 
the absolute determination of the conductivities of gases, and alone justifies 
the procedure of lowering the pressure to eliminate convective losses. Above 
this critical pressure it is necessary to disentangle the conduction and 
convection losses, and below, the meaning of conduction loses its ordinary 
significance. 

Apparatus . 

The following investigation was carried out on the lines described in Gregory 
and Archer’s paper on the thermal conductivities of air and hydrogen, but in 
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this cusp a vertical, instead of a horizontal, system of tubes, as shown in fig. 1, 
was used in order to reduce as much as possible the large convective heat loss 
that one would expect in a triatomic gas such as carbon dioxide. The inlets 
and the connections between the main tubes and their compensators were 
placed at. the lower ends of the tubes, well below the level of the heated wire, 
so that there was no convective passage of gas from one part of the system to 
another. The tubes were made by Muller, of Parton Street, Holborn, from two 
pieces of thin willed lead glass tubing, of about 1 cm. and 3 cm. diameter, 
respectively, which had been selected, on account of their uniformity of bore, 
from 10 carefully calibrated pieces of each type, these 20 pieces, each about 
4 feet long, having been specially selected at the Whitefriars lead glass factory 
at Wealdstone. 

The mean radii of the tubes used were as follows :— 

Wide tubes— 

Internal radius .. .. .. .. .. 1-402 cm. 

External radius .1 • 456 cm. 

Narrow tubes— 

Internal radius .. .. .. .. .. 0*5871 cm. 

External radius . 0-6439 cm. 

The mean radius of the fine platinum wire was obtained by weighing three 
measured lengths of about a metre cut from the same wire. It was found to 
be 0*0050596 cm. This wire was then cut into two lengths of 30 cm. each for 
the main tubes and 10 cm. for the compensators, mounted on platinum springs, 
and stretched axially along the tubes. The object of using such fine wire was 
partly to cut down the radiation heat loss, which was calculated from Gregory 
and Archer s figures (4), taking into account the difference in diameter of the 
wires used m the two sets of experiments, and partly to lengthen the flat part 
of the temperature distribution curve along the wire, as this improves com¬ 
pensation. 

Before the gas was admitted the tubes were placed in steam and connected 
to a pump, while a charcoal pocket in gaseous connection with the tubes was 
surrounded by an electric furnace. The tap between the tubes and the pump 
was then closed, and liquid air was substituted for the electric furnace sur¬ 
rounding the charcoal. Thus any residual gases and vapours were absorbed 
by the charcoal, which was then isolated from the tubes while it was still in 
the liquid air bath. 
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Fit*. 2. 


Thermostat. 

The maintenance of the outer walls of the tubes at a constant temperature 
is one of extreme importance, especially when the temperature gradients of 
the order of 5° C. are employed. Any inefficiency in the thermostatic arrange¬ 
ment leads to a gradual heating of the outer walls, and a variation of their 
temperature of even a thousandth of a degree is detected by the sensitive bridge 
system employed. This difficulty was overcome by using a specially con¬ 
structed motor driven cooler. This consisted of three brass tubes, joined at 
their lower ends, two of which surrounded the wide and narrow systems of the 
apparatus, the third containing several vanes arranged vertically over one 
another and driven by an electric motor. The brass tubes were surrounded 
by a mixture of ground ice and water, so that ice-cold water was drawn in 
through holes at the top of the tube containing the vanes, circulated past the 
apparatus, and issued from holes at the tops of the brass pockets. 
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Preparation of Carbon Dioxide . 

The carbon dioxide was prepared in a Kipp’s apparatus from pure air-free 
calcite and an air-free solution of pure hydrochloric acid in an equal volume of 
distilled water. The atmosphere above the acid in the Kipp was carbon 
dioxide, obtained from a subsidiary generator, to avoid solution of aiT during 
the experiment. The issuing gas was passed in turn through previously boiled 
distilled water and a solution of sodium bicarbonate, to absorb any hydro¬ 
chloric acid fumes, through concentrated sulphuric acid and over pure phos¬ 
phorus pentoxide (prepared in the Chemical Technology Department), to dry 
it, and finally through a dust tube before entering the apparatus. 

Mr. H. D. Murray, B.A., of the Chemistry Department, very kindly analysed 
a sample of the carbon dioxide obtained by this method, which he found to 
be 99*82 per cent. pure. He states that the slight trace of impurity found was 
probably due to the chemicals used in the analysis, so that the purity of the 
gas is even greater than the above percentage, whereas cylinder gas is only 
96 • 7 per cent. pure. 

Experimental Promhnc. 

The fundamental intervals of the wide and narrow systems weie obtained, 
and from these the bridges could be set so that the temperatures of the wires 
in fhe wide and narrow tubes were equal. The temperature of the wires thus 
being fixed, starting from atmospheric pressure, the pressure of the gas was 
lowered in small steps and the bridge was rebalanced for each different pressure 
by altering the current in the battery circuit, the current in each system being 
measured by means of a potentiometer across the terminals of a standard ohm 
in series with each main wire (4). Six different settings of the bridges were 
used corresponding to six wire temperatures. 

Results .—The following is a key to the symbols used in the tabulation of the 
results 

r — pressure of C0 2 within the tubes in centimetres mercury. 

6 s* temperature of wires above 0° C., the bath temperature. 

4# = radiation heat loss per unit length at temperature 0 in cals. sec.*" 1 . 

C = current in amperes in the hot wire. 

R oil safe resistance per unit length of the wire at temperature 0. This was 

found by noting the resistances in steam and in ice of a measured 
length, of about a metre, cut from the same wire, and assuming 
a linear law. A compensating wire was used in the apparatus 
for determining this fundamental interval. 

J = mechanical equivalent of heat. 
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C 2 R e/Jl — total heat loss per unit length at temperature 9 in cals. sec.'" 1 . 

Oj = temperature drop across tube wall, calculated from the total heat 

loss, the internal and external radii of the wall, and the thermal 
conductivity of lead glass (4) and 

for the wide tubes, 0 X — C 2 R fl /JZ X 3-G3 ; 

for the narrow tubes, 0 2 = C 2 R tf /JZ X 8-82. 

6' — 0 — 0 A --= temperature drop across the gas. 

K a = apparent conductivity, consisting of conduction and convection, 
in calorics, cmr 1 see. -1 deg.* 1 

^ M log exp, (fa//,) 

27C0' 

r 1 = radius of platinum wire in cms. 

r 2 = internal radius of narrow tubes in cms. 

r 3 — internal radius of wide tubes in cms. 

Convection ceases for each system at the pressure for which the apparent 
conductivity is the absolute conductivity, K. 

C N = current in narrow system at the above pressure, 

C w = current in wide system at the above pressure. 

Therefore 

{(VRfl/Jf — 4<}log exp. (r a /r t ) __ „ _ {OVRt/Ji - - M log exp, fa/i-,) 
27t6' 2 tc0' 

Therefore 

log exp. (f s /fi) _ C£Rtj3l — ^ 
log exp. (^/r,) C W 2 R»/Ji — 

_ lo g ex p, ( r^) = l , m 
log exp. (rjry) 

_ C„*R t /Jl - 4> 
a# “ C W *R # /J/ - 

Thus, when we have two equal values for the apparent conductivity in the 
two systems corresponding to a different pressure for each system, and the 
equation a c — a 0 is satisfied, this value of the apparent conductivity is the 
absolute conductivity of the gas at the mean temperature between the hot 
wire and the outei wall (4). 
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Curves II. 
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Curves III. 
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Curves IV. 
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Curves V. 
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Curves VI. 
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These values of the absolute thermal conductivity were plotted against the 
mean gas temperature to which they corresponded, and a straight line was 
drawn through tho points meeting the absolute thermal conductivity axis at 
the point tt*(504 x 10“'* cals, cm 1 see. 1 deg. 1 ; this being the thermal con¬ 
ductivity of carbon dioxide at 0° 0. The temperature coefficient of thermal 
conductivity in this region, deduced from the slope of this line, is 0*0027. 

The results can be applied, in conjunction with the values for the viscosity 
and the specific heat at constant volume of carbon dioxide, to tho determination 
of the function / in the equation 

K 0 -f f t 

in which/depends on the force operating in molecular collision. 
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Where K 0 — 3*604 X 10 5 cals. cm. 1 sec.'* <leg. 1 
yj„ = 1-428 x 10-* 

C„ = 0-160 

Therefore / = K 0 /»j 0 C, = 1-68 


REFERENCES. 

(1) ‘ PogK- Ann.,’ vol. KHJ, p. 407 (1870); ‘ Wied. Ann.,’ \ol. 29, p. 08 (1880); ‘ VViod. 

Ann.,’ vol. 44, p. 177 (1891); ‘ VVicd. Ann.,’ vol. 48, p. 180 (1803). 

(2) ‘ Ann. d. Physik,’ vol. 4, 04, p. 342 (1917). 

(3) ‘ Wiod. Ann.,’ vol. 34, p. 023 (1888). 

(4) ‘ Roy. Sop. Proo.,’ A, vol. 110, p. 91 (1920). 



3 67 


The Intensity of the Radiation from a Source of Electric Waves 
when the Electric Constants of the Medium in the Nc'njhhovr- 
hood of the Source are different from the Electric Constants 
at a Distance from it. 

By H. M. Maudonalo, F.R.S. 

(Received December 2, 

Tl a simple oscillator is close to a perfectly conducting plane, with its axis 
perpendicular to the plane, the magnetic force at the point (r, 0), where r is 
the distance of the point from the oscillator, and 0 is its angular distance from 
the axis of the oscillator, is the real part of 

l/Tl j ^ \ J 

2 Ac 4 r * K (t«r)sin 0, 

and the real part of 

Ae 4 r * Kj (i*r) sin 0 

is the magnetic force due to the oscillator alone. The rate of transfer of energy 
across the surface of a sphere enclosing the oscillator is 27cA a /3K*V l and tin* 
rate of transfer of energy from an oscillator Aj f when there is no conducting 
plane, is tcA^/TKkV, and therefore, if the energy supplied is the same m both 
cases, A a 2 - 2A a , that is, the effect of the conducting plane is to increase the 
amplitude of the waves at any point in the ratio y/2 to 1, or to double the 
intensity. 

The object of the following is to investigate the corresponding problem when 
the electric constants of the medium are not the same everywhere, and it will 
he shown that, if K, p are the electric constants of the interior space containing 
the oscillator, and K', p' are the electric constants of tlio space external to this, 
the amplitude of the oscillations is to the amplitude of the oscillations when 
J£' — K, p' =- p, in a ratio which lies between (a/a')* and (a'/a) 1 , where a — 
(K/p)*, a — (K'/p')*, and the wave-length of the oscillations is small com¬ 
pared with the linear dimensions of the internal space, and the oscillator is not 
near the boundary of the two spaces. When a' — o, the amplitude of the 
oscillations is sensibly the same as if the electric constants were not different 
in the two spaces, a result which is to be expected. Taking the case of a simple 
oscillator, where the electric constants throughout the space bounded by the 
sphere of radius r 0 , whose centre is at the oscillator, arts K, p, and the electric 
constants of the space outside this sphere are K', p', let E r , E#, E* be the 

VOL. CXIV.—A. 2 D 



368 


H. JVL Macdonald. 


components of the electric force, and H r , H*, H* the components of the 
magnetic force in the space r <r 0 ; and let E r \ E/, E/, H/, H/, H/ bo the 
components of tho electric and magnetic forces in the space r !>r 0 , where r, 0, ^ 
are polar co-ordinates with the oscillator at the origin and the axis of the 
oscillator along the line 0 = 0 ; then if the magnetic force duo to the oscillator 
alone is the real part of 

Ae 4 r"*Kj (ur)sin 0, 


the components of tho magnetic force may be written 

H r — 0, H* 0, II,/,r sin 0 - -- Ae 4 r- K ; (i«r) sin 2 0 f- Be**' 4 r*J 3 (<er) sin 2 0, 

r<r 0 , 

H/ - * 0, H / U, H/rsin 0 = Ce * r 1 (i k't), r>r 0 , 


where Kp,V a = 1, /c' 2 = * 2 K'p.'V a , and the real parts of the right-hand sides 
of these relations are taken. Again, 





K 


0E# 

a t 


r sin 


1 - ^ (11 0 sin 0), 


= 0 , 

rO„, 


and 


K' 


01V 

ot 


r 2 sin 


1 -^(II/rsinQ), 



i a 

r sin 0 dr 


(11/ sin 0), 


E/ 0, r > T 0 ; 


therefore, since tho tangential components of the electric and magnetic forces 
are continuous at tho boundary r = r Q) 

3frt 

Ae 4 vK- (i*r„) B^J',(«r 0 ) — IV * fVK ; (uc'r,,), 

K ->Ae 3 r J-{r 0 *K, (wr 0 )} + K X B J- (w u )} - K / ” I Cc 4 ‘ ^-{r 0 ‘K ; 

cr u rtfu cr„ 

whence 

A r 0 4 K) (i*r 0 ) J-{r 0 *J= (*r 0 )} — r 0 4 J* (nr Q ) J^{r 0 4 K : (i* 0 )} 

Of n Or,, 

V [r„ 4 K- (ikVo) fr,,*J^ (mt,,)} j-r, fn : J • (*r 0 ) WK ; (i*>,,)}"] , 
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or A r 0 *J _ 1 (*r„) ~ {rjj , (*t„)} — r 0 *J. (*r 0 ) {n, 4 J_ ; (*r 0 )}J 

• - 0 {V 0 *J . (*>) A {»•„* J; (/w 0 )} — ro*J; (*->o) A {r 0 l J ■ (*'r 0 )} 

+ I {n,‘J; (*'r 0 ) J- {r„ 5 J • (*r 0 )} - |> r 0 ‘J ; (*r„) JL (r„* Jj (*'/„))] , 


that is, 


where 


— 2tt *A = CJLe'*, 


L cos x — r 0 *J i (*>„) — {r 0 *J, (*r 0 )} - - |y, r,, 1 J- {r 0 * J . (*'r n )}, 

rV 0 JV dr 0 

D sin x = r 0 *J' («%) {r u l J - (*r u )} — r„ J .T. («r 0 ) {r 0 ‘J 4 («'r 0 )}. 


»-£?[{'+ W) T 


^ (**>) (*'<>)} 
JV x To df 0 


r K'A In 2 


1 


r 0 K r a 


It follows that r > r 0 , Il/r sin 0 is the real part of 


2A 2=+.«\i .< 


7tL 


r*K^ (i«V) sin* 0, 


that is, 


H/r sin 0 — — [r ! J_ ; (<V) cos (kV< — x) ■■ r ! J’ (k't) sin (*V/ — x)l sin 2 ®» 

Jj 

whence 

— [k't)} sin (xWt — X)] sin 2 0, 


E/ = - 


A rd 


KWLr 


[gp{»*J : (*'»■)} sin (*V< — x) 


+ ^ {r J J 5 (*V)} cos («V< — x)] sin 0. 

Now the rate of transfer of energy outwards across the surface of a sphere, 
whose centre is at the origin, and whose radius is r, is 

sjj ( M,< IT “ TsO *" “ * 46 


») IV 

*d A/ mi 
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whore 


iuid this expression is equal to 

sJm -a - x)| 

^ MY_ sh } ® \J_ , («V) sin (fcVt - /) | rU» (*'/) los ( tcXf /)} 

J> 1 % 

! 5 { r-.\ (*'/) nib (*V7 - /) -f r 4 .K (*'r) Km (*V/ - /)} 

Lr 


5 - {^Jj (*'r)}cos(*Vf /) hin 2 Od0fi^ 

Sr " J 


that is, 

- L2 f I r ‘ J -< <* V > | (»*J? (*») - riJ . (*'') £ 0 •*' - • (*'')> | *in 3 0 «*0, 

which is 

SA*/Sw KVVL 2 . 

Again, if a simple oscillator is in a medium where K, p. have the same values 
everywhere throughout the medium, and the magnetic force due to this 

oscillator is given by the real part of AjCT y “ K j (t«^r) sin 0 , the rute 
of transfer of energy from it is given by tcA^/SK#V, hence, if the energy 
transmitted from the oscillator is the same in both cases 

A 2 -= t^K'A^L^K, 

that is, 


/ kh \2 K y /1 - 1 \( • , co8*t„ sintfftA 2 

(A/A ^“k«' 1 ‘ + '■‘rA m “'° h _ A?’) 

2 / . , cos*/*o siiixf/yW sinaro 

0 + - -- Q °)(co».r 0 --^ 

, K*7 

+ K^( C ° 8 " fu 


Bill KfQ i 



Intensity of Radiation from Source of Electric Wares. 'XI I 


and, whan th« wave-length is small compared with i this becomes 

(A/A t )* -= ^ Bin* Wo -\ cos 2 vr„, 

K K K K 

that is, writing 

(K/|i) s — a. (K 1 1 (x') 1 — o', 

(A 1 \i) z - - (a'/a) sm a #T 0 I (a/a') co.h 2 /cj*o, 

and therefore the value of (A/A,) 2 lies between a'/a and a/a', that is, th° ratio 
of the amplitudes of tlie oscillations in the two eases lies between (a'/a)* and 
(a/a')* ; if a' — a the amplitudes are the same. 

If the oscillator is at the jw>int r-=r v 0^=0, with its axis along the line 
0 -- 0, the magnetic force due to the oscillator is proportional to the real part 
of pR~*K' (vcR) «"*'*, where p = JtsinG, 

R 2 -= / 2 f- /\ 2 — 2rr x cos 0, 

and the expression for the value of ll r/ / sin 0 due to the oscillator is the real 
part of (r>r x ) 

TO ,«v«A >(*/•,) sin 0 ^• 

i cos im a 0 

Therefore 


H lb r sin 0 


= 7te'* v * S-—- 4 (*r) - - c (n 1 r 4 J„ +i (*r)} r L ~ J„ +i (*cri) sin 0 

cos hv - flii 


dO 


7TC 


vt 2 «dli. 
i cos mz 


B*r l J w+ •{*«•)sin 0^. 


when r 0 > r > r v and 
H Vr Sin e - 7V«- Vt 2 (*V) - r<" ' »»•* ,M„ +i («V»sut 0 


i cos mz 


when r>r 0 , and the real parts of the right-hand sides of these relations are 
taken, where, when r — r u , 

W* - IV, ^ ^(H + r sin 0) - 1(H*7 sm 0); 

whence 


A {r 0 * J (*r„) - <?'" 1 V J»+■ («r 0 )}ri ‘ J„+j(wi) + B n r„' J„ , • (*r„) 

- 0.{V J-„_. («Vo) - r 0 » J.+ * (*%)}, 

A ^ {r„ 4 J.„ - < («n>)} - • {r,, 4 .1,,+. ('«•„)} | rr - J B+i (*ri) 

+ B,|;{ro*V + .(«ro)}-| 7 ^|^[^J-»-.(*V«) - e<" • »"r„» J, )+1 (*V 0 )], 
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and 

C„[ [r u ‘J_n_j («'fo) jj^(r 0 *J.+t(**■«)) - * («r 0 ) J- (f 0 ‘J_ n _ i (* , r 0 )) j 

_ e t»+»« |r 0 1 J » + -4 (*%) (xro)) - |r 0 *J M+i (Affo) J- (r 0 *J n (*Vo))} J 

— Ar t ~‘J n (/crj) [ ntf-n-j («r 0 ) {ro‘Jn +1 (*»o)} 

- VJ n ; j K») -»-i (**•<>)} |, 

that is, 

C n Lne ~ l *« = 2 Arc -1 cos wtc^i J n , j (*rj), 

where 

L» co8 X« “ ( K 'r 0 ) | j (*»«)} 

— r „i J n , j (a.t 0 ) ~ r 0 *J _„_> (*V 0 )}, 

c) 

L» sin Xn = Vjn! 3 (*>o) Oo’J„ i ?. (*n>)} 

I J f 1 (* *u) X COH AWT. 


Hence, taking the real parts of the expressions, 

TT.fl-OA V + i T , (wr)fr i.T 


H/r sin G = 2A E —rr 1 J„. j (*r x ) {r'JL,, j (*'r) cos (*Vt + x») 

A -Lift 

+ cos W7t r* J„_, j («'r) sin (*V* + x»)} sin 0 ^ i . 

au 

row 

„,dw 1 3/tj/ • m 


whence 


E *' - k^STo! TT* ,r ' J "*<"■> [- S < H '“<' V( +*•> 

+ COS rm — {r*.T„+} (#V)} cos (*Vl -|- *„)] sin 0 

” K'ttrin e ? ! X irr,J -*‘ <Wl) I - 1 ^—* ( ‘ V)> C 0 S <' T '+)t-) 

— cos rm {f*J. n (*'r)} sin ( V« + J sin 6 


K'**V*/ sin 0 
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Again, the rate of transfer of energy across the surface of the sphere, whose 
centre is at the origin, and whose radius is r >r 0 , is 


— [IVm; sin o mu. 


that is, 


r/u.3 J V 11 


U * 


IV ^ f*cm OdO, 
c t / 


M ,S1V ,r,3M/ 

M " ~af “ ( i/ 

' i(«v)}co«(*v/-i x.) 

- - con Ml g- {>- 5 J n , >(*V)} sill <«VH-Jfr)] sin 0 ^ x il -p 2 - n "'-K , ;(*n) 
{—r J J_ () _»(«V) sin (xVf -f /J | cos unrKT ,,, .(kV) cos («V/ <-/„)} sin 0-g ( “ 
-|- £ “^rr 5 J„ I i(w,){r } J „ i(*V)cos(*V« h yj 

i ^<i» 

-I- cos imrKl ,,, .(/c'r) sill (*Vi | /„)} sin 0 ^ 

X - '•!,.! ‘,(«n) • ! •- P {'■‘•T „ ;(*V)} sin (*V* f •/„) 

i 1 or 

h cos mi ~ {AT,, h •(«'/■)} cos (*V< | y„) | sin 0 |. 

or f r 1 li 

Hence, since 

r»L.w = „„ odo - o, rr$Y<. «<» ~ 2, ‘ (,,+i) . 

J„ 30 30 J„ \ 30/ 2»H 1 

the rate of transfer of energy is 

Sv% g^.+i <* v » 

— ar„ +i («'r) ^{r s J_„ . <«',)>] cos Ml ln ^ , 


- - cos mz 


that is, 


tzK'kY 


A a 3 »(n + l)(2n-H) r .., r Ur n « 

hK'kYT Jj* 1 

where 

L.* ■= [r 0 *J- J^{ r o* J »+i( <fr ")} ' ^ 7 1 ’o*J n +j(*r 0 ) ^{r 0 *J— n -i(*Vo)}] 

-I- fo^Tn+U*'^) ^WJ„+j(«r 0 )} — ^,r 0 l J„H j(«r 0 )-^-{r 0 *J, H j(*V 0 )} 
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Now, when n + l — kt x is of higher order than (tfrj 1 , J» i i (* r i) ™ « ma U 
and diminishes rapidly exponentially as n increases ; hence, if tcr l — *r 0 is not 
of lower order than (*-r 0 )\ the terms of the series for the rate of transfer of energy 
for which n + \ is greater than tcr 0 can be neglected in comparison with the first 
part of the series, as L n 2 does not vanish or become small for any value of u. 
Therefore the rate of transfer of energy is given by 


A 2 ,(reK'*V) X n (n + 1) (2 n + 1) L„ V, :, {J„ hl (*r,)} a , 

I 


where u 0 is less than Writing 

(Wd) 1 J»Hi (*r 0 ) -■ (2/te) j R„* sill <f>„, 

(«»(,)* J „ . (Afr 0 ) — (2 /tt) 1 R b * cos <j> n cos »re, 

(«V 0 )» J, l+ j («Vo) (2/re)* R/ 1 «n <f> n \ 


since 


tunXn 


(acVo)* J .} (ic'r 0 ) = (2 /it) 1 R„' 4 cos <f> n ' cos «7C, 

tmv'-L 

2 * rfr„ ’ Xn 2 as' <X ’ 

I± 1 3+.’ . 1 

Af Br,, H„’ ac' f)r 0 R„' ’ 


- I i («r„)} (2/re) 4 R b 1 cos (<f> n |- Xn) sec Xn. 

* 

- 4 -- {Ai J J n j (a^o)} = - ( 2 /re ) 1 R n ‘ sin (^ B + x») hoc Xn I 

!C Vf\) 

whence 

In 2 — ire 2 [(acR b '/ac'R b ) 4 cos <f>,' cos(<f> n x„) sec x» |- (Ac'R B //cR B , ) t (K/K') 

X sill sin (<£„' -|- x»') accXn'J 2 f ire -2 [(*R» 7 *H *) 4 sin </>„' cos (^„ |- x«) see x» 
— (ac'R b /acR b ') j (K/K') sin <£„cos (<£„' + y«') secx„'] 2 , 


that is, 

L b 2 =■ ire -2 [(acR.'/ac'R,) cos 2 (<£„ -f- Xn) sec 2 x« 

■+• 2 (K/K') Bin <£„ Bin x«' cob (<f> n |- x») see x« sec x«' 

+ (ac , R b K 2 /acR b 'K /2 ) sin 2 6,sec 2 x„']. 

If n + J = r 0 sin « B , the value of <f> n is given by 

</>n — Atr 0 cos a„ — wre/2 + (n + $)a B , 

and 

R b = sec o^i tan x» = i sin 2 «n/Acr 0 cos 3 a B , 
therefore, retaining the most important parts only, x» = 0, x'n = 0, and 
L„ 2 - lre- 2 [(RVKR«) cos 2 4>n + (ac'R„K 2 /«R b 'K' 2 ) sin* *,]. 
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It follows that L rt 2 — t^K'/IK -l- a series of cosmos of multiples of 2^ n , and 
since the rule of oscillation of a series oi terms, whose oscillating factors arc 
e + " A *" 1+ ^ 1 or e 1 ■' , ' 1 ,l , when 1 

= (2/tx)- K,/' 4 sin </>»", 

does not vanish for any value of n* the sums of these terms for values of h, 
which are not small compared with a? 0 , can be neglected in comparison with the 
sum of the terms which are independent of ff> H . Hence for values of n which 
are not small compared with at 0 , \* n 2 can be replaced by rPK'faK, and the 
corresponding terms of I lie scries for the rate of transfer of energy is the same 
as when K/ = K, \i p. being 

(itV 2 / Hv*V) » (» H-1) (2» I-1 )rr'{J„< Mf. 

For values of n width are small compared with xr 0 , oc H can be replaced by 
zero, and then 

L n 2 — Jttc _a t(*■/*') cos 2 (xr {) nxj'2) -|- (*'K.-/*K /J )sm 2 (*ro — 
that is, 

W -= (4K/7t a K # ) [(o'fa) cos 2 (fcr 0 — mz!2) + (ofa f ) sin 2 (*r 0 — nnj2) J, 

therefore the ratio of the corresponding terms for a small compared with *cr Q 
in the series for the rate of transfer of energy, when K' -- K, \i — p, and when 
they are different is 

(o'fa) cos• (*r 0 - inzj2) (cr/V) sin 2 (at 0 - - »nt/2), 
hence the ratio of the sums of the two series lies between 

(a jo) cos 8 *r 0 + (ofa') sm 2 *r 0 and (o' fa) sin 2 *r 0 + (afa*) cos 2 ^r 0 , 

and the ratio of the rates of transfer of energy lies between o'fa and ofa', that is, 
the ratio of the am])!itudes of th(* oscillations in the two cases lies between 
(a/a')* and {o'fa) 1 , the same result as above. It may, therefore, be inferred 
that for any distribution of oscillators insides a (dosed surface separating two 
different media the ratio of the amplitude of the oscillations to the amplitude 
when the media are the same lies between (o'fa)* and (ofa')*> if none of the 
oscillators are close to the, surface separating the two media. Thii includes 
the case where there is a conducting body in the interior space, as its effect can 
be represented by a distribution of oscillators throughout its volume or on its 
surface; hence it follows that in wireless telegraphy the amplitude of the oscilla¬ 
tions is practically unaffected by differences in the electric constants of the 
atmosphere at a distance from the earth’s surface. 

* L»icn%. ' (Kuvicr Seienlifiqucs,* t. I, p. 421. 
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The Mechanism of a Thunderstorm. 

By G. C. Simpson, F.R.S. 

(Received February 3, 1927.) 

Introduction. 

In 1909 I described a theory of the origin of the electricity in thunderstorms 
based on the observation that when a drop of water is broken up in the air the 
water obtains a positive charge while the corresponding negative charge is 
given to the air.* Little attempt was then made to work out the details of the 
processes involved in a thunderstorm ; only the most general consideration was 
given to the quantities involved and no description of the nature of the lightning 
discharges was attempted. This was mainly because very little was then 
known of the air currents in a thunderstorm and still less of the associated 
electrical holds. 

Recently a number of papers have been published recording the electrical 
fields associated with thunderstorms and the sudden changes in the field which 
accompany lightning discharges.f Tho authors of these papers have expressed 
the opinion that their observations of changes in field-strength do not agree 
with what is to be expected according to the theory which I have propounded. 
This opinion is most strongly expressed in the paper by Schonland and Craib, 
where it is stated (p. 242): “ Such a predominance of the positive type suggests 
that Simpson’s theory of the production of the charge by the breaking up of 
large water-drops in an ascending air current, which would produce a cloud of 
negative polarity, must cither be rejected or radically altered.” On the other 
hand, the data on which these criticisms are based, together with the further 
knowledge of the meteorological conditions in thunderstorms which has recently 
been attained, provide the means of completing the details of the theory which 
were lacking in 1909, and it is now possible to describe the complete mechanism 
of a thunderstorm both qualitatively and quantitatively. This is tho object of 
the present paper, in which I hope to be able to show that tho criticisms axe in 
error and that the theory completely explains all the observations at present 
available. 

♦ 1 Phil. Trans.,’ A, vol. 209, p. 379 (1909). 

t C. T. R. Wilson, * Phil. Trans.,' A, vol. 222, p. 73 (1920); Appleton, Watt and Herd, 
* Roy. Soo. Proo.,' A, vol. Ill, p. 616 (1926); Sohonland and Craib, ‘Roy. Soo. Proo.,' 
A, vol. 114, p. 229 (1927). 
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General Meteorological Conditions in a Thunderstorm . 

Thunderstorms arc, of two types—(a) “heat ” thunderstorms, and (6) 14 cold- 
frontthunderstorms. Roth are due to instability in the atmosphere; but 
in the former the instability is produced through the heating of the surface 
air layers by intense insolation, while the instability in the latter is caused by 
the coming together of air currents having different thermal conditions. The 
more violent storms and most of those of tropical regions are of the “ heat ” 
type, and as the processes in this type arts simpler and more easily described, T 
shall limit my detailed discussion to them ; but as the main processes in all 
thunderstorms arc similar, the conclusions reached can be applied to the “ cold- 
front ” thunderstorms without any difficulty. 

Fig. 1 shows in diagrammatic form, but roughly to scale, the meteorological 



conditions in a thunderstorm of the heat type, after it has become fully developed. 
The thin unbroken lines represent stream lines of the air, so that they show the 
direction of air motion at eacli point, and their distance apart is inversely pro¬ 
portional to the wind velocity. The air enters the storm from the right, passes 
under the forward end of the cloud, where it takes an upward direction. We are 
concerned mainly with the vertical component of the velocity, and it will be 
noticed that although the actual velocity decreases along the stream linos, the 
vertical component increases as the air passes into the storm and reaches a 
maximum in the lower half of the cloud. The oval marked 8 indicates where the 
vertical component is 8 metres a second; within the oval the vertical com¬ 
ponent is more than 8 metres a second, and outside less. No water can pass 
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downwards through this region, because the relative velocity between air and a 
drop having a diameter of 0-5 cm. is 8 metres a second, and larger drops cannot 
exist, for they are unstable. 

In the diagram the broken lines represent the paths of rain drops. On the 
extreme left the drops fall practically vertically, in the right half of the storm 
the falling drops arc deflected to the left by the air stream. The magnitude 
of the deflection from the vertical will obviously depend on the size of the 
drops. Drops of the largest size will be little deflected, while the smallest drops 
- cloud particles will travel practically along the stream lines. It is clear 
from the diagram without any further description that above the region of 
maximum vertical velocity there will be an accumulation of water. Only 
large drops will be able to penetrate into the lower part of this region, to just 
above the surface where the vertical velocity is 8 metres a second. These drops 
will be broken and the parts blown upwards. The small drops blown upwards 
will recombine and fall back again, and so the process will be continued. 

The, region in which this process of drop breaking and re-combining is large is 
indicated in the diagram by a dotted curve which starts from the surface where 
the vertical velocity is 8 metres a second and is shown to extend to a height of 
about 4 kilometres. All the lime the water is within this region it is being 
transferred to the left, where the vertical currents are smaller, and finally it is 
able to escape and fall to the ground to the left of the region of maximum 
activity. The more violent the vertical currents the higher the region within 
the dotted curve extends in the atmosphere, and with very violent storms part 
of it extends above the altitude where the temperature reaches the freezing 
point. In these conditions hail is formed, and each excursion of the hailstone is 
recorded as a shell of clear or translucent ice. I do not wish to complicate this 
discussion by consideration of hail formation, so I will simply point out that so 
long as the surface where the vertical velocity falls to 8 metres a, second is not 
above the 0° C. isothermal surface, water will accumulate and there will be 
breaking of drops. 

General Electrical Condition wt. 

The distribution of electrical charge which will result from the conditions 
represented in fig. 1 are shown diagrammatically in fig. 2. 

In the region where the vertical velocity exceeds 8 metres a second there can 
be no accumulation of electricity. Above this region where the breaking and 
re-combining of water drops take placo—the region marked B in fig. 2- here, 
every time a drop breaks, the water of which the drop is composed receives a 
positive charge. The corresponding negative charge is given to the air and is 
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immediately absorbed by the cloud particles, which are carried away with the 
full velocity of the air current (neglecting the effect of the electrical field in 



resisting separation). The positively charged water, however, does not so 
easily pass out of the region li, for the small drops rapidly re-combine and fall 
hack again, only to be broken once more and to receive an additional positive 
charge. In this way tins accumulated water in B becomes highly charged with 
positive electricity, and this is indicated by the plus signs in the diagram. The 
air with its negative charge passes out of B into the main cloud, so that the 
latter receives a negative charge. In what follows the region B will be described 
as the region of separation, for here the negative electricity is separated from the 
positive electricity. The density of negative charge will obviously be greatest 
just outside the region of separation, and this is indicated in fig. 2 by the more 
numerous negative signs entered in the region around A. 

It should be noticed that it is not necessary for the air to have passed through 
the region whore the vertical velocity exceeds 8 metros a second for electricity 
to be separated and for the air to receive a negative charge and the rain a positive 
charge. Breaking of drops takes place in all parts of the air stream where rain 
is falling, and the relative velocity between the downward moving rain and 
upward moving air always produces a separation of the positive and negative 
electricity. Thus the positive charge in the region of separation and the 
negative charge in the main cloud is not confined to the region between the 
stream lines which pass through the region where the velocity exceeds 8 metres 
a second. Similarly electrical effects would be produced as those indicated in 
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fig. 2, even if there were no vertical velocities exceeding 8 metres a second; but 
in that case there would be no largo accumulation of water, and it would be 
unlikely, but not impossible, that a sufficiently high electrical field would be 
produced to give rise to lightning.* 

The rain which falls out of the region of separation will obviously be posi¬ 
tively charged, so one would expect the heavy rain near the centre of a storm 
to bo positively charged. On the other hand, as one moves away from the 
region of ascending currents, one would expect the rain to be negatively charged, 
for it has fallen entirely out of the negatively charged cloud. This is indicated 
in the diagram. 

With regard to the lightning, one would expect the main discharges to start 
in the region where the positive electricity accumulates on the rain held up in 
the cloud—the region of separation—and to branch upwards towards the 
negativo charge in the main cloud and downwards towards the ground. An 
intense field may also be set up between the negatively charged cloud and the 
ground, especially if light rain has concentrated the charge in tho lower part of 
the cloud. As a lightning discharge cannot start at a negatively charged cloud, 
any discharge between the groimd and this part of the cloud must start on the 
ground and branch upwards. A more detailed description of the form of the 
lightning in the different parts of tho storm will be given later. The chief 
characteristics of the lightning which are to be expected according to the theory 
have been indicated on fig. 2. 

Tho above description of the meteorological and electrical conditions in a 
thunderstorm, according to the breaking-drop theory, gives for the first time an 
account of a thunderstorm in which the actual air motions, the rainfall and the 
distribution of electricity are combined together in a complete picture. It is 
now necessary to test the theory to see whether the electrical and meteorological 
quantities involved are of the right order of magnitude, whether the observed 
changes in the electrical field could be produced by the discharges which are 
supposed to occur, and, finally, whether the phenomenon as a whole is in 
accord with the observations. 

The Magnitude and Distribution of the Electrical Charges . 

Meteorological considerations impose certain limits on the extent of the 
regions in which positive and negative electricity can accumulate according 
to tho theory. In the first place, the vertical extent of the cloud is limited by 
the height of the stratosphere. In Europe the height of the stratosphere is 
* ' Phil. Mag.,* vol. 30, p. 1 (1015). 
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approximately 10 km., in South Africa, where Schonland and (Jraib made their 
observations (latitude 33° S.), it will probably be about 15 km., while in tropical 
regions it may reach as high as 20 km. or more. Figs. 1 and 2 have been 
drawn for European conditions. The top of the cloud is shown at 10 kin. 
and the base of the cloud l km. In South Africa the top of the cloud would 
probably be at 15 km. and the height of the other regions proportionally 
increased. 

No actual data are available to enable one to draw the stream lines, but 
there can be little doubt that the lines drawn in fig. 1 are approximately correct. 
In the same way the position and extent of the region of maximum vertical 
velocity and of the region of accumulation of positively charged rain have been 
drawn from general principles, chief of which are that tlio former must be some 
little distance within the cloud, and the latter should be below the region where 
the temperature falls to the freezing point. There can be little doubt that fig. 1 
represents conditions which from a meteorological point of view are possible, 
and that is all that is necessary m our present discussion. In any case, no 
reasonable redrawing of fig. 1 could alter the order of magnitude of the dimen¬ 
sion of the various regions. 

Given these regions, it is necessary to calculate the electrical fields which would 
be set up by various distributions of electricity within them. To do this we 
must simplify the problem, for it is impossible to calculate the field produced 
by an irregular distribution of electricity. A satisfactory method of doing this 
which allows of easy calculation is represented in fig. 3, A. Here the region B 
of fig. 2 is represented by a sphere having its centre 3 km. above the ground and 
a radius of 1 km.; in this sphere all the positive electricity is supposed to bo 
confined. The region A of fig. 2 is represented as a sphere with its centre 7 km. 
above the ground and having a radius of 3 km.: thus this sphere, which contains 
the negative eloctricity, touches the region of positive electricity at its lowest 
point and the top of the cloud at its highest point. The volumes of the spheres 
A and B of fig. 3 are approximately the same its the volumes of the regions A 
and B of fig. 2. 

We have now to distribute the electricity over these spheres, for it is clear 
that the volume distribution is not uniform. This is done in each case by 
dividing the main sphere into four spheres having radii JR, iR, JR and R, in 
which R is the radius of the outer sphere. We can now give to each of these 
spheres an appropriate volume charge spread uniformly over the sphere, and so 
obtain a simple method of calculating the electrical field at any point outside the 
sphere by assuming the charge concentrated at the centre. If q x \ </ 2 ', q 3 \ and 
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q A ' are the unifurm volume charges used for calculation, and q v q z , </ 3 and the 
actual volume charges in the regions 1, 2, 3, and 4 respectively, wo have q x — q\> 

?2 =“ ?i' + S3 ^ <Zi' + ? 2 ' + Sa'» and g 4 j/ + q 2 ' -h q./ t- ?/. 

We have now to decide the order of magnitude of the total positive and 
negative charges and then distribute them between the spheres. Wilson* 
has shown that the amount of electricity which passes in an average lightning 
discharge probably varies between 10 and 50 coulombs. But a lightning 
discharge does not neutralise all the electricity in a charged cloud, so these hgures 
only give a minimum value of the total charge. We will, therefore, take tin* 
order of magnitude! of the charge to he 100 coulombs, and distribute 100 
coulombs of negative electricity m the A spheres and 100 coulombs of positive 
electricity m the B spheres. Tt is more difficult to decide how this total charge 
should be distributed between the spheres. In reality there is practically no 
limit to thti possible ways in which the. density may vary over the charged 
region, and any distribution from infinity to zero is possible, if not likely. All 
that we need do here is to take a distribution which is not obviously impossible, 
I have therefore taken the actual volume charges in the four subdivisions of the 
spheres to increase in steps of powers of live, that- is, the actual densities m 
passing from sphere to sphere are taken to be </, 5 q, frq and 5fy Thus the 
density within the inner sphere is 125 times the density in the outer sphere, 
but it is only 1H times the mean density in the region as a w hole. 

We have now to consider what changes in the positions of these spheres of 
varying density are likely to occur, for the field produced at points on the 
circumference of the outer sphere varies greatly according to the position of the 
various chaiges within the sphere. Considering the B spheres first, we may 
assume that the greatest density in this region, the region of separation, is at 
some more or less constant distance above the surface where the vertical currents 
fall to 8 metres per second. Therefore as the velocity of the vertical currents 
increase and decrease, the position of the region of maximum density will rise 
and fall above ami below a mean position. The extreme eases are shown 
in figs. 3 b and 3c. 

The distribution of charge in the region of negative electricity, the A spheres, 
is not likely to undergo any large changes. The maximum density is likely 
to be quite near to the region where the electrical separation takes place and to 
decrease as one recedes from this position. The general distribution in the 
A spheres represented in fig. 3a is therefore likely to remain unchanged by the 
fluctuations in the intensity of the vertical currents. 

* Loc. cii ., p. 91. 
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Applying the above values to the situation represented in fig. 3, we obtain 
the following quantities : -- 
Negative Charge — 

Total quantity - —100 coulombs. 

Density in A x — —0*130 coulombs per km. 3 . 

I lensity in A 4 =10*3 coulombs per km A 

Field at D due to negative charge = —0*59 X U) u volts per mntre. 
Field at C due to negative charge -= —0*09 x 10° volts per metre. 
Field at ground due to negative 


charge 

Positive Charge- - 

Total quantity 
Density in B T 
Density in B 4 


= —5*7 X 10* volts per metre. 

— +100 coulombs. 

= +3*4.9 coulombs per km. 3 . 

— +430 coulombs per km A 


Field at D due to positive 

charge . 

Field at C . 

Field at ground . 


Distribution 

Distribution 

Distribution 

us in 

as in 

as in 

fig. 36. 

fig. 3 a. 

fig. 3c. 

V/M. 

V/M. 

V/M. 

-0*51 Xl0« 

—0*88X10® 

—5*13 X 10 ° 

+5-17x10" 

+0*94x10" 

+0*52X10" 

+28x10* 

+20X10* 

I 10x10* 


2 E 


VOL, CXIV, “A. 
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Combined Field due to Positive and Negative Charges — 



Distribution 
as in 
fig. 3 b. 

Distribution 
as in 
fig. 3a. 

Distribution 
as in 
fig. 3c. 


V/M. 

V/M. 

V/M. 

Field at D. 

- 1*10x10® 

- 1*47x10® 

- 5*72x10® 

Field at C . 

+ 5*07X10® 

+ 0*86x10® 

+ 0*43x10® 

Potential gradient at ground 

+22-OOX10 4 

+14*00X10* 

10.00x10* 

Potential gradient at ground 

l 

1 



15 km. away. 

1 

-900 



The potential gradient changes sign at 5-8 km. from the storm. 

Fig. 4 shows the variation of the electrical force at different heights above 
the ground with the three distributions of positive charge. The curves have 
not been calculated except at C and D, but they have been drawn to show the 
main features of the field and are sufficiently c orrect for that purpose. 
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March 3, 1927. 

Sir ERNEST RUTHERFORD, O.M., President, in the Chair. 

The following papers were read 

I. “ An Investigation of the Rate of Growth of Crystals in Different 
Directions.'’ By M. Bkntivoolio. Communicated by Sir 
1 Ik\k\ Mirks, F.R.S (Revised and read by H. L Bowman ) 

II. “ Doppler Effects ami Intensities of Lines m the Molecular 
Spectrum of Hydrogen Positive Bays/’ By M. C. Johnson. 
Communicated by S. AV. •). Smith, F R.S. 

III. “ A Vector Loci Method of Treating Coupled Circuits. M By E, 

Mallett Communicated by T. Mather, F R S. 

IV. " The Thermal Conductivity of Carbon Dioxide.” By H. 

Gregory and H. Mvushall. Communicated by 11 L. 
Gallic so a r, F.R S. 

V. * Bands in the Secondary Spectrum of Hydrogen.” By H. S. 
Allen and I. Samhjman. Communicated by O, AV. Ru’HARd- 
son, F R 8 . 

VI. “ The Constants of tfie Magnetic Dispersion of Light ” By C. C3. 
Darwin, F.K S . and AV. H. Watson. 


March 10 , 1927. 

Sir ERNEST RUTHERFORD, O.M., President, in the Chair. 

The following papers were read .— 

I, ‘"The Viscous Elastic Properties of Muscle.” By A. Levin and 
J. Wyman. Communicated by A. V. Hill, F.R.S. 

II. <£ Changes m the Ovary of the Mouse following Exposure to 
X-Rays.” By F. AA\ R. Brambell an<l A. S. Parkes. Com¬ 
municated by J. P. Hill, F.R.S. 

III. £t Ovarian Regeneration in the Mouse after Complete Double 

Ovariotomy.” By A. S. Parkes, U. Fielding and F. AV. R. 
Brambell. Communicated by J. P. Hill, F.R.S. 

IV. “ The Relation between 1 Density * of Sperm-Suspension and 

Fertility as determined by Artificial Insemination of RabLits.” 
By A, A\ r altox. Communicated by F. H. A. Marshall, 
F.R S. 

V. “ The Action of Glucosone on Normal Animals (Mice) and its 
Possible Significance in Metabolism.” By A. Hynd. Com¬ 
municated by Sir James Irvine, F.R.S. 
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March 17, 1927. 

Sir ERNEST RUTHERFORD, O.M., Pm*lent, in the Chair. 

The following papers were read 

I. ** The Structure of Certain Silicates.” By W. L. Bragg, F.R.S,, 
and J. West. 

II “The Analysis of Beams of Moving Charged Particles by a 
Magnetic Field.” By W. A. Wooster. Communicated by 
Sir Ernest Rutherford, P R.S. 

III. “ The Magnetic Susceptibility of some Binary Alloys.” By J. F. 

Spencer and E. M. John. Communicated by W. Wilson, 
F.R.S. 

IV. “ The Refractive Indices of Nicotine.” By J. W. Gifford and 

T. M. Dowry, F.R S. 

V. “ A Contribution to Modern Ideas on the Quantum Theory.” 
By H. T. Flint and J. W. Fisher. Communicated by O. W. 
Richardson, F.R.S. 


March 21, 1927. 

Sir ERNEST RUTHERFORD, O.M , President, in the Chair. 

The following papers were read :— 

I. “ Interaction between Ipsilateral Spinal Reflexes acting on the 
Flexor Muscles of the Ilind-limb.” By S. Cooper, D. E. 
Denny-Brown and Sir Charles Sherrington, F.R.S. 

II. “ The Development and Morphology of the Gonads of the Mouse.” 
Part I. By F. W. R. Bkambell. Communicated by J. P. 
Hill, F.R.S. 

III. ” The Golgi Apparatus in the Cells of Tissue Cultures.” By R. J. 

Ludford. Communicated by J. A. Murray, F.R.S. 

IV. “ The Nature of Golgi Bodies and other Cytoplasmic Structures 

appearing in Fixed Material.” By C. E. Walker and M. 
Allen. Communicated by Sir John Farmer, F.R.S. 

V. “ The Development of Chinese Leishmania in Phlebotomies Major 
var. Chinensis and P. Sergenti var.” By W. S. Patton and 
E. Hindle. Communicated by H. H. Dale, Sec. R.S. 

VI. “ The Giant Cells in the Placenta of the Rabbit.” By G. S. 
Sansome. Communicated by J. P. Hill, F.R.S. 
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Taking first the curve for the symmetrical distribution of the positive charge 
about the centre of the charged region, as in fig. 3 a, it will be seen that there is a 
maximum negative field at D and a maximum positive field .it 0, bub in neither 
case does the field rise to 3 X 10° V/M, which is the field necessary to initiate 
a lightning discharge. Thus with the 100 coulombs distributed in this way 
there would be no discharge. 

In the case of the distribution in which the positive charge is concentrated 
in the lower half of the charged region, as indicated in fig. 36, there is a flat 
maximum of negative field at D, but it does not reach 3 X 10'* V/M ; therefore 
no discharge can take place then*. At C, however, the positive field rises to 
5*1 X 10° V/M. This field is two-thirds more than that recpiiml to start a 
discharge at 0; therefore with this distribution a charge much less than 100 
coulombs would bo sufficient to start a discharge, or if the 100 coulombs is 
retained, the concentration in the lower half of the region need not be so marked 
as in the example shown. 

In the case of tho distribution represented by fig. 3c, in which the positive 
electricity is concentrated in the upper half of the sphere, the field at C is 
naturally small and the maximum field occurs at T) where the force is —5*7 X 
10® V/M. This is nearly twice the field required for a lightning discharge; 
hence with this distribution, 50 coulombs of positive electricity would be sufficient 
to initiate a discharge between tho region of positive and negative electricity. 

We thus see that with 100 coulombs of positive electricity distributed in a 
sphere of 1 km. radius and 100 coulombs of negative electricity distributed in 
a sphere of 3 km. radius directly above it, it is only necessary to concentrate 
part of the charge in quite a natural way to obtain lightning discharges either 
downwards towards the ground or upwards towards the negatively charged 
cloud. It might be worth while to mention here that with no negative charge 
above tho positive charge 58 coulombs of positive electricity distributed as 
represented in fig. 36 is sufficient to initiate a downward discharge from C. 
With the distribution of positive electricity shown in fig. 3c, a discharge would be 
initiated from tho upper point of the sphere, at D, with a positive charge of 59 
coulombs and no negative charge; but in this case the discharge would not be 
a true upward discharge, for it would travel along a line of force towards the 
ground just outside the charged region. 

Having now demonstrated that charges of electricity of the order known to 
occur in thunderstorms and distributed as required by the breaking-drop theory 
can produce lightning discharge both upwards and downwards from the region 
in which the separation of electricity occurs, it is necessary to proceed one step 

2 x 2 
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farther and to show that sufficient breaking of drops can occur to produce the 
required separation of electricity. 

The Accumulation of Water and the Number of Drops broken. 

It is quite impossible to calculate the amount of water which accumulates 
in the region of separation by direct meteorological methods ; but a fair esti¬ 
mate can bo obtained from consideration of the amount of electricity carried 
down by the positively charged rain. 

The measurements of the electricity of rain which I made in Simla and which 
have been confirmed by other observers give the charge per cubic centimetre 
of positively charged rain as varying between 0 anti 7 electrostatic units. We 
may therefore take the order of magnitude of the positive charge on the water 
in the; region of separation as 1 electrostatic unit per cubic centimetre. The 
whole region contains 100 coulombs, therefore the total amount of water in the 
region is 100 x 3 x 10° -=■ 3 X 10 11 grams. This amount of water, if spread 
uniformly over the cross section of the region in which it is contained, gives a 
layer of water 10 cm. deep. This is certainly not an impossible amount, of water 
from a meteorological point of view. Tt is interesting and important to form an 
estimate of the time necessary for the water to accumulate to this amount. 

In fig. 5 the two lines oho and a'b'c! represent the two stream lines enclosing 
the greater part of the region of separation. The air is supposed to have at the 
ground a temperature of 30° C. and a relative humidity of about 60 per cent. 



Fig. 6. 

As the air ascends it reaches its dew point at a height of 1 km.,where its tempera¬ 
ture is 20° C.: this is the base of the cloud. It continues to ascend with increasing 
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vertical velocity until it passes into the region where the vertical velocity roaches 
8 metres per second. It leavetftbis region at a height of about 2 km., indicated 
in the diagram by the line W and enters the region of accumulating water. 
By hypothesis it passes out of this region at a height of 4 km.- -line aa\ As wo 
only require the order of magnitude we may consider that the cross-sections of 
the current at aa' and W/ are the same and equal to the cross section of the 
sphere. We may also neglect the changes in the volume of air due to changes 
in pressure. The upward velocity of the air at 66' is 8 metres per second, there¬ 
fore the volume of air entering and leaving the region of separation is n X 10° X 
8 = 25 X 10 tt cubic metres. Now this air carries with it all the water vapour 
which it contained at the surface, namely, 17 grams per cubic metro. The total 
amount of water entering the region of separation is therefore 25 X 17 X 10° -- 
425 X 10 fl grams per second. As the region of separation of electricity is prac¬ 
tically the same as that of the accumulation of liquid water, the upper boundary 
of the region under consideration is the surface where the amount of liquid water 
carried out by the air current is equal to the amount which falls back under 
gravity m the form of ruin. Thus the only water which leaves by the upper 
boundary is that in vapour form. The temperature here is G° (_!. and a cubic 
metre of air at this temperature contains 7 grams of water vapour, so the loss 
of water across the upper surface is 25 X 7 < 10° - 175 X I0 n grams per second. 
The accumulation of water within the region of separation is therefore (425 — 
175) U) a — 250 x 10° grains per second. It would therefore take 

— 10 s seconds — 17 minutes 

2-5 x 10* 


for the water required to accumulate. This is quite a reasonable period and 
is a short time for the birth of a thunderstorm. 

We have now to consider the extent to which drops would be broken with this 
accumulation of water. As we arc again dealing only with the order of magni¬ 
tude, we may safely assume that half the water at any one time is in drops 
large enough to be broken up in the air current. A drop breaks up when its 
radius is 0-25 cm., therefore its volume is then 0-067 o.c. Thus the number of 
drops available for breaking is 


3 X I0 n 

a x 6-7 x io-* 


2-2 x 10 13 . 


According to my experiments in Simla the breaking of a drop of water of 
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the size of a rain drop produces 5 x 10 3 electrostatic units of electricity. 
Therefore, if every drop available for breaking broke at the same time, 

^ 2 X 5 X 1 0 _ 3.5 cou lombs 
3 X 1 <> 7 

of positive electricity would be produced. Thus the drops would only have to 
break 10 times to produce 35 coulombs, which is the average amount required 
for a lightning flash. This again seems a reasonable result, and there is no 
reason to believe that, this amount of breaking of drops could not be reached 
with quite moderate ascending currents. 

From the above discussion it would appear that t he theory under considera¬ 
tion is in conformity with the known facts of the air currents in a thunderstorm; 
that the quantities of electricity concerned, if suitably distributed within a 
thunderstorm cloud, are capable of producing upward and downward lightning 
discharges ; that the accumulation of water necessary is not beyond what might 
bo expected to occur with extensive upward currents ; and that the frequence 
with which the accumulated water would have to be broken up from large into 
small drops is not excessive. It now remains to examine the records of actual 
thunderstorms to see whether the observations of lightning discharge and of 
the changes of field accompanying thorn agree with what would be expected 
according to the theory. 

Detailed Comparison of the Theory with Observations, 

Rain .—According to the scheme depicted in figs. 1 and 2 , the heavy rain in the 
neighbourhood of the chief centre of activity of the storm has originated in 
two regions of the cloud. First there is the rain from the region of separation, 
which will be positively charged, and, secondly, the rain from the upper nega¬ 
tively charged cloud, which will carry a negative charge with it. Thus one 
would expect the rain here to be a mixture of positively and negatively charged 
drops, but that, on the whole, the positively charged rain should predominate. 
This is what is found by all observers. In my measurements in Simla the 
heavy rain was predominantly positive; but often, with little change in the 
rate of rainfall, the electricity collected in consecutive 2 -minute intervals would 
change in amount and would not infrequently change sign. When the individual 
drops are investigated, as has been done by Schwend,* this is even more clearly 
shown, for his observations exhibit a marked mixing of drops having positive 
and negative charges. In this region there is no reason why there should be 

* 1 Jahresberioht der Kantonalen Lehr&nstalt in Samen * (1921-22). 
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any relationship between the size of the drops and the size of the charge carried. 
As one proceeds farther away from the region of the ascending currents, the 
charge carried by the rain is derived more and more from the negative charge 
carried by the cloud, until at considerable distances one would expect to find 
mainly negatively charged rain, although the occasional occurrence of positively 
charged rain is not excluded. Rain from this part of the cloud will bo relatively 
light and uniform. The charge carried by a given quantity of water may here 
be very large, for the surface of the drops for a given amount of water increases 
greatly the smaller the drops, and the smaller the drop 1 he slower it falls through 
the charged cloud, so giving more time for the accumulation of charge. This is 
entirely in agreement with the Simla observations, which showed that the 
negatively charged rain was relatively the more frequent and the more highly 
charged the less the intensity of the rainfall. Tho most highly charged rain 
observed in the Simla scries was light rain which carried a negative charge and 
fell in exactly these conditions (May 13, 1908). 

Lightning .—In a recent paper* I discussed the physics of lightning discharges, 
and certain conclusions reached then are of great importance in this investiga¬ 
tion. In that paper it was shown that after the sparking potent ial has been 
reached in any part of tho atmosphere, a discharge starts at that point and 
progresses along a channel which constantly extends away from the seat of the 
positive charge. This channel generally branches and tho branches arc again 
directed away from the region of positive charge and spread out far into regions 
where tho initial field was much below the sparking potential. It was also 
pointed out that the discharge drains negative electricity from the region through 
which it passes, and this electricity, passing along the channel towards the 
positively charged cloud, is frequently sufficient to neutralise tho positive charge 
in the cloud long before the discharge has reached the negative charge towards 
which it is directed. Wo should, therefore, expect the discharges which originate 
at tho positive electricity in the region of separation to branch upwards or 
downwards, but a certain number of tho latter would fail to reach the ground. 
They may oven fail to reach the bottom of tho cloud, in which case it is impossible 
to say from visual observation whether a discharge has taken place between the 
two poles of the cloud or from the lower pole towards the ground. 

Wilsonf makes the following statement, which is repeated in substance by 
Schonland and CraibJ 

♦ 4 Roy. Soc. Proc./ A, vol. Ill, p. 60 (1920). 

t Loc. tit., p. 92. 

X Loc. cit. 
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“ Discharges may bo expected to occur (1) between the ground and the lower 
part of a thunder-cloud , (2) between the upper and lower parts of the 
cloud ; (3) between the upper part of the cloud and the ground; and 
(4) upwards from the top of the cloud.'’ 

Nothing is said about a discharge downwards from the cloud towards the 
ground but failing to reach it; although, m reality, this is the most frequent 
discharge of all. It is the omission of this form of discharge which has given 
rise to the chief objection made against the breaking-drop theory. 

The majority of lightning discharges may be expected to be of the character 
of those just described, that is, upward and downward discharges from the 
positively charged regions of separation over the main ascending currents. 
But as the negative electricity gets carried into the remainder of the cloud, large 
accumulations may occur too far away from the main flashes to be discharged 
by t-licin. In these circumstances strong field may be set up between the ground 
and the negative charge*. But, as lias already been remarked, a discharge 
cannot start on a negatively charged cloud and move towards the ground, the 
discharge must start on the induced positive charge on the ground, move 
upwards and then branch upwards and outwards within the cloud. A discharge 
of this type is indicated in fig. 2, and a photograph of such a lightning flash is 
reproduced in the paper on lightning to which reference has already been 
made. 

We have therefore to do with three types of discharge's : (a) upward dis¬ 
charges from the positive charge at the head of the ascending air currents, 
we will refer to these as of type (U); (6) downward discharges from the same 
region (typc D); and (c) discharges from the ground to the negatively charged 
cloud (type N). The characteristics of discharges of types U and 1) are similar, 
but those of type N are different in many respects. Discharges of types U 
and D arc similar in that they are relatively thin, much branched and can follow 
one another as fast as sufficient electricity is separated in the air currents. 

Practically all discharges of type U are hidden by the cloud; but if they 
could be seen they would be found to be branched upwards. Some discharges 
of type D are completely hidden by the cloud, but some pass out of the cloud 
and some reach the ground; they are branched downwards. Discharges of 
type N are the most characteristic. They start on the ground and therefore 
can always be seen, they arc thick and intense and do not as a rule branch 
until they have entered the cloud, when they branch upwards and outwards, 
illuminating the whole cloud with great brilliancy. After a cloud has been 
discharged by an N flash another discharge cannot take place for some time, 
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because the intense field has to be established again right to the surface of the 
earth. This means a large charge of negative electricity, which will take some 
time to accumulate. 

Flashes of types U and D will occur in the part of the thunderstorm where 
the ascending air currents are developed and where the* heavy rain occurs. 
On the other hand, flashes of type N will bo confined almost entirely to regions 
under the relatively quiescent cloud mass removed from the ascending current, 
and where the rain, if any, is light and negatively charged. 

The investigation of the frequency with which different types of lightning 
discharges are recorded on photographs, which I made in connection with my 
paper on lightning, led to results completely in accordance with the above 
description. Flashes of type U obviously were not represented, as they take 
place completely within the cloud ; but the majority of flashes photographed 
W'ere of type D and the branching showed clearly that they originated in a 
positively charged region near the bottom of the cloud. Only one photograph 
show T ed unmistakable discharges of type N; but this is a beautiful example. 
Other discharges of the same type may have been represented in the discharges 
which showed no branching, lor the branching of a discharge of this type is 
mainly within the cloud, where it cannot bo seen. 

Field of Electrical Fou$ associated with Thunderstorms. -The discussion of the 
electrical field associated with thunderstorms, especially of the changes of field 
duo to lightning discharges, is made difficult by the fact that a given distribution 
of electricity may produce fields of opposite, sign according to the distance of 
the place of observation from the seat of the electrical charges. To simplify 
and shorten the present discussion I do not propose to consider the actual field 
at any place or time, for whatever it may be we can always account for it by 
making a suitable distribution of charge. The sign of the field at a single 
observing point is no criterion even of the polarity of the cloud: we may have 
positive or negative fields at all distances with a cloud of the same polarity 
but of different pole strength. Also the actual field at the observing point is 
greatly affected by near charges which may have nothing to do with the discharges 
which cause the field-changes. It will also shorten our discussion if we con¬ 
sider that any change in the distribution of the electricity is brought about by 
movements of positive electricity alone. This is mathematically legitimate, 
and as lightning discharges always start where there is an excess of positive 
electricity and move towards the region of negative electricity, it is in accord¬ 
ance with what appears to take place, although the current is always carried 
by electrons moving in the opposite direction to that of the discharge. 
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Tf we have a charge Q coulombs concentrated at a point H km. above the 
earth’s surface, the field at a point L km. distant along the ground from the 
point directly under the cloud is given by 

g ° 1 ' V+^ i Xl0>T/lt 

A family of curves showing this relationship is given in fig. 6, in which the 
abscissa are volts per metre and the ordinates height in kilometres. A series of 
curves is drawn for Q = 1 coulomb and L — 2, 3, 4, 5, 8,10 and 15 km. Taking 
a typical curve, say, that for 3 km., wc sec that a charge of 1 coulomb at G km. 



500 iOOO /500 

\foltsper metre for /Coulomb. 


Fig. 8. 
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above the ground produces a potential gradient of 360 V/M at a point, P, 3 km. 
away. As the charge is lowered in the atmosphere the field at P increases 
until a maximum of 771 V/M is reached when the charge is 2 km. above the 
ground. As the charge is lowered still farther the field at P decreases rapidly 
and disappears when the charge reaches the ground. All the curves have 
naturally the same characteristics ; the field is zero when H — 0, it reaches 
a maximum at u certain height and then decreases indefinitely as the charge 
reaches greater heights. By the aid of these curves we will examine the sign 
of the changes in field-strength which discharges of the three types U, T) and N 
will produce at different distances. 

Taking first discharges of type U, i.c., discharges which start from the 
positive charge in the region of separation and move towards the negative 
electricity in the upper regions of the cloud. We will assume that the discharge 
starts at 4 km. and ends at 6 km. By this is meant that the discharge draws 
positive electricity from a region around a point 4 km. above the ground and 
distributes it over a region around a point 6 km. above ground ; the actual 
length of the discharge channel will be longer than this and the branching 
may distribute the charge over quite a large region. When the storm is 15 km. 
away the change of field for each coulomb discharged will be from 19 V/M to 
26 V/M,, i.c., a positive change. At 8 km. the change will still be positive 
from 101 V/M to 108 V/M. At 5 km., however, the change will be from 270 
V/M to 230 V/M, that is, » negative change, and as the storm cotnes nearer the 
change will be increasingly negative. Thus the sign of the field-change pro¬ 
duced by discharges of type U will always change from positive to negative as 
the storm approaches. 

Discharges of type D must be divided into two sub-types 1), and l) 2 according 
as to whether the discharge reaches the ground or not. It is at once apparent 
that as the field due to a charge disappears when the charge reaches the ground 
all discharges of type D* must give a negative change of field no matter liow near 
or how distant the discharge may be. On the other hand, discharges of type D a , 
i.e., downward discharges which do not reach the ground, may produce either 
positive or negative change even without change of distance. For example, 
a D a discharge 3 km. away will produce a positive change of field if it takes place 
from a height of 4 km. to 3 km. and a negative change if it takes place from 2 km. 
to 1 km. At great distances D discharges, whether they reach the ground or 
not, produce negative changes. 

Discharges of type N always produce positive changes of the field. 

It will be noticed that the ambiguity of sign occurs when a part, or the whole, 
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of a discharge may be above or below the point of inflexion of the curves on 
fig. 6. If the point of inflexion were always above the region in which the dis¬ 
charge takes place, there would be no ambiguity. Now all the phenomena of 
thunderstorms take place in the troposphere, i.e., all lightning discharges start 
and end below 10 km. Also, the height of the point of inflexion is given by the 

relationship II ; that is, whenever L is greater than 15 km., If is greater 

V 2 

than 10 km. Therefore, all discharges which are more than J5 km. away pro¬ 
duce no ambiguity in the sign of the field-changes; the relationship is f hen 
simple, a positive field-change is a clear indication that positive electricity has 
moved upwards, and a negative field-change that positive electricity has moved 
downwards. Also, if the region under the cloud can be seen, we can sav at once 
that a positive change accompanying a disci large which can be seen to pass 
between the ground and the cloud indicates a discharge of type N; while if 
the discharge is wholly within the cloud, a positive field-change indicates u 
discharge of type U. Similarly a negative field-change at this distance can only 
be caused by a discharge of type D, and whether tin* discharge reaches the 
ground or not can only be determined by visual observation. 

Those considerations can be best exemplified and the theory tested by 
examining the observations of field-strength made by Schonland and Cruib in 
South Africa. The typical Htorm shown diagrammatically in figs. 1 and 2 was 
prepared for the latitude of the British Isles. In South Africa the cloud would 
be able to extend much higher as the troposphere there extends to about 
16 km. Also the high temperature allows the region of separation to be much 
higher than 3 km. without passing completely into the region where the tempera¬ 
ture is below the freezing point. For these reasons amongst others we can 
safely assume that the discharges of the U and T) type in this series of observa¬ 
tions start at 5 km. and extend upwards and downwards from this height. 

Schonland and Craib divide the storms they investigated into two classes 
according as to whether they were nearer than 6 km. or farther away than 8 km. 
In the latter class there were 18 storms, all but a few of which were more than 
15 km. away. These storms, therefore, were sufficiently far away for the field- 
changes to be unambiguous. These distant storms gave 798 field-changes, of 
which 132 were positive and 666 negative. By far the largo majority of the 
flashes were observed to occur within the cloud. In the whole scries, so far as 
can be seen from the text, only 21 of the field-changes were associated with 
flashes which could be seen below the cloud, and of these 20 were positive; 
thus, of the 21 discharges seen, 20 were definitely of type N, i.e,, discharge from 
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the ground to the negatively charged cloud. This iits in very well with the 
theory according to which the majority of the discharges should be of the U 
and D types with an occasional discharge of the N type. As practically none 
of the downward discharges passed out of the cloud, we may assume that they 
did not extend much below 2 km. above the ground. Thus, we conclude that the 
average length of the 1) flashes was between 2 km. and 3 km., and this would 
probably be true also of the IJ flashes. 

From the observations of these distant storms wo are thus led to conclude 
that, except for an occasional discharge from the ground to the negatively 
charged part of the cloud, all the discharges were of the 1) and (J types 
and occurred well within the cloud. Also we may conclude that there 
were on the average five downward discharges (negative field-changes) to one 
upward discharge (positive fiehl-ehanges). This rate becomes 6 to 1 if we omit 
the 20 discharges known to be of type N. 

All the six storms iiu luded by Schonland and Oraib in their near class were 
the continuation of storms which had been observed when distant. These 
storms gave 48 observed field-changes, of which 39 were positive and 9 negative. 
This is exactly what one would have expected; for at distances nearer than 
6 km. (see fig. 0) discharges starting at heights of 5 km. and passing downwards 
to 3 kin. or 2 km. would now give positive field-changes instead of negative 
field-changes, while discharges passing upwards from 5 km. to any height would 
give negative field-changes. As the diameter of the discharges docs not change 
as the storms conic nearer, we should expect the ratio of upward to downward 
discharges to be the same in the two sets of near and far storms, and that is 
practically what is found, for, although there has been a complete reversal of 
sign, the ratio remains practically the same, being 5 or 6 to 1 for distant storms 
and more than 4 to 1 for the near storms. 

The same agreement is found between observation and theory when the 
description of the individual storms given by Schonland and Oraib are con¬ 
sidered, but it is impossible to go into further detail here. 

The observation that the majority of field-changes for distant storms are 
negative, an observation confirmed by the work of Appleton and Watson Watt, 
is an unambiguous indication that the majority of the discharges are from a 
positively charged region downwards, and is in good accord with the breaking- 
drop theory. There can bo little doubt that the main accumulation of positively 
charged water will tend to be in the lower half of the region of separation rather 
than in the upper half. Thus the distribution of positive electricity in this 
region is more likely to be that shown in fig. 3 B than that shown in fig, 3 A. 
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This moans that the sparking potential will more often be reached at the lower 
margin of the region of separation than at the upper, so giving rise to more 
discharges directed towards the ground than are directed to the cloud above. 

We can get a rough independent check on the assumption that in this scries 
of storms the downward discharges started at 5 km. and ended at 3 km. by 
considering what quantity of electricity would have to be discharged between 
these limits in order to produce the observed fiokl-ehangos. Unfortunately 
Schonland and Oraib do not give many data for the distance and field-change 
of individual discharges, but approximate values can be found in throe cases, 
(a) Tn the description of storm 12 it is stated that when the storm was between 
5 km. and 2 km. distant the field-changes were 2000 V/M. (b) Three dis¬ 
charges of the storm on May 1, 192(5, are stated to have given field-changes of 
—384, —574, and —512 V/M when the distance of the discharges were 17 -2 km., 
13-5 km. and 15-5 km. (c) In the description of their fig. 6 it is stated that one 
of the field-changes of 10,000 V/M was caused by a discharge 3-10 km. away. 

These data give us the widely different numerical values entered in the first 
two columns of the following tables, yet by assuming that the discharges were 
all downward discharges from a height of 5 km. to a height of 3 km., the quantity 
of electricity discharged in each case is found to be very similar, as will be 
seen from the values entered in the last column of the table. The quantities 
of electricity arc remarkably near to one another and are of the order of magni¬ 
tude we should expect, for they were all largo outstanding discharges. 


Field-change. 

Distance. 

Q. 

V/M. 

Kins. 

Coulombs. 

2,000 

4 

22 

- 500 

15 

62 

10,000 

s 

40 


It is possible to explain the observations of Wilson* and Appleton, Watt and 
Ilerdf along the same lines, although the storms in the British Isles are loss 
simple than those in lower latitudes, due to the fact that the region of separation 
is much nearer the ground in England than it is in warmer and drier regions, 
and therefore more of the discharges of type D reach the ground and so produce 
ambiguity of signs when near. It may, however, bo pointed out that the 
description given by Wattf of the storms at Centre C observed by him at Khar¬ 
toum is in excellent agreement with the theory. As in South Africa, the region 

f Loc . cit, l Lot . cit., p. 657. 


* Ijoc. cit . 
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of separation in this storm appears to have been high up within the cloud. 
The negative electricity docs not appear to have accumulated over the positive 
electricity, but to the side, as is shown in fig. 2. In consequence all the dis¬ 
charges from the region of separation were downward; but they did not 
leave the cloud. Each of Ihese discharges, of which there were 181, gave, as is 
to be expected, a negative field-change at the observing station more than 30 km. 
away. There were only six positive field-changes, and five of these were seen to 
be the result of discharges from the earth to the cloud, and must, therefore, 
have been discharges of typo N. It is also to be noticed that the average field- 
change for these sux upward discharges from the ground was three times as 
great as the average field-change of the 181 discharges which, while striking 
downward, did not pass out of the cloud. 

Characteristic Recovery Carves.-—The method by which the field is renewed 
after each discharge is a complicated problem, and the number of published 
records showing different types of recovery curves is not sufficient to allow of a 
detailed discussion. The beautiful records obtained by Wilnou, supplemented 
by the three published in Schonland and Craib’s paper, indicate, however, that 
as a general rule the, field after a discharge tends to return to its original state 
along a logarithmic curve. There are two main processes tending to counteract 
the separation of electricity which results from the breaking of drops : (o) the 
electrical field set up retards the removal of the negative charge from the positive 
charge, and ( b ) the rain from the cloud carries down negative electricity and the 
rain which escapes from the region of separation carries down positive electricity. 
In the absence of discharges a balance would be reached between these various 
factors, and this balance would remain so long as there was no change in the air 
currents supplying the storm. After such a balance has been reached each 
discharge temporarily destroys the balance, but it is regained more or less quickly 
according as to which of the factors is predominant in determining the state of 
balance. Thus, in spite of the fact that the force tending to separate the 
electricity is always acting in the same direction, the recovery curve will be 
positive or negative according to whether the preceding discharge was negative 
ox positive. 

Some General Remarks . 

In order to simplify the problem the discharges in the preceding discussion 
have always been considered to pass vertically upwards or downwards. We 
know from observations, especially from photographs of lightning discharges, 
that in reality the discharges often travel along paths inclined at large angles 
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to the vertical, ho that the lower end of a discharge may be far from vertically 
under the upper end. This will modify the resulting change in field-strength 
and may even reverse the sign according as to whether the discharge approaches 
or recedes from the point of observation. This is clearly seen from the curve 
of fig. 6. For example, if a discharge starts from a height of 4 km. at a dis¬ 
tance of 4 km. and reaches a height of 2 km., there will be no change of field if 
the discharge goes vertically downwards, but there will be a large negative 
change if the lower end is 5 km. from the observing station and a much larger 
positive change if it ends only 3 km. away. This consideration must always 
be borne in mind when interpreting the field-changes, for it is as important for 
distant flashes as for near flashes, as will be seen by comparing the curves for 
8 km., 10 km. and 15 km. in the upper part of fig. 6. 

Another word of warning may not be out of place. The description of a 
thunderstorm on which this discussion is based is of an idealised storm. It 
will seldom occur that the course of an actual storm will follow this plan except 
in general outline. Large variations are possible. The ascending currents 
may bo more local or more diffuse, they may ascend much higher or not reach as 
high. The region of negative electricity may be entirely over the region of 
separation or it may bo even more to the side than is shown in figs. 1 and 2. 
The air currents may carry positively charged rain far from the region of 
separation and negatively charged rain may fall where positively charged rain 
is shown. It must not, therefore, be expected that observations from individual 
storms will fit in easily with the idealised scheme, and this applies both to the 
meteorological and electrical sides of the problem. The scheme will, however, 
be found to fit in with the average results from a large number of storms, and 
only in this way can it be tested. Also, it should be noticed that conclusions 
drawn from this study of thunderstorms cannot be directly applied to the 
electricity of non-thunderstorm rain. The conditions in the latter case have 
been discussed elsewhere.* 

It is a well-known fact that damage through lightning is much less in tropical 
countries than it is in Europe in spite of the greater frequency of thunder¬ 
storms in the tropics. This fact receives a simple explanation on the theory here 
set out, for the region of separation is much higher in the tropics than it is in 
higher latitudes. There are several factors tending in this direction. In 
the first place, the air in the tropics contains so much more water vapour that 
the energy available to drive the currents upwards is much greater and so they 
reach to greater heights. Secondly, the height at which the freezing point is 
* ‘ Phil. Mag.,* vol. 30, p. 1 (1915). 
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reached is much greater, and finally the stratosphere is so much higher that there 
is more vertical room in which the storm can develop. It is clear from the 
physics of lightning discharges that the longer the discharge path the more 
chance there is of the discharge ending in the atmosphere without reaching the 
ground. This comes out very clearly when photographs of lightning taken in 
tropical countries are compared with photographs taken in this country; the 
former show many meandering flashes which pass from cloud to cloud, while 
the latter often show many flashes passing straight from the cloud to the ground, 
often with excessive branching. Thus for the same amount of electrical display 
more discharges reach the ground, where they do damage, in Europe than in 
the tropics. 

In this paper the question of thunderstorms in conditions in which drowns 
cannot form because the temperature is below the freezing point has not been 
considered. That thunder and lightning do occasionally accompany snow¬ 
storms is a well-known fact; but there is some doubt as to the conditions in 
which such thunderstorms occur. I discussed this question in 1915* and 
expressed the opinion that thunder and lightning do not occur in snowstorms 
unless the snow is accompanied by soft hail. This opinion has been sup¬ 
ported by Goekel, who has independently reached the same conclusion.')* In 
the same paper I suggested as the result of observations made in the Antarctic 
that the impact of ico on ice produces a separation of electricity in a manner 
analogous to that which oiscurs when a raindrop breaks.J If this is so, and 
Shaw\s§ experiments indicate that it is, the collision of ice particles in these 
conditions takes the place of the more usual breaking of drops. The presence of 
the soft hail indicates violent ascending currents, in which there must be much 
contact between this soft bail and snow crystals in circumstances suitable for 
applicable separation of electricity. In fact, there are reasons to believe that 
tho impact between ice and ice is even more effect ive in the separation of 
electricity than is the breaking of drops. But wh<‘n the atmosphere is cold, 

* * * Phil. Mag./ vol. 30. p. 1 (1915). 

t 4 Met. Zeifc./ vol. 10, p. 87 (1923). 

1 1 should like to take this opportunity of drawing attention to an error in the 
paper referred to. It is them stated that impact of ice on ico leaves the ice with a 
positive charge, the negative charge going into tho air. Later work on tho Antarctic 
observations, however, showed that tins was a wrong conclusion, for the observations can 
beBt be explained by assuming that the ice becomes negatively charged and the air 
positively charged ; see Simpson, * British Antarctic Expedition, 1910-13/ ** Meteorology/’ 
vol. 1, pp. 309-311, 

§ ‘ Nature/ vol. 118, p. 059 (1920). 
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there is little energy available for the development of thunderstorms, and, further, 
the separation of the positive from the negative charge is more difficult in a 
snowstorm than in a rainstorm because there is less relative velocity between 
ice crystals and air than between raindrop and air. I do not wish to develop 
this aspect of the problem hen*; I simply add these remarks for the information 
of those who might consider the breaking-drop theory invalidated by the 
occurrence of thunderstorms in conditions when drops of water cannot form and 
therefore cannot be broken up. 

It is not my intention to make this paper controversial and to combat other 
}>eople s ideas ; the best way to support a theory is to show that it agrees with 
the observed facts, and that is what I have attempted to do in the above descrip¬ 
tion. At the same time, it may facilitate further discussion if I point out the 
weakness in the chief objection which has been raised against the theory. The 
breaking-drop theory necessitates that the negative charge in a thunderstorm 
should be carried upwards and therefore a thunder cloud should be of negative 
polarity. Schonland and Craib and others have concluded that their observa¬ 
tions of field-changes can only be explained if the polarity of a thunder cloud 
is positive, that is, with the positive charge above the negative charge. I have 
already shown that they are mistaken in this conclusion for all their observa¬ 
tions fit in with a cloud of negative polarity when it is realised that a discharge 
may start downwards from the lower, or positive, pole without reaching the 
ground. On the other hand, if the cloud is of positive polarity, all the discharges, 
when the storm is distant, must produce negative changes of field-strength 
except discharges from the ground to the lower negative pole. This can be 
seen as follows:—No discharge can start from the negative pole, for I have 
shown in the paper on lightning mentioned above that all lightning discharges 
extend only towards the seat of the negative charge. Thus every discharge to 
the negative pole of a cloud must start either on the ground or at the positive 
pole. If the latter is above the negative pole, it can only discharge downwards, 
for the negative electricity towards which the discharge moves is always below 
it either as a volume charge in the lower pole or as an induced charge on the 
ground. If, therefore, a thunder cloud is of positive polarity and it is observed 
that all the discharges are within the cloud, those discharges can only produce 
negative field-changes at a distant point. If in such circumstances both positive 
and negative field-changes are observed this is clear proof that the polarity 
ot the cloud is not positive. As several of the storms observed by Schonland 
and Craib are stated to have produced flashes only within the cloud, some 
associated with positive field-changes and some with negative field-changes, 
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it is clear that in these; storms at least the polarity must have been negative, 
as required by the breaking-drop theory. 

Tn conclusion, t would like to add one or two words about future investiga¬ 
tions. Measurements of field-change alone are extremely ambiguous. This 
ambiguity can be removed to some extent in two ways. The branching of a 
lightning flash is a sure indication of the direction of the current in the discharge ; 
for the branches are always directed away from the region of positive electricity 
and towards the region of negative electricity. It is therefore to be hoped 
that future observers will use every endeavour to describe the appearance of 
the flashes associated with the individual field-changes which they record. 
The ambiguity can be removed to some extent, but not entirely, by simultaneous 
observations at two stations at some considerable distance apart. If possible, 
therefore, pairs of stations should be occupied and records of the same flashes 
obtained at each. Three stations would, of course, be even better. 

Summary. 

A detailed description is given of the mechanism of a thunderstorm according 
to the theory in which the separation of electricity is brought about by the 
breaking of raindrops. The orders of magnitude of the meteorological and 
electrical quantities involved are investigated and shown to be in accordance 
with observations. The observations made by Schoniand and Oraib in South 
Africa of changes of electrical field-strength produced by lightning discharges 
are examined in the light of the theory and found to be in complete accord. 
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The Initial Stages of Gaseous Explosions. Part I - Flame Speeds 
during the Initial “ Uniform Movement 

By William A. Bone, D.Sc., F.R.S., R. P. Fraser, A.R.C.S., D.I.C.. and 
D. A. Winter, B.Sc., A.R.C.S., D.I.C. 

(Received Januaiy 24, 1927.) 

[Platkh 27 29.J 

Introduction . 

Our knowledge of the initial stages of gaseous explosions principally rests 
upon foundations laid by Mallard and Le Chatelier in their classical 4 Recherches 
Experimentales et Theoriques sur la Combustion des Melanges Gazeux Ex- 
plosifs ' published in the year 1883.* They showed that, in general, gaseous 
explosions pass through certain well-defined stages, commencing with a com¬ 
paratively slow flame propagation, which is soon accelerated, and culminating 
in the phase of maximum speed and intensity known as " detonation,” as had 
been discovered independently by Berthelot and Vioille two years previously.f 

Mallard and Le Chatelier devised new experimental methods, chiefly photo¬ 
graphic and electrical, for investigating flame movements during the initial 
phases of explosions. Of these, they much preferred the photographic method, 
which consisted essentially in recording the movement of the flame along a 
horizontal glass tube on a sensitised plate moving vertically at a known velocity ; 
thus, to quotes the original memoir, “ on obtiendra une courbe dont chaque 
point aura pour abscisse le chemin parcouru par la flamme dans la tube, et 
pour ordonnec le temps ecoul6 depuis Torigine de la combustion.” 

As the plates which they used were not sufficiently sensitive to record 
satisfactorily the movement of flames of such low actinic power as are de\ eloped 
m most explosive mixtures, Mallard and Le Chatelier chiefly employed mixtures 
of carbon disulphide with either oxygen or nitric oxide, which yield highly 
actinic flames, on the supposition that they might be regarded as typical of 
“ oxygen ” or of “ air ” mixtures, respectively. 

The behaviour of such mixtures was found to differ according to whether 
they were ignited at or near (a) the open or (6) the closed end of a tube. In 
the case of (o)—the open tube method—it was always observed that the flame 

* 1 Ann. Mines/ vol. 8, pp. 274 and 918 (1883). 
f 4 Ann. Chun. Phys,,’ vol. 28, p. 289 (1881). 
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proceeded for a certain distance along the tube at a practically uniform slow 
velocity (the initial “ uniform movement ”) which they considered as truly 
representing “ le mode do propagation par conductibilite.” With the CS 2 - 
nitric oxide mixtures, this initial “ uniform ” movement was succeeded by an 
k< oscillatory ” or “ vibratory ” period, the flame swinging backwards and 
forwards with increasing amplitudes, finally, either dying out altogether, or 
giving rise to “ detonation,” according to circumstances. With the CS 2 -oxygen 
mixt ures on the other hand, the initial period of “ uniform movement ” was 
shorter, and appeared to be succeeded abruptly by “ detonation/’ without 
passing through any intermediate “ oscillatory ” phase. 

When, however, any mixture was ignited near the dosed end of the tube, 
the forward movement of the flame was continuously accelerated until, finally, 
“ detonation ” was set up. 

The Initial 4< flnifoun ” Movement .—Mallard and Le Chatelier paid great 
attention to the initial *’ uniform movement ” of flame, concluding that “ e’est 
quo lorsqu’on allumc 1111 melange gazeux explosible avec une flamme, Tin- 
flammation commence toujours au dfibnt par se propager d’un mouvement 
uniform. La vitesse de ce mouvement uniform, qui sc prolonge pendant un 
temps plus ou tnoins long suivant lc cas, est constant pour un memo melange 
gazeux brulant dans les memes conditions ; clle est toujours inod6r6e et 
oertainement mfdrieuro & 30 metres par seconde par tons les melanges etudi£s 
jusqu’a present.” 

The admirable experimental investigations on the subject carried out since 
191 1 by R. V. Wheeler and collaborators under the auspices of the Safety of 
Mines Committee, have considerably extended in several directions our know¬ 
ledge of “ flame speeds ” during the initial phase of gaseous explosions. They 
corrected certain errors in Mallard and Le Chatelier’s uniform “ flame-speed 
curves” for methane-air mixtures, and showed that such speeds are not so 
independent of the tube diameter as Mallard and Le Chatelier had supposed. 
Indeed, in 1920 Wheeler and Mason expressed the opinion that if the original 
conception of the “ uniform movement ” as being “ lo mode de propagation par 
conductibilit6 ” be accepted, lk it is a strictly limited phenomenon obtainable 
only in tubes within a certain range of diameter, large enough to prevent 
appreciable cooling by the walls, but narrow enough to suppress the influence 
of convection currents ”... or, alternatively, that it “ should be regarded 
simply as a particular phase in the propagation of flame that occurs when 
ignition is effected (in a quiescent mixture) at the open end of a straight hori¬ 
zontal tube (of any diameter) closed at the other end, and not as resulting from 
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a particular mode of heat transference ”* adding that “ the latter is the 
preferable, if not the only correct way of regarding the uniform movement. ! * 

We were led to undertake the present research some three years ago because 
of our desire to test experimentally the validity of a supposed new “ law of 
flame speeds” which W. Payman and R. V. Wheeler had propounded in the year 
1922,t and for which they have since claimed general applicability to all con¬ 
ditions of flame propagation.^ We had not proceeded very far with such 
intention, however, before we discovered features of the initial flame propaga¬ 
tion through explosive mixtures which seemed to put matters in a rather new 
light. Therefore, without departing from our original intention, we decided 
to widen its scope. In the present paper, wo propose dealing with some of the 
more general aspects of the problem, leaving the supposed “ law of flame speeds ” 
to be discussed in our next one. 

Most of the existing data concerning flame speeds during the initial ** uniform 
movement ” after ignition refer to mixtures of combustible gases with air in 
various proportions. For the purposes of our enquiry, however, it was deemed 
necessary first of all to make a systematic study of certain oxygen mixtures 
concerning whose behaviour comparatively little is known. Mallard and Le 
Chatelier attempted to measure the initial speed of uniform flame propagation 
through various explosive mixtures of hydrogen and oxygen when ignited at 
the open end of a 1 cm. diameter glass tube, with the following results : - 
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They considered such speeds to be too high for the true " uniform ” propaga¬ 
tion “ car la propagation dc la flamme a toujours 6t6 accompagnee des mouve- 
ments vibratoires.” 

We have principally studied the behaviours of undiluted mixtures of oxygen 
with various proportions of hydrogen, ethylene or acetylene, respectively, 

* ‘ Trans. Chcm. Soc.,’ vol. 117, p. 1228 (1920). 
t * Trans. Chem. Soc.,’ vol. 121, p. 363 (1922). 
t ‘ Trans. Faraday Soc.,’ vol. 22, p. 301 (1926). 
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many of which are hist burning. For this purpose, one or other of two methods, 
namely, (i) photographic, and (ii) electrical, were employed. A detailed 
description of these will now be given. 


Kxpkrimkntal. 

(A) The Methods employed for Measuring Flame Speeds. 

(i) The. Photographic Method. — There can be no doubt that, whenever the 
actinic qualities of the flame permit, a photographic method on the lines 
employed by Mallard and Le (hatcher is preferable to any other, because it 
enables not only flame speeds to be measured with reasonable accuracy but also 
the whole flame movement to be studied visually. The problem wiw to devise 
ail apparatus which would give good records of flame movements through such 
fast burning mixtures as we proposed to study, some of which wens not highly 
actinic. 

The apparatus employed, some del ails of which arc shown in fig. 1, comprised 
a revolving metal drum A, 6 inches in diameter, fixed horizontally on its axis 
within a light tight camera box BB, carrying a 2 mm. horizontal slit C, running 
the width of the drum, in front of which is a suitable wide-angle lens L The 
drum could be revolved by means of a special shunt-wound constant-speed 
electric motor M, through special gearings, at any constant speed between 
20 and 3,000 r.p.m., the last named corresponding to a peripheral speed of 
2,400 cm. per second past the camera slit. The exact drum speed in any given 
experiment was registered by a Jaeger time-speedometer* X registering every 
half-second, the reading being taken at the instant of firing. 

One of two lenses was employed m the camera according to circumstances, 
namely: (i) whenever the flame luminosity permitted, a Zeiss lens of 7 cm. 
focal length,//I‘4, focussed on fast bromide paper or film 4£ inches wide, or 
(ii) a quartz lens of 6 cm. focal length,//l*8, focussed on a film 2 inches 
wide of maximum sensitivity obtainable. 

Glass or quartz explosion tubes of 2 ■ 5 cm. internal diameter were used through¬ 
out the experiments, one and the same tube being employed throughout each 
series. In an experiment the tube 15E was firmly (Jumped at K x and K a to a 
massive bridge DD erected over the table, but independent of it, so as to avoid 
the tube being affected by any slight camera vibration. Strips of black paper 

* The accuracy of the speedometer was checked at the outset by a direct tuning-fork 
method; it being found to read 1 ■ ft per cent, too low, a suitable correction was always 
applied to tho readings obtained by it. 
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r v T t and r 8 serving as reference marks were gummed on the tube at distances 
of 2 cm., 12 cm, and 22 cm., respectively, from its flanged mouth F t . This 



Fro. I. 


flanged mouth was closed by a movable piece V carrying a three-way tap T 
(2 mm. bore), one branch of which was connected by a glass tube through an 
8 -inch discharge tube 0 to a large capacity vacuum pump P, capable of 
evacuating the whole system down to 1/10th mm. pressure within a minute. 
The other branch of T was connected tlirough a T-piece to (a) the mercury 
manometer N, and (6) the 10-litre mercury gas holder It containing the explosive 
mixture under investigation. The other end of the explosion tube EE was 
always closed by a rubber bung. 

In making an experiment the explosion tube was first of all evacuated down 
to below l/10th mm. os indicated by the note of the pump and the appearance 
of the tube G under the discharge. The explosion mixture was then carefully 
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admitted from the holder, until the manometer N indicated a slight pressure 
(2 mm. or so) above that of the atmosphere. The imago of the first 40 cm. of 
the explosion tube was focussed along this horizontal slit in the camera, and the 
drum was then set revolving at such a speed as would subsequently ensure a 
flame-graph angle somewhere between 25° and 40° with the horizontal. The 
explosive mixture in KK was then ignited by gently sliding off the flanged 
mouth-piece F and immediately applying a 2-crn. high coal gas flame to the 
quiescent explosive mixture. 

It should be noted that the arrangements were such that the first 22 cm. of 
the explosion tube (i.e., up to the second reference mark) was focussed in the 
centre of the field; the lens was always stopped down (often to/6) as far as 
the luminosity of the flame permitted. The photographic paper or film, as the 
euse might be, was subsequently developed and dried very evenly so as to avoid 
buckling or uneven contraction ; and in finally making the angular measure¬ 
ments on the flame speed graph the image of the reference marks on the explosion 
tube gave a means of drawing a truly horizontal base line, and of measuring 
the ratio of length of object to image. From such angular measurements 
the true flame speed was calculated in each particular case by means of the 
usual formula. 

It was found possible to apply the method to all the hydrocarbon-oxygen 
(or air) explosive mixtures, as well as to hydrogen-oxygen mixtures with 
initial flame speeds exceeding 1,000 cm. per second approximately. 

According to our experience, the probable experimental error in measuring 
flame speeds by this method may be put down as less than 2*5 per cont. We 
doubt, whether any other method yet devised is capable of greater accuracy. 

(ii) The Electrical Method . -The method employed for measuring flame speeds 
in cases of mixtures where the flames were insufficiently actinic to give good 
photographic records is baBed upon the fact that when a flame passes a gap in 
a high tension electric circuit too wide for the current to jump in an atmosphere 
of cold unburnt mixture, the ionisation produced permits of its doing bo. By 
arranging a number of such gaps, each in an independent circuit, at known 
intervals along the inside of an explosion tube, together with supplementary 
narrow gaps outside the tube in series with each circuit, such outside gaps being 
suitably placed in the vicinity of a narrow revolving photographic film, means 
are obtained of measuring both the flame speed and the time during which the 
combustion products behind the flame remain ionised. 

The apparatus, shown in plan in fig. 2, consisted principally of three parts, 
namely, (i) as a convenient source of high voltage, three induction coils C- v C 2 , 
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C 3 , with high speed make and break mechanisms, (ii) the explosion tube BE 
with gaps Up U 2 , Gj, and (iii) a recorder RR. 

The three similarly constructed induction coils were connected m parallel, 
each with its own tube spark gap G, and outside gap g, and the current to each 
primary was so adjusted as just to allow a sufficient discharge across the gaps 
G when the flame front reached them. The make and break mechanism em¬ 
ployed gave 200 interruptions per second, but the insertion of a small capacity 
condenser (c p c 2 and c 3 ) in the secondary circuit of each coil, which remained 
charged during the 1 / 200 th of a second between successive interruptions, 
ensured that a spark would pass across a particular gap at the instant of the 
flame front meeting it, thus eliminating any errors which might arise through 
the make and break arrangement. 

Tnto the glass explosion tube EE (internal diameter ^2*5 cm., and usually 
120 cm. to 150 cm. long) w r ere fitted at regular intervals, 20 cm. apart, three 
pairs of brass ball electrodes, each ball fl/ltiths inch diameter, forming the spark 
gaps Gp U 2 , U 3 . The first of these was situated 7 cm. from the flanged 
mouth-piece of the tube. These electrodes were introduced through small 
side tubes sealed at right angles into the main tube; sealing wax fillings were 
used to render all the side joints gas-tight, and each was carefully shaped on the 
inside so as to avoid any distortion of the circular section of the explosion 
tube. 

The three supplementary outside spark gaps g v </ 2 , r / 3 respectively, each in 
circuit with its corresponding inside gap Gp G 2 , G 3 respectively, were arranged 
in an ebonite mounting as three pointers within 0*25 mm. to 1 mm. of an 
earthed or negatively charged brass plate K, through which three conical holes 
(Ap A 2 , A a , each 1 / 100 th inch diameter) were bored. By such means the sparks 
were photographed as minute dots upon a photographic film ( 1 J inches wide) 
fastened to the circumference of the revolving wheel (8 inches diameter) of 
the recorder R. Timing was effected by means of a tuning fork T interrupting a 
beam of light from L through a hole in a plate B adjacent to the revolving film. 
The arrangements for evacuating the explosion tube by means of the oil pump 
P, filling it with the particular mixture under investigation from the mercury 
gas holder H, and subsequently igniting the latter by means of a 2 cm. high coal 
gas flame at the open end, were similar to those employed in connection with 
tho photographic method, and therefore need not be detailed. 

It was always necessary in measuring the speeds of the initial uniform move¬ 
ment in any given case to make sure that the time intervals occupied by the 
flames in travelling the successive distances between gaps Gj to G 2 , and G 2 
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to G 3 wore substantially equal, for otherwise the uniformity of the movement 
might be doubtful. The substantial equality of the said two time intervals was 
regarded as a reasonable criterion of the uniform movement having existed at 
least throughout the 20 cm. distance between gaps G 1 and G 2 . 

Our experience has shown that this method may be used for measuring flame 
speeds certainly up to 300 cm,, and in some cases up to 600 cm. per second, with 
reasonable accuracy. And as it is principally in such low speed ranges that the 
photographic method may fail with mixtures where flames are feebly actinic, 
the electrical one is a most valuable adjunct to it. 

Comparison of the two Methods . 

On carefully comparing the two methods by using them simultaneously 
for speed determinations on a series of carbonic oxide oxygen mixtures, in 
each case saturated with moisture at 12*5° C., the following results were 
obtained :— 


Percentage CO in 

CO/Oj mixture. 

| Speed in cm*, per nee. of initial uniform 

llamo movement as determined by 

I Photographic method. 

Electrical method 

500 

147 

144 

000 

l 1H3 

107 

SO-0 

191 

195 

92-5 

51 

51 


Also in another simultaneous test with a 52*9CH 4 /17'10 2 mixture, the 
photographic method gave 126, and the electrical method 122 cm. per second 
as the speed of initial uniform movement. Therefore, it may be taken for 
granted that when used with the same mixture the two methods give results 
within about 2*5 per cent, of each other, i.e., within what we estimate to be 
the usual experimental error in such determinations. 

(B)Some General Observations upon the Initial Movement of Flame through 
Mixtures of Oxygen with Hydrogen , Ethylene , and Acetylene respectively . 

The experimental methods having been thoroughly tested we proceeded to 
the next stage of the investigation, namely, the determination of the speed 
of initial “ uniform ” flame movement through stagnant mixtures of oxygen 
with hydrogen, ethylene, or acetylene, respectively, when ignited at 15 to 18° C. 
and atmospheric pressure at the open end of a 2*5 cm. diameter tube (closed 
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at the other end) by means of a 2 cm. high coal gas flame. And it may be 
assumed that unless otherwise stated all the flame speeds given in this paper 
refer to such conditions. The experiments had to be carried out with excep¬ 
tional care because many of the mixtures concerned were so sensitive that it 
was only by scrupulous attention to details that reliable results could be 
obtained. 

Needless to say, every possible precaution was taken to ensure the purity of 
the various single gases (hydrogen, acetylene*, ethylene and oxygen) used in 
making up the various experimental mixtures, special care being taken to 
reduce the; amounts of adventitious nitrogen in them to the smallest dimensions ; 
it may be assumed that the amount of it present in the experimental mixtures 
never exceeded, and was often less than, 1 per cent.* The experimental mix¬ 
tures were always made and stored under pressure in special 10 -litre gas holders 
over mercury, and their compositions were always checked by chemical analysis. 
The windows of the laboratory in which all the operations including the flame 
speed determinations were carried out had dark blinds always kept drawn so 
as to exclude daylight. The room temperature remained between about 
15 and 18° C. throughout the experiments. 

Before detailing the flame-speed results, we think it desirable to say some¬ 
thing about certain general features which seem to have an important bearing 
upon the proper interpretation of what has been termed hitherto “ the initial 
uniform flame movement.” 

In the first place, with reference to the mixtures examined, we have found 
that, whilst all these initially propagating flame under the stated conditions 
at speeds up to about 4,000 cm. per second showed a well-defined initial ” uni¬ 
form movement,*’ the speed of which was substantially the same in successive 
determinations, those; propagating at higher initial speeds behaved differently. 

Thus, for example, with ethylene-oxygen or acetylene-oxygen mixtures 
initially propagating flame at speeds exceeding the aforesaid limit, no initial 
uniform movement at all was observable. On the contrary, the flame speed 
was continuously accelerated from the beginning, as though ignition had taken 
place near a closed, instead of at the open, end of the tube. Many photographic 
records showing the striking contrast between the initial movements of flame 
through what may be termed “ slow ” and “ fast ” mixtures, respectively, of 

* For convenience of recording, the nitrogen content has been disregarded in the text; 
hence readers will understand that, for example, when a 50 C a H 4 /50O a mixture i» referred 
to, it means that whereas the ethylene content was exactly as stated, the oxygen would 
include any small proportion of nitrogen which might be present. 
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the same gas with oxygen were obtained during the research ; but for purposes 
of illustration wc need only reproduce those shown in Plato 27, in which :— 

A a typical record for a 50C 2 H 4 /500 2 mixture initially propagating flame 
at the comparatively slow speed of 200 cm. per second. The explosion 
tube in this case (as well as in B and 0) was 50 cm. long and 2*5 cm. 
internal diameter, ignition being at the open end. It will be observed 
that the initial speed remained perfectly uniform as far as the flame was 
photographed (15 cm.). 

B and C = typical records for 20C 2 lI 4 /80O 2 and 35C 2 H 4 /650 2 mixtures, 
respectively, initially propagating flame at speeds exceeding 4,000 cm. 
per second. In neither case was any uniform movement observable, 
on the contrary, the flame was continuously accelerated ab initio , detona¬ 
tion being set up near the far end of the tube (which was covered in the 
experiment) as shown by the “ retonation ” wave thrown back through 
the still burning mixture in each case. 

With hydrogen-oxygen mixtures a somewhat different, though equally 
well-marked, change took place when the aforesaid initial speed limit was 
exceeded. Instead of the initial flame movement losing its uniformity, as was 
the case with the acetylene- or ethylene-oxygen mixtures, it showed a marked 
tendency to develop quite different uniform speeds in successive experiments. 

As a typical example of such happenings, we reproduce in Plate 28, a, a print 
from a film upon which the results of three successive speed determinations 
with ft G3-9H 2 /36'10 2 mixture were photographically recorded, the drum 
speed remaining practically constant throughout the series. The peripheral 
film speeds were actually 1778, 1810, and 1812 cm. per second, respectively, 
in the three successive experiments. It will be seen that, although in each case 
the initial flame movement was quite uniform, three different angles (namely, 
41° 30', 30° and 45°) corresponding with speeds of 5220, 3460 and 6000 cm. per 
second, respectively, were traced by the flames in successive determinations. 
Hence it appears as though there are mixtures so highly sensitive as to be 
capable of initially propagating flame at quite different uniform speeds when 
ignited at the open end of a tube under, as near as could be judged, the same 
conditions. 

We have found that all hydrogen-oxygen mixtures examined containing 
between about 55 and 75 per cent, of the combustible gas exhibited such a 
tendency. It seems difficult to say in any given case which of two or more 
observable speeds should be regarded as the normal one, although, may be, one 
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speed (or near to it) may be observed more frequently than others. Hence, 
the dotted part of the hydrogen-oxygen speed-curve shown in fig. 3 should be 
considered as provisional only. 



A good deal of evidence has also been accumulated during the research 
suggesting that, even with much slower-burning oxygen mixtures than those 
referred to in the preceding paragraphs, the speed of the initial uniform move¬ 
ment on ignition at the open end of a 2*5 cm. diameter tube, under the stated 
conditions, is not always quite so invariable as sometimes is supposed. Indeed, 
not infrequently in a series of successive speed determinations with one and the 
same mixture, under (so far as could be judged) the same experimental con¬ 
ditions, differences of the order of 10 to 20 per cent, between the recorded speeds 
have been observed, which certainly could not be attributed to any experi¬ 
mental error. Sometimes even, in one and the same experiment, after a 
certain run an initial quite uniform flame speed has changed over abruptly and 
quite unaccountably to another. 

Illustrations of such occasional happenings are shown in the two photo¬ 
graphic records reproduced in Plate 28, B and t\ in which 

B shows how, in two successive experiments, with a 9C 8 H 2 /91-air mixture 
two different uniform speeds of 434 and 364 cm. per second, respectively, 
were recorded. The angles actually traced by the flame on the record 
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were 18° 30' and 15° 10', respectively, although the film speed remained 
the same in the two experiments. Such a large difference clearly lies 
outside “ experimental error,” 

C is the record (negative) obtained in an experiment with a 52*4C 2 H 4 /47*6 
O a mixture, which, on ignition under the stated conditions, initially 
propagated flame for a certain distance with a uniform speed of 89 cm. 
per second, the angle initially traced by the flame on the record being 
15° 30'; after travelling a certain distance, however, the flame abruptly 
changed to another uniform speed of 126 cm. per second, now tracing 
an angle of 21° 30' on the record. 

If need be, other similar instances could bo reproduced from the scores of 
photographic records obtained during the investigations; but they are avail¬ 
able, and may be inspected by anyone who cares to call at our laboratories for 
the purpose. 

We think it would be premature at this stage of the investigation, to attempt 
any explanation of such facts ; at present our main business is to place them on 
record for future consideration. It is possible, however, that further investi¬ 
gation may show that what we have found is not unconnected with some 
interesting observations recently made by 0. Campbell and D. W. Woodhead* 
during their investigation of the ignition of gases by an explosion wave. For 
these authors have found that, during the period immediately preceding detona¬ 
tion, one or more separate regions of inflammation may appear in the unburnt 
gases in front of a flame, which when photographed, appears serrated. Some 
of our unpublished photographs rather suggest this, and we arc studying the 
matter further. 

Such evidence as the foregoing has led us to doubt whether it is possible any 
longer rigidly to maintain either (i) that all quiescent explosive mixtures neces¬ 
sarily develop an initial uniform flame movement on ignition by means of a 
flame at the open end of a horizontal tube, or (ii) that, oven when a “ uniform 
movement ” is initially set up in such circumstances, its velocity is necessarily 
quite the same for the same tube diameter, fn the latter case, doubtless it 
most frequently happens that the observed initial uniform velocity for a given 
explosive mixture, and with one and the same tube diameter, will not differ 
very much from a certain mean value, which therefore may be regarded as 
having some significance relative both to the properties of the gaseous medium 
and to its environment. But it seems impassible to regard such mean uniform 

* ‘ Trans. CJiern. 8oc.,’ pp. 310 to 321 (1020). 
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speed as a physical constant of the mixture in the same sense as we regard its 
“ rate of detonation.” 

Lastly, we have found it possible under suitable conditions to have a slow 
“ uniform flame movement ” developed in an explosive medium after a period 
of continuous acceleration, showing that such “ uniformity ” is not necessarily 
restricted to the initial phase of flame movement. To illustrate this, we repro¬ 
duce in Plate 2*Ja beautiful photographic record obtained on a film, which was 
rotated on a drum at a constant speed at right angles to the direction of the 
flame, when a mixture of carbonic oxide and oxygen in their combining pro¬ 
portions (dried by a three-hours* contact with pure redistilled phosphoric 
anhydride) was ignited at atmospheric temperature and pressure by a condenser 
discharge (3-75 m.f. at 1000 volts) passed between platinum electrodes fixed 
half way along a horizontal glass explosion tube (length = 35 cm., internal 
diameter ~ 2 cm.) dosed at both ends . 

The flame started at the middle of the tube and travelled symmetrically along 
it in opposite directions towards each of the closed ends. It will be seen (i) 
that after an initial period of accelerated flame velocity, extending about 5 cm. 
in each direction along the tube, a marked deceleration set in, culminating in a 
much slower 44 uniform movement ” which lasted until the flame had noarly 
reached the dosed end of the tube, (ii) that immediately afterwards the whole 
contents of the tube suddenly burst into an intense luminosity, which con¬ 
tinued for some time as though the main combustion only occurred after the 
flame had reached the ends, and (iii) that, although the gaseous medium in the 
middle portion of the tubes initially developed luminosity when the flame 
originally traversed it, soon afterwards it became dark again, and remained so 
until after the final burst of luminosity set in. 

Wc are thus led to conclude that, so far from a condition of “ slow uniform 
flame movement ” necessarily arising when a quiescent explosive mixture is 
ignited at the open end of a tube, or from its being peculiar to such conditioas, 
it may be set up in quite other circumstances. Also that, besides the com¬ 
position of the given mixture and the diameter of the tube in which it is ignited, 
other factors are concerned in determining the speed of such “ uniform flame 
movement ” in any particular case. 

Pending the results of further investigation wc would refrain from expressing 
any decided opinion as to what governs such slow uniform movement in any 
given case ; but at present we are inclined to attribute it to a certain balancing 
of the conditions as a whole rather than to any specific set of them. It seems 
reasonable to suppose that in any given circumstances its speed would depend 

VOL. oxiv.— a. 2 G 
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j partly on the chemical and thermal properties of the explosive mixture itself, 
and partly on the environment. Clearly it cannot be regarded as either 
.necessarily caused by, or dependent upon, any particular mode of ignition or 
flame propagation ; nor does its speed in any given case appear to be a physical 
constant of the mixture concerned. 

(C)— Initial Uniform Flame Speeds in a 2*5 cm. diameter Horizontal Tube* 
(a) With Hydrogen-Oxygen Mixtures. —According to our experiments, the 
“ range of inflammability ” of hydrogen-oxygen mixtures for horizontal flame 
propagation in a 2-5 cm. diameter glass tube at room temperature and pressure, 
lies between 10 and 94 per cent, hydrogen-content approximately. “With any 
given mixture containing either between 10 and 55 per cent., or between 75 
and 94 per cent, of hydrogen, a fairly constant initial uniform flame speed was 
observed ; but with a given mixture containing between about 55 and 75 per 
cent, of hydrogen, the initial speed, though always uniform, was apt to differ 
in successive experiments as already explained. The speeds actually observed 
with the different mixtures were as follows - 


Per cent, hydrogen in mixture. 

Speeds rlctci mined. 

Cm per second 

Mean. 





no 

04 

04 


20 

512 

512 


24*2 

880 790 800 

845 

(1) Speeds both “uniform” and 

29 -r> 

1250 1150 

1200 

fairly constant for each mixture 

338 

1040 1050 1570 

10 20 

39*2 

2200 2240 

2220 


48*5 

3220 3100 

3150 


m 

3070 3090 

3080 

(2) Speeds, though always uniform 
m each experiment varied in suc¬ 
cessive experiments with <*acli 
mixture | 

03*9 

09*7 

71*2 

5220 0000 3400 

5250 0050 0100 

5150 3570 

— 


f77-6 

3220 3130 

3170 


80*0 

2290 2270 

2280 


81*6 

1980 1880 1920 


(3) Same os in (I) * 

82*9 

87-5 

1470 1410 

730 



89*4 

530 

530 


93*5 

70*5 76-5 

70*5 


^94-4 

would not ignite 



* All the flame-speeds given in this section of the paper refer to the initial " uniform 
movement ” in a 2*5 cm. diameter horizontal glass tube, filled with the explosive mixture 
at 15° to 18° C. and atmospheric pressure, ignition being effected by the gentle applica¬ 
tion of a 2 om. high coal-gas flame at the open end, the other end being closed. 
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( b ) With Acetylene-Oxygen Mixtures Initial uniform flame speeds were 
always observed with mixtures containing either between 3-5 and 11-9 per 
cent., or between 63-5 and 87 *5 per cent, of acetylene, and in most cases there 
was not much difference between the speeds observed in successive experi¬ 
ments with one and the same mixture. With mixtures containing between 
about 15 and 00 per cent, of acetylene, however, there was no initial uniform 
flame movement, the 11a me being in each case continuously accelerated from the 
first until detonation was set up. The range of inflammability of the mixtures 
under the stated experimental conditions, comprises all those containing between 
about 3*5 and 88 per cent, (or possibly rather more) of acetylene. The follow¬ 
ing are the mean speeds of the initial uniform movement observed with the 
various mixtures under the experimental conditions. 


Acetylene-Oxygen C 2 Ho/0 2 


l.i o 


00 * 0 * 


Vr cent 

I 

Spo'ils 

Moan 

3*5 

44*5 44*0 

44*2 

4-7 

222 222 222 

222 

01 

595 595 595 

595 

7-4 

970 970 

070 

9 1 

1540 1450 1100 

1403 

10-9 

1075 2300 2280 

2185 

11 ■ 9 

2480 2500 2450 

2480 

A 


A 

No uniformity ol»Horved bi'twciMi theao prircnta^ps. 


V 


_V 

1 

03*r> 

2000 2080 

2070 

<14 *.7 , 

1402 1150 1408 

1440 

05*0 

1102 1213 

1190 

mi-o ! 

880 

880 

70 0 

390 400 

395 

70 *5 

380 330 330 

350 

74 5 

m i:io 

122 

80 0 

72 0 

72 0 

81*4 

40 0 

400 

85 0 

30 9 34-3 

32 0 

87*9 

22*5 

22 5 

i 


(c) Ethylene-Oxygen Mixtures. Similar remarks apply also to othylene- 
oxygen mixtures; initial uniform flame speeds were always observed with 
mixtures containing cither between about 5 and 15 per cent, or between 40 
and 58 per cent, of ethylene. Mixtures within the intermediate range (15 to 
40 per cent., or thereabouts, of ethylene) usually showed no initial uniform 
movement at all, the flame being continuously accelerated ab initio . So far 

2 o 2 
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as could bo judged, the range of inflammability of these mixtures, under the 
stated experimental conditions, probably comprises all containing between 
about 4-5 and 60 per cent, of ethylene approximately. 


Ethylene-Oxygen Cjlli/Oj,. 


IVr cent 

1 

Speed*. 

Mean. 

5*3 

142*8 103-5 120 5 

130 

7*5 

007 665 

635 

10-0 

1080 1050 

1065 

12-4 

2600 2515 

2560 

15*4 

3980 

3980 


A . ' "A 


No uniformity obnorvod between thew jiereeiitftges. 


V_v_ 


40 

2900 

2900 

43*2 

1405 1395 

1430 

45*0 

870 830 861 

854 

48*0 

413 453 

134) 

53* 1 

116*0 

116*0 

55-45 

75*0 78 0 76*4 

76*0 

57*9 

52*6 54*5 

53 O 


Flame Speed Curves for the Initial “ Uniform Movement” 

The foregoing results (a) to (c) inclusive are all plotted on the flame speed 
curves shown in fig. 3. For convenience sake, the two portions of the acetylene- 
oxygen and othylene-oxygen curves, respectively, are in each case connected 
by a thin straight line. 

For reasons already explained, the dotted upper portion of the hydrogen- 
oxygen curve should be considered as provisional; although we think that for 
electrolytic gas a speed of about 6000 cm. per second may be accepted as fairly 
accurate. 

So far as they go, all the curves show much the same general features as the 
lower portions of similar curves for the corresponding air mixtures, except of 
course that the speed is generally much higher, and the range of inflammability 
much wider than in the latter. 

The “ lower limit 99 of inflammability of a gas does not seem to be much 
affected by the substitution of air by oxygen in the explosive mixture; but as 
might be expected, the “ upper limit ” is much higher with oxygen than with 
air, In this connection it may be recalled that, in 1920, E. Terres determined 
the following limits of inflammability for downward flame propagation, of 
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hydrogen, ethylene, and acetylene, respectively, in admixture with air and 
oxygen respectively.* 


(iw». 


Hydrogen 

Ethylene 

Acetylene 


Percentage of eombnwtibit' gns in ** limit " 
mixhn oh w ith 



Oxygen. 



Upper 

| Lower 

l 15 

ca 

ar»- 2 

! 0-2 

40 

14 0 

! 4 1 

i 

3 5 

”»2 :i 

1 •’ 


I’ppci 


M-U 
tU 8 
*9 i 


And, although wo have not primarily concerned ourselves with the exact, 
determination of limits of inflammability, our results are substantially in 
agreement with those of Terres in this particular, having regard to the fact that, 
whereas his referred to “ downward,” ours refer to “ horizontal *' flame pro¬ 
pagation. 

In conclusion we desire to acknowledge that two of us (li. P. F. and I). A. \V.) 
have carried out this investigation as holders of the Gas Research Fellowships 
maintained at the Imperial College of Science and Technology, London, by 
Radiation, Ltd., and the Gas Light and Coke Co , of London, to whose generosity 
in supporting this work our united thanks arc tendered. Part of the pre¬ 
liminary work, in connection with the methods employed, was done during 
1925-6, when one of us (1). A. W.) was helped by a maintenance grant from 
the Department, of Scientific and Industrial Research. 


* * Journ. Cosbolcuchl,’ vol. <13, pp. 785, 805, 820, 83(1 (1020). 
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The Initial Stages of <iaseous Explosions—Part II. An 
Examination of the supposed Law of Flame Speeds. 

By Wiujam A. Bone, D.Rc., F.H.S., "R. 1*. Prahkr, A.R.C.S., L).T.(*., uurl 
I). A. Winter, B.Sc., A.R.(\S., D.T.O. 

f Platks 30-32.J 
Introduction. 

In the year 1922 W. Payman and R. V. Wheeler published a paper entitled 
“ The Combustion of Complex Gaseous Mixtures ”* in which, after stating that 
“ in general, if a limit mixture with air of one gas is mixed, in any proportions, 
with a limit mixture with air of another gas, the speed of propagation of flame 
in both mixtures being, as it is, approximately the same under the same con¬ 
ditions of experiment, the speed of propagation of flame in the resultant complex 
mixture (which is also a limit mixture) is unchanged,” they proceeded to say 
that the same thing holds good for the propagation of flame “ not only in limit 
mixtures, but in all mixtures of inflammable gases with air (or oxygen), provided 
that the mixtures of the individual gases are of the same type, all containing 
excess of oxygen or all containing excess of combustible gas,” And, finally, 
they promulgated a new “ law of flame speeds ” which ran as follows : “ Given 
two or more mixtures of air or oxygen with different individual gases, in each 
of which the speed of propagation of flame is the same, all combinations of the 
mixtures of the same typet propagate flame at the same speeds, under the same 
conditions of experiment.” 

Since its original publication, they have continued to press this “ law ” upon 
the attention of other workers in the field, using it as a basis for interpreting 
results from other laboratories than their own, even to the extent of claiming 
that it governs the division of oxygen between two combustible gases present 
in excess. Indeed they contend that “ so far as the propagation of flame is 
concerned, a mixture of a number of different combustible gases with air (for 
example) can be regarded as the summation of mixtures of each individual gas 
with air, the proportions of combustible gas and air in each being such that the 
speed of flame in it, if the mixture were burning alone, would be the same as 
in the complex mixture.” Moreover, in the well-known case (investigated by 
one of us) of the explosion of mixtures of the type CH 4 + 0 a -}- aHj, where the 

* 4 Trans. Chem. Soc.,' vol. 121, p. 363 (1022). 

t i,e* t 44 all containing excess of oxygen or all containing excess of combustible gas." 
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oxygon has tho chance of combining with either of the two combustible gases, 
they claim that the methane gets the lion’s share of it, not because of its 
greater affinity for oxygen, but “ because the methane-oxygen association that 
is required to yield the same speed of flame as tho hydrogen-oxygen associa¬ 
tion is the richer in oxygen.” 

In a paper upon “ the Interpretation of the Law of Speed,” published by W. 
Payman in 1923,* two important passages occur which ought to be quoted 
here as showing how he meant the “ law ” to be regarded. The firBt ran as 
follows : " It will be seen that the law of speeds can be explained on the assump¬ 
tion that any addition of incombustible gas, inflammable gas, or oxygen to a 
mixture of inflammable gas and oxygen in combining proportions has a retarding 
effect upon the speed of the uniform movement of flame proportional to its 
specific heat ” (loe. cit p. 414), which seems to imply, what many will doubt, 
(i) that in the “ uniform movement ” combustion is complete in the flame 
front , and (ii) either that “ dissociation ” (not even of carbon dioxide) lias no 
influence at all upon the flame speed or that the degree of it is unaffected by 
dilution with an inert gas or excess of one of the reactants. 

The second passage implied a qualification, us follows : “ The law of speeds 
as applied to the uniform movement during the propagation of flame can 
therefore be explained on the assumption that the variations in the speed of 
flame as determined under standard conditions with mixtures of different com¬ 
positions depends on the rate of reaction between the inflammable gases and 
oxygen in the flame front. The law of speeds would hold exactly if this rate 
of reaction was dependent solely on tho temperature, so that excess of either 
inflammable gas, oxygen, or of incombustible gas could be regarded as behaving 
simply as diluting gas, lowering tho reaction temperature, but taking no part 
in the reaction. The fact that the rate of reaction must-also depend on tho con¬ 
centrations of the reacting gases results in small divergencies from the law when 
the oxygen is in deficit. The correction necessary to allow for this cannot be 
correctly estimated, but the general effect of this factor is to make the speeds 
of the uniform movement of flame in complex mixtures rather slower than the 
speeds calculated from the law of speeds ” (loe. cit, p. 420). We are thus led 
to expect incalculable “ small divergencies ” when oxygen is in deficit, which 
tend to make the flame speeds “rather slower ” than the “ law ” would require, 
a vague sort of qualification, capable of being variously interpreted according 
to each individual's idea of what margin is allowable as a “ small divergence ” 
from a supposed natural law without impugning its validity. 

* • Trans. Cbem. Soo./ vol. 123, p. 412 (1923). 
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In a paprr which Payman and Wheeler contributed to the discussion on 
“ Explosive Reactions in Gaseous Media,” held in London on June 14, 1926, 
under the auspices of the Faraday Society,* they emphasised the operation 
of their supposed “ law,” claiming it to be applicable to all conditions of flame 
propagation ; for they said: “ there is a considerable amount of evidence 
available that the relative speeds of the uniform movement of flame obtained 
under the specified experimental conditions are directly proportional to the 
speeds under other conditions, except during the detonation wave ” (/or. cit. 
p. 305).f Also, they claimed “ that the law of speeds applies to the rate 
of development of pressure in mixtures of complex gas mixtures with air.” 
The last-named statement seems to involve another questionable rule laid down 
and applied by them in 1923, namely, that, in gaseous explosions generally, “ the 
time taken for the pressure within a spherical vessel to attain its maximum . . . 
(ignition being at the centre) . . . coincides with the time taken for flame to 
reach the boundary of the vessel; except with very sIow r ly moving 
flames.”t 

III a written contribution to the said discussion, one of us (W. A. B.) expressed 
doubts as to the general validity of the supposed “ law,” saying that for some 
time past experiments had been in progress in his laboratories with a view to 
testing it from the point of view of the behaviour of complex mixtures of certain 
hydrocarbons, hydrogen and oxygen, containing an excess of combustible gases, 
and that he hoped to be able soon to publish a detailed account of them. 

The basis of the experimental test to which we have subjected the supposed 
u law ” is one which the authors of it themselves have supplied. For in their 
recent paper at the Faraday Society they repeated that their “ law ” states 
(i) " that if a complex mixture is made by blending a number of mixtures of 
air with simple combustible gases all of which have the same speed of uniform 
movement of flame, then this complex mixture will also have the same speed of 
flame provided that all mixtures are of the same type, all containing excess 
of oxygen or all containing excess of inflammable gas,” and again that (ii) 
“ an important deduction from the law of speeds is that during the propagation 
of flame in a complex mixture of combustible gas and air mixtures of the type 
we have just considered (all with the same speed of uniform movement of 
flame), the combustion can be regarded as involving the simultaneous but inde- 

* * Trans. Faraday Soo.,* vol. 22, p. 301 

f In course of the discussion, however, they said that “ the statement that the Law of 
Speeds is not applicable to the rates of detonation in gaseous mixtures is incorroot.** 

% ‘ Trans. Chem. Soo.,’ vol. 123, p, 1257 (1923). 
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pendent burning of a number of simple mixtures of tlie individual gases with 
air, in which tlu« proportions of inflammable gas and air are such that each 
mixture, il burning alone, would propagate flame with the same speed as does 
the complex mixture.” They also reported having found experimentally that 
complex mixtures of methane, hydrogen and air, containing insufficient oxygen 
tor complete combustion, obey the law. As will be shown, however, in the 
concluding portion of our paper, such is not our experience. 

It may be observed that up to now Payman and Wheeler have chiefly relied 
on experimental evidence in support of their “ law ” derived from the study 
of comparatively slow-burning complex gas-air mixtures, when the “ diluent ” 
(if it can properly be so called) may exercise ii considerable influence. Thus, 
in proof of tin 1 law ” they showed experimentally in 1922 (I) that (A) a 7-35 
metlmnu/92*flfl air and (B) a 1 -98 pentane/98-02 air mixture each of which, 
on ignition at the open end of a 2-5 cm. diameter horizontal glass tube, initially 
propagated flame at a uniform speed of dO cm. per second -could be blended 
in any proportions without altering the initial flame speed, and (II) that the 
same holds goods for (A) 11 -0 methane/89-0 air and (13) 3o4 pentane/96• dfl 
air mixtures, both of which initially propagate flame, in said circumstances, 
with an initial speed of 60 cm. per second. W<» think, however, that such 
evidence lacks cogency as regards proving a general law because (i) the mixtures 
in question are all comparatively slow burning, (ii) they would all contain some¬ 
where between about 70 and 82 per coni, of “ diluent ** (chiefly nitrogen), (iii) 
the two combustible gases concerned are homologous hydrocarbons, presumably 
with similar modes of combustion, (iv) in the case of (I), where oxygen was 
always in excess, presumably the flame speed would be chiefly governed by some 
relationship between the heat of combustion and the heat capacity of the 
products, which calculation show's would not alter very much m the various 
blendings, and (v) in the case of (II), in which the two primary mixtures both 
contained excess of combustible gas, the percentage of oxygen in the various 
blended mixtures between 100A/0B and 0A/100B would all lie between 18*7 
and 20-2 per cent., which (according to our experience) would be too close for 
a really valid test of the matter. 

It has always seemed to us necessary that before any final opinion can be 
expressed concerning its validity, the “ law ” should be thoroughly tested out 
in regard to complex “ oxygen ” mixtures containing two combustible gases 
as dissimilar as are, say, hydrocarbons and hydrogen in their modes of burning. 
Accordingly, during the past two years, we have essayed to do this, with results 
as recorded herein, which seem to us to bo decisive against it. We will now 
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proceed to submit our evidence as succinctly as possible, leaving the reader to 
form his own judgment upon it. 


Experimental. 

In all that follows, it should be understood :— 

(i) That the various experimental mixtures were all made up in gas-holders 

over mercury from highly purified gases, and that their compositions 
were all chocked by analysis. 

(ii) That, for convenience sake, they are usually recorded as x gas fy oxygon 
mixtures, x being the exact percentage of combustible gas present, and 
y that of the oxygen plus (usually loss than 1 per cent, of) adventitious 
nitrogen. 

(iii) That, unless otherwise expressly stated y all “ flame speeds ” recorded refer 
to the initial uniform movement on ignition of tbo quiescent mixtures 
in question at about 15 to 18° 0. and atmospheric pressure by the gentle 
application of a 2 cm. high coal-gas flame at the open end of a horizontal 
glass tube of uniform bore, 2*5 cm. in diameter. For brevity, such will 
always be referred to as “ the standard conditions.” 

(iv) That the letters (p.m.) or (e.m.) in brackets are used to indicate which 
of the two experimental methods (photographic or electrical) described 
in Fart I hereof was employed for the flame speed measurement in any 
particular case. 

{A) Evidence derived from the Explosion of (a) 0 2 H 4 -)'H a +0 3 and 
(6) C a H 2 +2H 2 -f 0 2 Mixtures . 

When the law was first promulgated, it called to mind two significant experi¬ 
ments made more than twenty years ago by W. A. Bone and J. Drugman during 
their researches upon the explosive combustion of hydrocarbons, to which we 
would now particularly direct attention.* It was found that when either an 
ethylene-hydrogen-oxygen mixture of the composition 0 2 H 4 +H 2 +0 2 , or 
an acetylene-hydrogen-oxygen mixture of the composition C 2 H 2 j-2fl 2 +0 a , is 
exploded in a glass bulb (CO c.c. capacity), not a trace of carbon separates, nor 
does any steam condense on cooling. Indeed with the C 2 H 2 4'2H a +0 2 mixture 
no appreciable steam is produced at all, and with the C a H 4 +H a -|- 0 a mixture 
the amount formed is insufficient to saturate the cold products if at the outset 

* ‘ Trans. Chem. Soc.,' vol. 80, p. 660 (1006). 
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they are practically dry. The results of two such typical experiments are 
shown in Table L whore :— 

p x --- initial pressure of the dry combustible mixtures when"! 
fired 

p 2 final pressure of the dry products 


both at 
k 15° C 


Table T. 



These remarkable experiments, which were shown at the lioyal Institution 
in 1908, and have since been repeated many times, seem incompatible with the 
supposed “ law,” except on the very unlikely supposition that even the slowest 
burning ethylene-oxygen or acetylene-oxygen mixture propagates flame faster 
than the fastest burning hydrogen-oxygen mixture. A glance at the flame-speed 
curves shown in Part I, fig. 3, hereof will show how untenable is any such 
supposition. 

It is worth while considering the matter a little further, however, and in a 
somewhat different way. According to the supposed “ law,” whenever either 
of the two complex mixtures referred to is exploded, the oxygen (being in defect) 
must be divided between the two combustible gases concerned in such propor¬ 
tions as would give rise to two primary (hydrocarbon-oxyger and hydrogen - 
oxygen) mixtures propagating flame with the same speed as does the original 
complex mixture itself. But such prediction is falsified by the event, as the 
following typical experimental results obtained with the C 2 H 4 H ? f- 0 2 
mixture showed. 
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(a) The C 2 H 4 +H 2 +0 2 mixture. 

(i) First of all, a moist mixture containing - 

C 2 TI t = 34*0, H a ~ 33*6, and 0 2 = 32*4 per cent, 
was carefully made up in a holder over mercury, and, after its composition 
had been determined by analysis, three successive measurements were 
made (p.m.) of its flame speed when ignited under the standard conditions. 
The photographic records showed that in all cases the initial flame move¬ 
ment had been quite uniform, and the observed speeds of it were : - 

Observed speeds 83*0, 77*2, and 75*2 cm. per second. 

Mean — 78*5 cm. per second. 

(h) From the flame-speed curves shown in Part I (fig. 3) hereof (g.v.) it was 
seen that a speed of 78*5 cm. per second should be given by a primary 
55*5C a H 4 /44*50 2 mixture. Accordingly this was carefully made up 
in a holder over mercury, and four successive measurements of its initial 
uniform flame speed were subsequently made (p.w?.) under the standard 
conditions, as follows :— 

Observed sjxeds 70*4, 75*0, 76*4, and 78*0 cm. per second. 

Mean - 75 cm. per second. 

Within the limits of experimental error, this substantially confirmed the 
speed predicted from our curve. 

(lii) By calculation, it was deduced that the only hydrogen-oxygen mixture 
which could be added in any proportion to the aforesaid 55*5C 2 H 4 / 
44*50 2 mixture in order to produce the aforesaid complex C 2 H 4 H-H 2 +0 2 
mixture would bo a 86*75H 2 /13*250 2 mixture. But, according to our 
hydrogen-oxygen flame speed curve shown in Part I (fig. 3) hereof, the 
initial flame speed of such a mixture, on ignition under stated con¬ 
ditions, would be as high as 790 cm. per second, or about 10 times that 
required by the supposed law. 

(iv) Moreover, our said hydrogen-oxygen flamo speed curve predicted that 
an initial speed of 75 cm. per second should bo given by a 93*45H a / 
6*550 a mixture. Accordingly, this was made up over mercury and its 
flame speed determined (e.m.) on igniting under the standard conditions 
with the following results :— 

Observed speeds 76*5, 76*5, 77*4 cm. per second. 

Mean — 76*8 cm. per second. 

Thus confirming again the so predicted speed; but, by no possible 
blending of this mixture with the aforesaid 55*5C a H 4 /45*50 a mixture 
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referred to in (ii) could the original 34 , 0C 2 Tl4 + 3-5-0 H 2 -f-32*40 a 
complex-mixtures referred to in (i) be obtained. 

From the foregoing, it would appear that the behaviour of u C 2 ir 4 -f-I[ a |-O a 
mixture does not harmonise with the supposed “ law.*' 

(6) The. C 2 H 2 +2H 2 +() 2 mixture. 

Further evidence as to the behaviour of this complex-mixture will be sub¬ 
mitted in the next section hereof. 

(B) Evidence derived from blending tests. 

Undoubtedly the simplest and most direct test, of the validity or otherwise 
of the “ law ” is that propounded by its authors, namely, “ that if a complex 
mixture is made by blending a number of mixtures of air with simple com¬ 
bustible gases all of which have the same speed of uniform movement of flame, 
then this complex mixture will also have the same speed of flame provided 
that all mixtures are of the same type, all containing excess of oxygen or all 
containing excess of inflammable gas.” Accordingly, as will hereinafter be 
outlined, we have applied such a “blending test” to a number of complex 
“ oxygen ’’-mixtures (both fast and sloiv) as well as to one complex “ air 
mixture. In all our experiments, one of the two primary mixtures employed 
has always been a hydrogen-oxygen (-air) mixture, and the other a hydro¬ 
carbon-oxygen (-air) mixture, the hydrocarbon used being either acetylene, 
ethylene or methane. 

The Experimental Procedure. 

It should be explained that tire experimental procedure adopted by us in 
carrying out such blending tests was briefly somewhat as follows 

(i) At the commencement of each series of experiments, with the help of the 

flame-speed curves shown in Part I (fig. 3) hereof, about 10 litres of each 
of two pritmry mixtures were made up in a gas-holder over mercury, 
namely: (A) of a hydrocarbon-oxygen (-air) mixture, and (B) of a 
hydrogen-oxygen (-air) mixture, respectively, oach of the same type 
(i.e., each containing either excess of combustible gas or excess of air), 
and each having as nearly as possible the same initial speed of uniform 
flame movement, when ignited under the standard conditions. 

(ii) Successive measurements were then made of the initial flame speeds of 
each of the said two primary mixtures, and if the mean results agreed 
within (say) B per cent., the mixtures were deemed suitable for the 
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subsequent “ blending tests.” The exact composition of each primary 
mixture was then ascertained by careful analysis, and until the subsequent 
“ blending tests ” were completed, each was kept stored over mercury 
at a pressure greater than that of the atmosphere, so as to minimise any 
chance inleakage of air. 

(iii) The desired proportions of each of the said two primary mixtures A 
and B were next separately measured out, as accurately as possible, 
over mercury in a 1000 c.c. graduated cylindrical gas-burette, and 
successively transferred under pressure to another gas-holder over 
mercury, where they were thoroughly blended so as to produce the 
desired “ complex mixture ” C, whose exact composition was afterwards 
determined by analysis. As a rule, a series of such complex mixtures 
was so made up by blending different proportions of the two primary 
mixtures (75A/25B, 50A/50B, 25A/7BB, etc.) for subsequent examina¬ 
tion. The usual order of such blending was, first of all, 50/60, and 
afterwards (as far as possible) alternately on either side of it. 

(iv) Successive flame-speed measurements under the standard conditions 
were then made with each said complex-mixture so prepared, using, in 
most cases, and whenever possible, the photographic method. 

(v) Finally, after all the said flame-speed measurements had been com¬ 
pleted, those of each of the two primary mixtures A and B were re¬ 
peated, so as to ensure that they had undergone no alteration during the 
time covered by all the foregoing operations. 

Purity of the Oases . 

Throughout all the experiments, the utmost care was taken to ensure the 
purity of all the gases employed, including their practical freedom from 
adventitious nitrogen. Each of the hydrocarbons (acetylene, ethylene or 
methane) used was purified, not only by chemical methods, but also finally 
by liquefaction and fractionation of the liquid. The hydrogen used was pre¬ 
pared by the action of pure dilute sulphuric acid upon Mond’s “ Crescent ” 
electrolytic zinc (99-98 per cent, purity), and was subsequently washed by 
passage through a train of “ worms ” containing a hot alkaline solution of 
potassium permanganate. The oxygen used was prepared by gently heating 
recrystallised potassium permanganate, and was washed by passage through 
a strong solution of caustic potash. Special attention was paid to minimising 
“ adventitious ” nitrogen, both in preparing the original gases, and in subse¬ 
quently making up the various experimental mixtures from them. Indeed, 
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the arrangement of all the “ generating ” and “ mixing ” apparatus was such 
as easily allowed both the complete evacuation of all vessels and connections 
before or during each preparation, etc., and, in the mixing operations, the 
complete filling beforehaud of all vessels and connections with mercury. By 
such means, we often succeeded in reducing the “ adventitious ” nitrogen in 
the experimental mixtures to less than 0-6 per cent., and in nearly all other 
cases to within 1 per cent.; it never exceeded 1*5 per cent. The accuracy 
of the mixing arrangements employed may be judged by the always close 
correspondence (as shown in the tabulated experimental results) between the 
“ found ” and “ calculated ” composition of the various complex-mixtures 
employed. 

Tabulation of Results. 

In most cases, the verdict of the various blending tests upon the matter at 
issue can be seen at a glance from tho tabulated results, which in each case 
show: — 

(i) The composition of each of tho two primary mixtures A and B, respec¬ 

tively, employed. 

(ii) Tho observed “ flame-speeds,” under the standard conditions, for each 
primary mixture A and B respectively, both before and after the blending 
tests. 

(iii) The proportions in which the two primary mixtures A and B were 
blended to produce each of the complex mixtures C examined. 

(iv) The observed flame speeds, on ignition under the standard conditions, 
for each complex mixture C examined. 

(v) The composition of each complex mixture examined. 

(a) Complex Acetylene-Hydrogen-Oxygen Mixtures. —It was ascertained by 
reference to the flame-speed curves shown in Part I (fig. 3) hereof, supple¬ 
mented by actual trial, that two primary mixtures (A) 64 * 5C a H a /35 *50 2 
and (B) 83H a /170 a , each containing excess of combustible gas, should give 
the same initial uniform flame speed, when ignited under tho standard conditions. 
And, as it was calculated that, on blending them in the proportions 38*3A/ 
61-7B, a complex mixture very nearly of the composition C a H a -|-2H a '-|-O a 
would result, it was decided to employ them in these tests. They both pro¬ 
pagated flame under the standard conditions at a high initial speed, which was 
found to be uniform for a sufficient distance to enable reliable speed measure¬ 
ments to be made. The mixtures were, however, rather “ sensitive ”; so, to 
make things reasonably sure, two separate series of blending tests were carried 
out at different times with fresh mixtures in each case. 
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Table IIa.—F irst Series of Experiments with Complex CjH 9 —H a —0, 

Mixtures. 


Percentage composition of A. C,H, 04-4 0,30-4 N, 0-2. 

primary mixture* A and 

JJ. B. H, 83-1 0,15-4 N, 1-0. 


Observed flame speeds 
(cm. per second) for A 
and B before and after 
the blending experiments 

Before 

,- A - N 

A. 1435 1420 

B. 1300 1380 


After 

1380 

1410 

Mean 

1410 

1390 


Proportions of 

A and B blended to 
form C. 

Observed flame speed 
for the complex 
mixture C. 

Percentage composition of C. 

(!) Found and (ii) Calculated. 

A. 

B. 

cm. per second. j 


0,11,. 

H,. 

O.+N,. 

75 

25 

1170 

/(■> 

\(«) 

48*0 

48*3 

21-0 

20-8 

31 0 
30*9 

GO 

50 

1220 

1100 

/(«) 

\(»i) 

32*4 

32*2 

41*3 

41*0 

20*3 

20*2 

38-3 

01*7 

1100 

1200 

/<i) 

\(») 

24 *8 

24 75 

50- 7 

51- 25 

24-5 

24-0 

25 

75 

1220 

1240 

/<!) 

\(ii) 

10-2 

16-1 

01*8 

02*3 

22*0 

21*0 

12-5 

87-5 

1375 

f(i) 

\(i>) 

7-9 

80 

72*9 

72*7 

19-2 

19*3 


N.B.—All flame speeds measured photographically. 


It will be seen that in neither series did the experimental results, which are set 
forth in Tables II (a) and (b) agree with the “ law.” For, in the first series, the 
effect of blending the two primary mixtures A and B was, in most cases, to 
depress their original flamo speeds from about 1400 to about 1200 cm. per 
second, or by nearly 15 per cent. In the second series, the speed-depression 
was, in some cases, even greater, namely, from about 1380 to about 1050 cm. 
per second, or by nearly 25 per cent. Because of the sensitiveness of these 
mixtures, we do not stress any particular figure; but the general implication 
of the results as a whole is, we think, unmistakable. 

In two respects, however, the divergencies of these mixtures from the “ law ” 
differed from that of any of the other complex hydrocarbon-hydrogen-oxygen 
mixtures, studied, in that (i) it was much less marked and (ii) apparently reached 
a maximum at a region somewhere between 50A/50B and 38-3A/61-7B, 
instead of progressively increasing with the proportion of B in the various 
blendings. 

This last-named peculiarity seemed to synchronise with an interesting 
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Table 11b. —Second Series of Experiments with Complex CgHj—H t —O, 

Mixtures. 


Percentage composition of 
primary mixtures A and 

A. 0,H, 04-6 0,36-2 N.0-2 

B. H, 83-0 0,16-5 N, 1-6 

Observed flame speeds 
(oms. per sooond) 

Before After Mean 

A, 1380 1330 1355 

£. 1440 1380 1410 

Proportions of 

A and B blended 
to form C. 

Observed flame 
speeds for complex 
mixture C. 

Percentage composition of C. 

A. B. 

oms. per second. 

U,H,. H,. «,+N,. 

90 10 

75 25 

50 50 

38*3 <51-7 

25 75 

12*5 87*5 

1315 

1200 1170 

1070 1045 

1000 1020 

1235 1190 

1280 

58-15 8-30 33-55 

51-45 20-75 27-8 

34-3 41-5 24*2 

24-74 51*12 2414 

17-15 02*2 20-85 

8-05 72-5 19-45 


N.B.—All flame speeds were measured photographically. 


feature observed in the corresponding photographic records, some of which 
(from the first series of experiments) are reproduced in Plate 30. It will be seen 
that, whilst both the 100A/OB, and the 60A/60B mixtures (the same also held 
good for the 38-3A/61-7B mixture) exhibited a well-defined “ uniform ” flame 
movement, which, in course of time, was succeeded by a peculiar kind of 
vibratory period; in the case of the 25A/75B mixture, the flame movement was 
not quite uniform from the first, and in the case of the 12'5A/87*5B mixture 
never at all. The peripheral speed of the drum to which the photographic 
films were attached being constant (within 1 per cent.) throughout the series, 
visual evidence of the divergencies of those mixtures from the “ law ” is offered 
by the very different angles traced by the flame during the initial uniform 
movement in the case of the 100A/0B and the 50A/50B mixtures, namely, 
30° in the first and only 25 & 48' in the second case. In the 0A/100B photo¬ 
graphic record, which showed a quite uniform initial flame movement, the angle 
traced was 29° 48'. 

Incidentally it may be mentioned that, in another connection, we have 
recently discovered that successive additions of acetylene to electrolytic gas. 
so as to produce a series of complex mixtures x CgHj/100— x (2H,+O g ), have 

von. oxi v.— a. 2 H 
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a peculiar disturbing influence upon the uniform character of the initial flame 
movement. Such influence reaches a maximum when x = about 20, after 
which it subsides and eventually disappears, so that with x ■= 30 it is hardly 
appreciable. This feature is well brought out in the two beautiful photo¬ 
graphic records (p.m.) reproduced in Plate 31 of which A was given by a 19 C a H a / 
81 (2H a +0 a ), and B by a 22 C a H a /78 (2H a +O a ) mixture, when ignited 
under the standard conditions. Attention is directed to the non-uniformity 
of the flame movement, more marked in A than B, as well as to the 
“ feathery ” character of the pictures, the cause of which we desire to reserve* 
for further investigation. The mean “ flame speed ” in A was nearly 4000 cm. 
per second, and in B between 2200 and 2600 cm. per second. It seems possible 
that the peculiarities referred to in this and the two preceding paragraphs 
may be in some way connected with the endothermic character of acetylene ; 
but, however that may be, we think that in all probability they may be 
referred to some common cause. 

(6) Complex Ethylene-Hydrogen-Oxygen Mixtures .—Complex ethylene-hydro- 
gen-oxygen mixtures seemed well-suited for testing the validity of the sup¬ 
posed “ law " because of the heat of formation of the hydrocarbon being only 
—2-7 K.C.U. per gram-molecule, as compared with —47*8 for acetylene and 
+21 -7 for methane. That used in our experiment was generated by Newth’s 
method, and finally liquefied, and the liquid fractionated, the first and last 
portions being rejected. Analyses showed the final product to be very pure 
and practically nitrogen-free. 

In order to make the subsequent blending tests as complete as possible 
three different series were carried out, namely, two in which the primary mix¬ 
tures employed both contained excess of combustible gas, and the third in 
which they both contained excess of oxygen. The primary mixtures used in 
the tests, and their “ flame speeds/’ when ignited under the standard con¬ 
ditions, were as follows :— 


Series. 

Composition of tho primary mixture. 

i. 

Flame Rpocds 
cm. per second. 


A . 

B. 

A . 

B, 


t'A/O, 

H./0, 



I 

56 *45/45 *65 

03*46/6*55 

76 

77 

II 

40*9/50*1 

62>0/7-8 

177 

181 

III 

12*35/87*65 

88*7/81*3 

2106 

2100 
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In most cases the photographic method was employed for the flame speed 
measurements; and in all cases, without exception, throughout the three 
series the initial flame movement was quite uniform. The results of the tests, 
which speak for themselves, are shown in Tables IIIa, b, c, inclusive. 


Table IIIa.—F irst Series of Experiments with Complex C,H* — H a — O g 

Mixtures. 


Percentage composition of 
primary mixtures A 
and B. 

A. C,H 4 60-45 

B. H, 93-46 

0,44-35 N, 0 

0,6-46 N,0- 

•2. 

1. 


Observed flame speeds 
(cm. per second) for A 
and B before and after 
the blending experiments 

Before 

,-*-% 

A. 70*4 75 0 

76-4 78-0 

B. 76*5 76-5 

77*4 


After 

75*7 

80*0 

Mean 

75*1 

77*6 


Proi 

and] 

portions of A 

El blended to 
form C. 


Observed flame speed 
for complex mixture 

V, 

Percentage composition of V 

(i) Found and (ii) Calculated. 

A. 

B. 


cm. per second. 


c,h 4 . 

H,. 

<>,+N,. 

90 

10 


68*4 65*5 

/<»> 

i<»> 

50*1 

49*9 

9*3 

9*35 

40 6 
40*75 

75 

25 


47*5 50*0 

/o) 

\(ii> 

41*5 

41*6 

23*5 

23*35 

35*0 

35 05 

50 

50 


43*1 42*9 

/ (0 
\(n) 

27*6 

27*7 

46*8 

40*7 

25*6 

25-6 

35 

I’m 


25*7 

r (i) 
\<») 

19*25 

19*4 

62*15 

61*8 

18*6 

18*8 

25 

75 


22*3 22*3 

/(i) 

\(») 

13*6 

13*85 

71*1 

71*1 

15*3 

1505 

15 

5 

1 

85 

95 

99 

i 

i 

Did not hrc 






2 H 2 
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Table IIIb. —Second Series of Experiments with Complex CjH*—H a —O s 

Mixtures. 


Percentage composition of 
primary mixtures A and 

A. C,H, 40-9 0,49-0 N.0-8. 

B. H, 92-3 O, 7-4 N, 0-1. 

Observed flame speed 
(cm. per second) for A 
and B before and after 
the blending experiments 

Before 

After 


Mean 

A. 177-7 177-3 

170-2 

B. 182-0 180-0 

180-0 187-0 

178-0 180-0 

180*8 

181*5 

Proportions of A 
and B blended to 
form C. 

Observed flame Bpced 
for complex mixture 

C. 

Percentage composition of C. 

A. B. 

cm. per second. 


H,- 

0,+N,. 

90 10 

141*0 

44*9 

9*3 

45-8 

80 20 

119-7 130-3 

39*9 

18*5 

41*6 

47-5 52-5 

89-3 

23-7 

48*0 

27*7 

20 80 

KO-5 -13-0 

10-0 

740 

160 

15 85 

j 370 37 “* 

7*5 

78*7 

13*8 

1-5 98-5 "I 

i 99 y 

0 -r> 99-5 J 

1 

Did not fire. 





It will be seen that in each of Series I and II, when the primary mixtures all 
contained excess of combustible gas, successive increases in the proportion of 
the B mixture used in the blendings always lowered progressively the flame speed of 
the resulting complex mixtures , until in each case a point was reached when the 
latter no longer propagated flame* 

In >Serics I, when the two primary mixtures were both slow burning, being 
not far removed from the “ higher limit,” this point was reached at 20A/80B. 
In Series II, when the primary mixtures were faster burning, a greater 

* It may also be noted that, in a letter to ‘ Nature ’ on January 8, 1927 (vol. 119, p. 51) 
upon the “ Supposed Law of Flame Speeds," A. G. White, after saying that it " must 
break down when one of the combustible gases in a complex mixture interferes with the 
burning of another," stated that “ by mixing suitable carbon diaulphido-air and (say) 
ether-air mixtures having the same speed of flame, mixtures can be obtained which refuse 
to propagate flame.' * 
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Tablo IIIc.—Third Series of Experiments with Complex C 2 H 4 —H 2 —0 2 

Mixtures. 


Percentage composition of J. C t H 4 12-35 0„87-5 N 3 0*15. 

primary mixtures A and 

B. B. H a 38*7 O e 61 • 2 N*0-1. 




Before 


After 


Mean 

(Jbscrved flame speeds 
(em. per second) for A 
and B before and after 
the blending experiments 

A. 2130 2212 2240 

2200 

B . 2180 2200 

2185 


2190 

2190 

Proportions of A 
and B blended to 
form C. 

Observed flame Bpocd 
for complex mixture 

C. 

Percentage composition of 0. 

( 1 ) Found and (ii) Calculated. 

A. 

B 

cm. per second. 

1 

c,h 4 . 

H. 

0,-1 N, 

75 

25 

3050 3000 

/(■> 

\(*o 

9-3 

9-25 

1006 

0«5 

80- 65 

81- 1 

50 

50 

2900 2900 3270 
(1410) (14(50) 

/ (■) 
too 

0-15 

0-18 

19-3 

19-35 

74*55 

74*47 

25 

75 

i 

3000 3000 

/<o 

\(ii) 

3*05 

3-09 

29-20 

29-03 

07-75 

67-88 


N.B.—All flame speeds measured photographically. 


proportion of B was required in the blending to render the resulting mixture 
non-inflammable. 

In this connection it is interesting to recall how, during his classical researches 
upon flame, Sir H. Davy found that both ethylene and methane (but especially 
the former) have a much greater power of rendering electrolytic gas non-in¬ 
flammable than has a corresponding excess of either hydrogen or oxygen, a 
circumstance which cannot possibly be ascribed to the known differences in 
their molecular heat capacities. Thus for instance, he found that 1 volume 
of electrolytic gas could be rendered non-inflammable (by “ a strong spark 
from a Leyden Jar ”) by dilution with either about 0-5 volume of olefiant 
gas or about 1*0 volume of marsh gas only, whereas no less than 8 volumes of 
hydrogen or 9 of oxygen were required. We are now investigating the 
matter further, because of its practical, as well as theoretical, importance, 
and hope soon to make a further communication to the Society upon it. 

In carrying out Series I and II the eye could easily detect, without the aid 
of any photographic records, the progressive slowing up of the flame speeds as 
the proportion of B in the various blendings was increased. In order to have 
visual evidence of the fact, as well as of the “ uniformity ” of the initial flame 
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movements, the peripheral speed of the drum, to which the photographic 
paper was attached in each case, was kept constant (within 3*5 per 
cent.) throughout Series II. In Plate 32 are reproduced four of the actual 
photographic records, so that the reader may see for himself how the angle 
traced by the flame with the horizontal (and consequently the flame speed) 
diminished as the proportion of B in the blendings increased; the angles, and 
corresponding flame speeds, were as follows:— 


Record. 

Proportion of 
Primary mixture. 

Drum speed. 

Angle. 

Calculated 
flame speed 
cm. per second. 

A. 

B. 

cm. per second. 

1 

100 

0 

118*8 

28° 10' 

178 

2 

00 

10 

120*6 

22° 40' 

141 

3 

so 

20 

116*4 

17° 20' 

120 

4 

40 

60 

118*5 

15° 0' 

82 

! 


In Series III, where the two primary mixtures A and B both contained 
excess of oxygen, and were very fast-burning and sensitive, it was found that, 
with blendings in the proportions 75A/25B, and 25A/75B, respectively, the 
observed flame speeds were all between 40 and 70 per cent, higher than those 
of the two primary mixtures. With the 50/50 blending, however, two quite 
different initial flame speeds were observed in the five successive determina¬ 
tions which were made. Thus, in three of them the speed was between 32 and 
50 per cent, higher , but in the other two it was about 30 per cent, lower, than the 
speed of either of the two primary mixtures blended. In thiB connection, the 
reader is referred to what was said in Part I hereof about the possibility of 
variability in initial flame speed in one and the same mixture, when it is very 
sensitive. In none of the speeds measured, however, were the requirements 
of the supposed “ law ” fulfilled. 

(c) Complex Methane-Hydrogen-Oxygen Mixtures. — The case of these mix¬ 
tures is of particular interest because of Payman and Wheeler’s claim that 
when a complex mixture of methane, hydrogen, and oxygen, the last-named 
being in deficit, is inflamed, the resulting distribution of the oxygen between the 
two combustible gases is governed by their “ law.” If, however, as our results 
prove, such a mixture does not obey the “ law,” the claim in question cannot 
be sustained. 

Highly purified gases were used, the amounts of adventitious nitrogen present 
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in all of them being below 0*5 per cent. The following two primary mixtures 
—each containing excess of combustible gas, and each propagating flame, on 
ignition under the standard conditions, with an initial uniform speod of about 
115 cm. per second—were selected for the blending test, namely 


Mixture. 

Composition. 

Mean flame speed 
cm. per second. 

A 

53*2 CH 4 /46*8 O, 

11.1 

B 

92-0H./7-1O, 

i 

113 


The electrical method (e.m.) was used throughout for the flame speed deter¬ 
minations. From the results of the blending tests, which are shown in Table 
IV, it will be seen that, as in the case of the corresponding ethylene-hydrogen- 
oxygen mixture, successive increases in the proportion of mixture B used in the 
blendings progressively lowered the Jlame speed of the resulting complex mixture , 
until a point was reached when the latter no longer propagated flame . Thus, 
with a 25A/75B complex mixture, the original flame speeds of A and B were 
already more than halved, and a 10A/90B mixture would not propagate flame 
at all under the stated experimental conditions. 


Table IV.—A Series of Experiments with Complex CH 4 —H a —() 2 Mixtures. 


Percentage composition of 
primary mixtures A and 
B. 

CH 4 53-2 0, 

B. H a 92-9 0„ 

, 40-6 

,70 

N,0-3. 

Ng0-1. 




1 Before 

i 


After 


Mean 

Observed dame speeds 
(cm. per second) for A 
and B before and after 
the blending experiments 

t % 

A. 110 117 

B. 112 113 

112 110 


i — - 

117-5 

1130 110-0 

114-8 

112-7 

Proportions of A 
and B blended to 
form C. 

i Observed flame speed 
for complex mixture 

C. 

Percentage composition of C* 

(i) Found and (ii) Calculated. 

A. B. 

om. per second. 


ch 4 . 

H,. 

0,+N,. 

72-5 27-6 

940 

/<«> 

\<H) 

38*1 

38-6 

25*5 

25-5 

36-4 

36*9 

45 55 

72-7 

/(i> 

\<H) 

24*3 

23*95 

51*2 

51*1 

24-5 

24-96 

25 75 

10 90 \| 

2-5 97-5 / 

500 

Did not fire. 

f(i) 

\<H) 

13-4 

13*3 

70*3 

69*7 

10*3 

17*0 
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(d) Complex Methane-Hydrogen-Air Mixtures .—In the paper which they 
contributed to the recent Faraday Society discussion (loc. cit., p. 305), Payman 
and Wheeler said : “ Two mixtures, one of methane and the other of hydrogen, 
with air, having the same speed of flame and containing insufficient oxygen for 
complete combustion, contain widely different proportions of inflammable gas 
and oxygen. During the propagation of flame in a complex mixture of methane, 
hydrogen and air made by blending these two mixtures, the combustion of the 
methane-air mixture is as though it were alone or as though the hydrogen-air 
mixture that dilutes it were a further quantity of the methane-air mixture. 
That is to say, during its burning in the complex mixture the methane behaves 
as though it were still associated with the greater proportion of the oxygen and 
combines with that greater proportion. This we have shown experimentally ” 
(and there was given a reference to their original paper ‘ J. Chem. Soc./ 1922 
(121) p. 363). 

On looking at that paper, however, we are unable to find in it more than one 
actual blending test, giving flame speeds, with such methane-air and hydrogen- 
air mixtures, namely, in which (as is said, loc. dt. t pp. 371 to 376) two primary 
mixtures, (A) a 12*5 CH 4 /87*5-air and (B) a 70*2 H a /29*8-air mixture, both 
having the same flame speed of 30 cm. per second in a 2*6 cm. diameter tube, 
were blended so as to give a complex mixture (C) containing 

CH 4 = 10-25, H 2 = 9*99, 0 2 = 16*16, and N a = 63-G per cent, 
without altering the flame speed. We would point out, however, that (i) a 
simple calculation will show that the complex mixture in question could not 
have been produced by the blending in any proportions of the two aforesaid 
primary mixtures, unless some inleakage of air occurred during the process, and 
(ii) that a speed of only 30 cm. per second for a 70 * 2 H a /29 * 8 air mixture in a tube 
2*5 cm. in diameter seems difficult to reconcile with a previous statement by 
Payman* that, “ it was not found possible to determine accurately the speed 
of the uniform movement of flame in the upper limit mixture of hydrogen-air 
in a tube 2 *8 cm. in diameter. A mixture containing 71 • 1 per cent, of hydrogen 
was found to be the richest which would propagate flame under the experimental 
conditions . . . but its speed, . . . was found to be approximately 50 cm. 
per second.” We have recently found, by our electrical method, a speed of 
50 cm. per second for a 72*6 H a /27 *4 air mixture. 

The number of possible primary methane-air, and hydrogen-air mixtures 
fulfilling the required conditions, i.e. f each containing excess of combustible 
and both propagating flame with the same initial uniform speed, being limited 
* 4 Joiirn. Chem. Sor M ’ vol. 115, p. 1466 (1919). 



439 


Initial Stages of Gaseous Explosions. 

to a small range, our choice of these was necessarily restricted. Eventually, 
after one or two trials we selected for a series of blending tests the following 
two primary mixtures, each of which fulfilled the required conditions 

Flame speed, 
cm. per second. 


(A) 11*05 CH 4 /88-9f)-ai r *. 64*5 

(B) 71 *9 H 2 /28* 1-air* . 64-1 


The electrical method (e.m.) was used throughout for the flame speed deter- 
ruination. The results of the blending tests, which are shown in Table V, 
again showed that, as in the cases of the corresponding ethylene-hydrogen- 


Table V.—A Series of Experiments with Complex CH 4 —II 2 —air Mixtures. 


Percentage composition of 
primary mixtures A and 
B. 

A. 

B 

CH 4 11 05 

H a 71*9 

0,18-2 N, 70-78. 

0,8-75 N a 22-38. 


Observed flame speeds 
(cm. per second) for A 
and B before and after 
the blending experiments 

. 1 . 

Before 

r~ -\ 

65*0 640 

After 

r-*-^ 

04-0 

Mean 

64*5 

i B. 

05*0 

03*0 03*0 

04-7 

63-6 

! 


64*5 61*5 

64*5 63*6 



Proportions of A Observed flame speed | Percentage composition of C. 

and B blended to | for complex mixture j 

form C. | (3. (i) Found and (ii) Calculated. 


A. 

* i 

era per second. 


ch 4 . 

H,- 

o„ 

N,. 

90 

i 

10 , 

61*3 

/<•) 

\<ii) 

10-25 

0-95 

6*9 

7*2 

17-1 

17*05 

06-75 

06-8 

75 

25 

38*5 

/(«) 

\(il) 

8-45 

8-3 

17 8 
18*0 

15*2 

15*2 

58*55 

58*5 

02*5 

37*5 

32*5 

/(i) 

\<U) 

6*6 

6*9 

26*9 

26-95 

13*7 

13*6 

52*8 

52*55 

50 

50 

20*0 

f (i) 

6*9 

35*75 

12*0 

46*35 

26*2 

\<ii) 

5*55 

35 95 

12*05 

46*45 

37*5 

62*5 

23*7 

/(i) 

\<»> 

3*8 

4*15 

44*7 

44*9 

10*6 

10*5 

40*9 

40-45 

25 

75 

Did not fire 

/(») 

2*8 

2*75 

53*6 

53*9 

8*95 

8*90 

34*65 

34*45 


N.B.—Electrical method used throughout. 


* As the amount of adventitious nitrogen in the combustible gas used in making these 
mixtures was less than one per cent., the composition of the air added was not seriously 
altered thereby. 
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oxygen, and methane-hydrogen-oxygen mixtures, successive increases in the 
proportion of B used in the “ blendings ” progressively slowed up the initial uniform 
flame speed of the resulting complex mixture until a point was reached when it no 
longer propagated flame at aU. In this case such point was nearly reached with 
the 37*5A/62’5B complex mixture, and had been passed with the 25A/75B 
complex mixture. 

In a final experiment, in which were blended equal volumes of the following 
two primary mixtures, namely 

Flame speed 
cm. per second. 


(A) ll-5CH4/88-5-air . B2 

(B) 72-6 Hj/27-4-air. 51 


the resulting 50A/50B complex mixture propagated flame quite easily at a 
uniform speed of 21 cm. per second. A 35A/65B blend, however, refused to 
propagate flame at all. 


Summary. 

The results of most of our various “ blending-tests,” which have comprised 
a fairly wide range of complex hydrocarbon-hydrogen-oxygen (or air) mixtures, 
some of them initially propagating flame rather slowly, and others quite rapidly, 
are Bummed up in the accompanying diagram. The hydrocarbons used have 
comprised the strongly endothermic acetylene, ethylene—which is only slightly 
endothermic—and the exothermic methane. Most of the complex mixtures 
examined have contained excess of combustible gases, but in one series they 
contained excess of oxygen. In none of the series have the requirements of 
the supposed “ law ” been fulfilled, as a glance at the diagram will show, because 
had the “ law ” been obeyed, all the lines in it would have been horizontal 
straight lines. 

Moreover, in all the cases which we have examined of complex ethylene- 
hydrogen-oxygen and methane-hydrogen-oxygen (or air) mixtures with oxygen 
in defect, it was found that the effect of progressively increasing the propor¬ 
tion of the primary hydrogen-oxygen (air) mixture B in the various blendings 
in any particular series was to lower the observed flame speed progressively, 
until a point was reached when the resulting complex mixture refused to pro¬ 
pagate flame at all under the stated experimental conditions. Such a result 
is not surprising when the effect of progressively increasing the proportion of 
the hydrogen-oxygen (air) mixture in the various blendings upon the oxygen 
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content of the resulting complex mixture in any particular series is considered, 
but it seems fatal to the supposed “ law.” 



It therefore follows, that whatever measure of truth there may be in Payman 
and Wheeler’s conclusions in regard to particular instances, they are not 
generally applicable to gaseous explosions, and therefore cannot be vested with 
the authority of a natural law. 

In conclusion we desire to acknowledge that two of us (R. P. F. and D. A. W.) 
have carried out this investigation as holders of the Gas Research Fellowships 
maintained at the Imperial College of Science and Technology, Loudon, by 
Radiation, Ltd., and the Gas Light and Coke Co., of London, to whose generosity 
in supporting this work our united thanks are tendered. 
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The Initial Stages of Gaseous Explosions.—Part III. The 
Behaviour of an Equimolecular Methane-Oxygen Mixture 
when fired with Sparks of Varying Intensities. 

By William A. Bone, D.Sc,, F.R.S., R. P. Fraser, A.R.C.S., D.I.C., and 

F. Witt, B.Sc., A.R.C.S., D.I.C. 

(Received February 7, 1927.) 

[Plates 33-36.] 

As part of the general investigation of the initial stages of gaseous explosions 
now being carried on by us at the Imperial College, London, we have had occasion 
to study photographically the behaviour of an equimolecular methane-oxygen 
mixture when ignited by sparks of varying intensities passed between electrodes 
fixed half-way along a horizontal glass tube (36 to 60 cms. long by 2 to 2 • 6 cms. 
diameter), both ends of which were closed in one series of experiments, but open 
in another. A few supplementary experiments were also made under other 
spark igniting conditions. The results of these experiments seem to be of 
sufficient importance, from the point of view of the interpretation of the initial 
stages of gaseous explosions, as to justify the separate publication of them 
at this juncture. 

The evidence of the experiments lies so much in the photographs themselves 
that little need be said about them beyond indicating the precise conditions 
under which they were obtained. It is left to each reader to study them for 
himself, because, while their main features will be obvious to all, the inter¬ 
pretation leaves room for discussion, which it is hoped this publication will 
provoke. 

To us they suggest such possibilities as (a) the occurrence, under ordinary 
sparking conditions, of what seems to be much like a definite "induction 
period" as a preliminary to the actual combustion; (6) an initial propagation 
through the medium of a “ ghost-like flame " condition involving only a very 
partial combination of the gases; and (c) the main combustion following later 
as the result of the superposing of a compression wave, or the like, upon a system 
which during the phase (6) has already become highly sensitive to chemical 
changes. 

Experimental. 

In all the following experiments an equimolecular mixture of methane and 
oxygen, made np from highly purified gases, was employed. The chemical 
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reactions involved in the explosive combustion of such a mixture are known to 
be as follows-namely :—(i) the primary interaction of methane and oxygen 
producing a mixture of carbonio oxide, hydrogen and steam, probably as a 
result of the thermal decomposition of the incipiently formed dihydroxy-methane, 
thus: 

CH 4 +O a = [CH,(OH) a l = CO+Hj+H.0, 

and (ii) secondary interactions in the reversible system 

CO+OHj^zrCOj+H*. 

The end products, before condensation of steam, would consist of a mixture 
of the oxides of carbon, hydrogen and Bteam in somewhat the following pro¬ 
portions :— 

CO, = 5-0, CO = 28*25, H a = 38-5, H a O = 28-25 per cent. 

It should be understood that the equimoleculor is one of the fastest burning 
of all methane-oxygen mixtures; thus, for example, its rate of detonation— 
2628 metres per Becond—exceeds that of all other such mixtures, the 
so-called “theoretical” mixture, CH 4 -j-20 a , having a rate of 2320 metres 
only. 

First Series. 

Explosion of the Mixture in a Horizontal Glass Tube dosed at each End. 

In this series of experiments, a horizontal glass tube, 36 cms. long by 2 cms. 
internal diameter, closed at each end, and provided with platinum-balled 
electrodes midway along it (fig. A), was first of all thoroughly cleaned, 



then evacuated by means of a powerful pump, and finally filled at 20° C. and 
780 mm. with the moist equimolecular methane-oxygen mixture.* The tap 
in the capillary end of the tube was then shut. The contents of a number of 
such tubes were successively ignited by means of a spark of known intensity 
passed between the electrodes. The intensity of the spark was varied in different 

* The mixture would aotually contain about 10 mm. at aqueous vapour. 





444 W. A. Bone, R. P. Frafler and F. Witt. 

trials, so as to discover how the subsequent explosions would be affected 
thereby. 

The course of the resulting explosion was photographed upon a highly 
sensitised film fastened on a drum which was rotated about its horizontal 
axis at a constant speed in each experiment, by means of the mechanism 
already described in Part I hereof, the actual linear speed of the film past 
the slit behind the lens of the camera being 1540 cms. per second. 

On ignition, therefore, the flame would start in the neighbourhood of the 
electrodes, and from thence would be propagated horizontally towards each of 
the closed ends of the tube. The conditions of ignition were, therefore, 
approximate to those of open-tube spark-ignition. The photographic record 
produced on the film would thus be compounded of the horizontal velocity of the 
flame in each direction and the vertical movement of the film. The general 
arrangement and working of the apparatus were the same as already 
described in Part I (fig. 1) hereof (g.t>.). 

In Plate 33 are reproduced four typical photographs so obtained, the only 
varying condition being the character and intensity of the igniting spark. The 
photographs are numbered in order from left to right in accordance with the 
increasing spark intensity. 

No . 7 resulted from an experiment in which a magneto spark across a 1-min. 
gap was used for igniting the explosive mixture. The passage of the spark is 
shown as a bright spot at the apex of the photograph. A close examination 
shows that for about 0-00125 sec. after the actual passage of the spark, the 
luminosity (if any) of the medium was insufficient to affect the film, no flame 
or flame movement being visible. After this short interval, which is suggestive 
of an “ induction period,” a feebly actinic ghost-like flame started, and was 
propagated for a distance of 10 cms. on either side of the igniting spark with a 
continuous acceleration, but with no appreciable increase in luminosity. The 
time actually taken for the flame to traverse the first 10 cms. after the 
commencement of visible luminosity was 0*004 sec., after which a marked 
deceleration of the velocity always occurred, giving rise to an approximately 
“ uniform flame movement,” which continued until the flame front reached the 
closed end of the tube, but without any alteration in the luminosity. At the 
moment, however, when this ghost-like flame front reached the end of the tube, 
a sudden outburst of intense luminosity occurred, as though the greater part of 
the actual combustion had yet to take place. The whole tube instantly became 
filled with an intensely luminous flame, traversed by compression-waves, a 
condition which lasted for at least 0*0025 sec. after the outburst. 



Initial Stages of Gaseous Explosions . 445 

We thus have visual evidence of three distinct phases in the explosion, namely, 
(a) an initial “ induction period ” of non-luminosity and no flame movement, 
lasting for about 0*00125 sec., (6) an intermediate stage of feeble luminosity, 
extending altogether over about 0*00425 sec., during which each of the two 
initial flame fronts traversed the medium and reached the closed end of the tube, 
and (c) a final period of intense luminosity extending over 0*0025 sec., 
during which, presumably, the main combustion occurred. 

It should be mentioned that a close inspection of the original negative shows 
features of (6), rather suggesting a “ composite ” flame front with three closely- 
following feebly luminous flame-bands ; but these arc so difficult of reproduction 
that they are scarcely visible in the print. Also, behind the flame front there are 
“ streamers ” of gas distinctly more luminous than the surrounding medium, 
which is almost non-Iuminous. 

No. 2 is from an experiment in which almost the minimum condenser spark 
discharge (0 • 05 microfarad at 1000 volts) was used for ignition. The phenomena 
associated with the resulting explosion were, in general, much the same as in 
No. 1. The duration of the initial “induction period ” (a) was again about 
0*00125, of the first flame phase (5) about 0*00425, and of the final period of 
intense luminosity 0*0025 sec. In fact, the two photo-records were super- 
posable, the only observable difference between them being that in No. 2 the 
“ composite ” character of the flame front in (6) and the " streamer ” effects 
after it were both much fainter. 

No. 3 is from an experiment in which tho igniting source was a condenser 
spark discharge of 3*75 microfarads at 1000 volts. Here quite new features are 
seen. In the first place, the non-luminous short “ induction period ” (a) 
previously observed is missing, visible combustion starting immediately on the 
passage of the spark. Next, although the general luminosity of the first flame 
front (b) was still much fainter than that of the final combustion (c), it was 
no longer so homogeneous, being marked by strice of enhanced luminosity, 
whose forward projection was reversed when the initial continuous acceleration 
of the first flame front was checked. These finally coalesced with the final 
main combustion (r), which had much the same features as the corresponding 
phases in Nos. 1 and 2. Also, and quite distinct from such strim , perfectly straight 
luminous tracts were discernible in the original negative, suggestive of metallic 
particles being shot off from the electrodes. Notwithstanding such well-marked 
differences, the average velocity of the first flame front during the phase (6), 
as well as the duration of the phase (c), were much the same as in Nos. 1 and 2. 

No, 4 is from an experiment in which the igniting source was a condenser 
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spark discharge of 8 microfarads at 1000 volts. Here the resulting phenomena 
generally resembled those of No. 3, but the stricB during the phase (6) were 
much more marked. 

It should be pointed out that the marked difference between the appearance 
of the discharge spark in Nos. 3 and 4, on the one hand, and Nos. 1 and 2, 
on the other, is probably due to the much greater ultra-violet emission of the 
spark in the two first-named cases ; the illumination of the walls of the tube 
by such an intense emission gave the spark its elongated appearance in the 
photographs. 

There are three outstanding features common to all four experiments— 
namely, (i) that the average speed of the ghost-like flame front during the 
phase (b) was much the same in all, (ii) that in no case did the main combustion 
(c) commence until the flame front in phase (6) had reached the closed end 
of the tube, and (iii) that its duration was much the same in all cases. 

It should be stated that analyses of the products obtained in the various 
experiments showed that combustion had been complete in each case. 

Second Series. 

Explosion of the Mixture in a Horizontal Glass Tube open at each End. 

In this series of experiments the same mixture was ignited in a horizontal 
glass tube, 50 cms. long by 2 • 5 cms. diameter (fig. B), by a spark passed between 



Fio. B.—Explosion Tube. G loads to gas-holder, M to manometer, and P to pump. 


lead electrodes fixed midway along it. The tube had flanged ends, which, 
after it had been evacuated by the pump and filled with the explosive mixture, 
were drawn off by a gentle sliding motion immediately before the igniting spark 
was passed, so that the resulting explosion took place in an open tube. The 
linear vertical speed of the film past the slit of the camera was again constant 
at 1480 cms. per sec. throughout the series. Plate 34, Nos. 5 to 8, shows 
the results of four typical experiments in each of which the igniting spark 
was the same as in the corresponding experiment of Series I. Indeed, the 
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only differences between the conditions of the eorrespthiding experiments in 
Series T and IT were (i) that in JI the tube was longer and rather wider than 
in I, and (ii) that in If both ends of it were opni instead of being closed 
us in I. 

No. 5 is from an experiment in which ignition was effected by means of a 
magneto spark across a 1-mm. gap. Here there was a definite initial non- 
luminous u induction period ” the duration of which was 0-0012 sec. —much 
the same as in the corresponding experiment (No. 1) in the previous series. 
This was succeeded by the phase (6), during which a ghost-like flame front was 
propagated through tins medium with a continuous acceleration almost to the 
end of the tube. No stria; w r ere observable in the photographs, and the intensely 
luminous phase (c), always observed m Series I, was now absent. 

No. 6 is from an ex|>eriinent in which the same condenser discharge spark 
as in No. 2 (namely, 0-05 microfarad at L000 volts) was used for ignition. The 
duration of the nou-luminous “ induction period,” before any flame started, 
was precisely the same as in Series I, No. 2. And in most other respects, except 
the absence of the intensely luminous final phase (c), the results were generally 
the same as in that experiment. 

No. 7 is from an experiment in which the same condenser discharge spark 
as in No. 3 (namely, 3-75 microfarads at 1000 volts) was used for ignition. Here, 
as also in No. 3, no u induction period *' was observable. The initial flame 
movement during phase (b) wan also much the same in both cases, but now, 
with the open-ended tube, no phase (c) sujiervencd 

No. 8 is from an experiment in which the same condenser discharge-spark 
as in No. 4 (8 microfarads at 1000 volts) was used for ignition. Here an 
entirely new feature was observed, namely, that combustion immediately 
started with an intense luminosity in the neighbourhood (£.<?., in a region 
of about 5 cms. on either side) of tlie initiating spark, where it persisted (almost 
stationary) throughout the whole duration of the experiment. But, beyond 
this region, only the feebly luminous ghost-like flame movement characteristic 
of phase ( b ) occurred. This is a most significant result, suggestive of the 
intense combustion characteristic of phase (c) being producible by strong 
“ ionisation ” of the reacting gases in the neighbourhood of a powerful 
initiating spark. 


Third Series. 

In Plate 35 is reproduced a series of four photographs obtained in 
experiments in which the same equimolecular methane-oxygen mixture was 
VOL. 0X1V.—A. 2 I 
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ignited at or near the open end of a horizontal glows tube 50 eras, long by 2 • 5 tm 
diameter (fig. G), the other end being olosed. 



Kjo. C. —Explosion Tube. 0 leads to gas-holder. M to manometer. P to pump. 


No. 9. Ignition was by means of a 2-cm. high coal-gas flame applied at the 
open end of the tube. Here we see a long initial “ uniform flame movement ” 
(velocity — 190 cm«. per sec.), followed by a well-marked oscillatory movement. 
The linear film speed past the slit of the camera was 550 cms. per sec. 

No. 10. Ignition was by means of a powerful condenser-spark discharge 
(8 microfarads at 1000 volts) passed between brass-point electrodes at the mouth 
of the tube. Here there was (i) a short initial nearly uniform flame movement 
(velocity — 500 cms. per sec.) succeeded by (ii) an “ oscillatory ” movement, 
during which the mean forward velocity of the flame was decidedly less than 
in (i), although greater than that observed for the similar phase in the previous 
experiment with ordinary flame ignition. It should be noted that the speed 
of the initial uniform movement in this experiment was 500, as compared with 
only 190 cms. per see. in No. 1, showing that more than one speed of initial 
uniform movement can be obtained for the same mixture in the same tube, 
according to the intensity of the igniting source. The linear speed of the 
film in this experiment was 220 cms. per sec. 

Nos. 11 and 12. Ignition was by means either of a magneto (No. 3) and/or a 
powerful condenser spark discharge of 8 microfarads at 1000 volts (No. 4) 
respectively, passed between lead-balled electrodes fixed inside the tube at a 
distance of 5 cms. from its open end. In neither case was there any initial uniform 
movement, the “ oscillatory ” movement being set up almost from the first. 
The in tensit y of the combustion in the region of the powerful condenser spark 
used in No. 4 was again very marked. The linear speed of the film in each 
of these experiments was the same as in No. 1, namely, 550 cmR. per sec. 

Concluding Remarks. 

We think that a careful study of the photographs included in this paper will 
convince readers that, notwithstanding all the scientific investigation of the 
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matter since Mallard and Le Chatelier first took it up in the year 1880, we have 
still much to learn about the initial stages of gaseous explosions. Indeed, 
a systematic re-investigation of the whole subject now seems called for, and 
we propose continuing our experiments in the hope of elucidating further the 
new features which have been disclosed so far. 

Therefore, we wish it to bo understood that in this paper we are merely 
describing, as best we can, the phenomena which we have observed, and which 
are recorded in the photographs. At present we are content with directing 
attention to their outstanding features, and indicating their significance, without 
attempting to explain them. We have used the terms “ induction period ” 
and “ ghost-like flame ” as being the best we could find to describe what the 
photographs show, leaving it to further investigation to discover what inter¬ 
pretation must be given to them. We are not yet in a position to say what 
proportion of the total combustion occurs during the passage through the 
explosive medium of the ghost-like flame observed in Series 1 and II; 
presumably, however, from the appearance of the photographs, it is relatively 
small. This, and many other points, must await further experimental 
investigation, which we are now undertaking. 

In conclusion, we desire to state that one of us (R. P. F.) has participated 
in this investigation as the holder of the Gas Research Fellowship maintained 
by Radiation, Limited, of London, at the Imperial College of Science and 
Technology, London, and another (F. W.) as the holder of a maintenance grant 
from the Department of Scientific and Industrial Research, to both of whom 
our united thanks are hereby tendered. 
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The Structure of Certain Silicates. 

By W. Lawrence Brack, F.R.S., Langworthy Professor of Physics, Manchester 
University, and J. West, John Hurling Fellow, Manchester University. 

(Received February 3, 1927.) 

L Introduction. 

The structures o£ the silicates which occur in nature present a highly interest¬ 
ing series of problems for X-ray analysis. The number of crystalline forms is 
very largo, and they have been investigated very thoroughly as regards their 
crystallographical and optical properties, and the way in which isomorphous 
replacement of one constituent by another takes place. It is generally possible 
to obtain well-developed crystals which are suitable for purposes of X-ray 
investigation. The difficulty of analysis is due to the complexity of the mole¬ 
cules which enter into their composition, and the low symmetry of most of the 
crystals ; a direct attack on the problem of their structure by the usual type 
of X-ray examination is not easy. There are, however, certain features of 
these compounds which reduce the difficulties of analysis, and enable an insight 
into the structure to be gained even when its complete determination is not 
possible. 

The especial feature which is discussed in the present \n \per is the fundamental 
part played by the oxygen atoms in the crystalline arrangement. The structure 
may be regarded as an assemblage of oxygen atoms, cemented together by silicon 
and by metallic atoms. In the case of most metals which are of common 
occurrence in the silicates, their insertion between the oxygen atoms causes 
only a slight distortion of the oxygen arrangement, and the relative proportion 
of these metals and of silicon can be varied within wide limits provided that 
their positive valencies neutralise the negative valencies of the oxygen atoms. 

If this way of regarding the structures be right, it suggests that each series of 
natural silicates, classified together by the mineralogist as belonging to a 
minetal species although there is a wide variation in chemical composition, 
is based on a definite type of oxygen assemblage. A formula for the structural 
unit must in the first place be adjusted so as to contain the correct number of 
oxygen atoms although the numbers of the other atoms may vary. The 
importance of the oxygen atoms in determining atomic arrangement makes 
X-ray analysis more easy, because certain simple groupings of oxygen atoms 
may be recognised in much the same form in very different compounds. For 
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instance, a large number of the silicates discussed in the present jmper are based 
cm the cubic or hexagonal forms of dose-packing of oxygen atoms, the atoms 
of metal and silicon being inserted into this framework. The underlying 
simplicity of the* oxygen arrangement may be hidden by the complexity of 
crystal form, for the dimensions of the unit cell represent the intervals at which 
the complete atomic pattern repeats itself, and a complex arrangement of 
silicon and metal atoms leads to a pattern of low symmetry and large unit cell. 
Nevertheless the dimensions of the unit cell can be shown to be related to the 
fundamental spacings of a much simpler background of oxygen atoms, on which 
the complex pattern formed by the other atoms is embroidered. 

2. Atomic Arrangement in the Silicates . 

We were led in the first place to this way of regarding the silicate structures 
by interesting dimensional relationship between the compounds BeO, A1 2 0 3 , 
BeAl 2 0 4 , MgAl 2 0 4 , and Mg 2 Si() 4 , and by Wasastjerna's work on the relative 
sizes of ionic structures. It was noticed in calculating the birefringence of 
corundum, A1 2 0 3 ,* that the oxygen atoms are very close to the positions of 
hexagonal close-packing with a mean distance of 2*7 A between atomic centres 
although the aluminium atoms are unecpially distributed amongst them. 
Since Wasastjerna’s figures! assign a much larger size to the oxygen ion than 
to the aluminium ion, this arrangement suggested that the oxygen ions were in 
a distorted form of closest packing with aluminium ions in the interstices of the 
structure, and indicated the possibility that the pseudohexagonal chrysoberyl, 
BeAl a 0 4 , along with the very similar olivine, (MgFe) 2 Si0 4 , might also be 
based on the same arrangement of oxygen atoms. This proved on trial to be 
the case.J § We were led to examine the structures where small ions might be 
expected to be situated in the interstices of an oxygen assemblage, and a most 
interesting field for this investigation is provided by the silicates. 

Tn this paper free use is made of the conception of positive metal or silicon 
ions and negative oxygen ions. Although it seems justifiable to speak of atoms 
of magnesium, beryllium, iron, and aluminium, as positive ions bound to 
negative oxygen ions in crystalline structures, one is on more doubtful ground 
in extending the same conception to atoms of silicon. The binding forces 
between silicon and oxygen atoms may be of a much more complex type than 
the forces between distinct ionic structures of opposite charge. The only 

* W. L. Bragg. ‘ Hoy Soo. Proe,,’ A, vol. 106, p. 369 (1924). 

t 1 Soo. Scient. Kenn. Comm./ vol. 1, p. 38 (1923), vol. 2, p. 26 (1926). 

X W. L. Bragg and G. B. Brown, ‘ Hoy. Soc. Proc./ A, vol. 110, p. 34 (1926). 

§ W. L. Bragg and G. B. Brown, ‘ Z. f. Kriat./ vol. 63, p. 638 (1926). 
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feature of silicon and oxygen arrangement which will be used here is one common 
to all structures containing these atoms which have as yet been analysed. It 
was first shown in a highly interesting way by the structure of quartz itself 
in the [i form analysed by Sir William Bragg and R. E. Gibbs.* * * § The dimensions 
of the whole crystal structure were shown by these authors to depend on a 
tetrahedral grouping of oxygen atoms around each silicon atom, with a nearly 
constant distance of 2-6 A between oxygen centres like that in the metallic 
oxides mentioned above. Other forms of silica, since analysed, show the same 
feature. Since these structures where silicon and oxygen alone are involved 
display this constancy of interatomic distance for oxygen atoms, it is not sur¬ 
prising to find it in compounds where metallic ions and silicon are present. 
Similar groupings of four oxygen atoms around a silicon atom are found in the 
orthosilicates, garnet, Ca 3 Al 2 Si 3 0 12 ,t zircon, ZrSi0 4 4§ and olivine (loc. cit.) f 
and in the metasilicate Beryl, Be 3 Al 2 Si 0 O 1K .|] In all cases an interatomic 
distance in the neighbourhood of 2-7 A is found for the oxygen atoms. Men- 
zer's analysis of garnet is particularly interesting, because the atomic positions 
can be fixed so accurately owing to the small number of parameters (three). 
It was the first analysis of a complex silicate to be made, and illustrates the 
characteristic features of these compounds in a very striking way. 

For brevity, this feature will be referred to as a “ packing 99 of oxygen ions, 
with positive ions between them. Beryllium has been found to lie between 
four oxygen atoms (BeO, BeAl 2 0 4 , Bo 3 Al 2 Sio0 ls ), aluminium to lie between 
six oxygen atoms (A1 2 0 3 , BeAl 2 0 4 , Ca 3 Al 2 Si 3 0 12J Be 3 AI 2 Si fl 0 18 , MgAl a 0 4 ), 
and silicon in each case between four oxygen atoms. The conception of the 
Bilicates as “ co-ordinated ” structures of ions packed together provides so 
convenient a way of describing structure that it will be used below, it being 
understood that the present enquiry is concerned with atomic position alone 
and not with interatomic forces. The relative dimensions of the ionic structures 
will now be considered. 

The isomorphous replacement of an atom by another in the silicates has been 
discussed in a very interesting way by F. Zambonini,^[ and by E. T. Wherry.** 

* 4 Roy. Soc. Proc./ A, vol. 109, p. 405 (1025). 

t G. Menzor, ‘ 2. f. Krist./ vol. 03, p. 157 (1926). 

t L. Vogard, ‘ Phil. Mag.,’ vol. 1, p. 1151 (1926). 

§ W. Sinks, 4 Min. Mag./ vol. 115, p. 176 (1926). 

|| W. L. Bragg and J. West, 4 Roy. Soc. Proc./ A, vol. Ill, p. 601 (1926). 

F. Zambonini, " Rend. Accad. Lincei,’ vol. 31, p. 295 (April, 1923) 1922. See also 
abstract by H. S. Washington, 1 Amer. Min./ vo). 8, p. 81 (1023). 

** ‘ Amer. Min./ vol. 8, p. 1 (1923). 
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Their pajiers were published almost simultaneously and put forward very similar 
views. Zambonini discusses the well-known isomorphism of alhite and anorthitc, 
where there is substitution of the group VnA\ for the group NaSi, with equal 
sums of the. principal valencies. He lays stress on the relative sizes of the 
elements which replace each other. Aluminium can replace silicon,atom for atom, 
because these two atoms appear to occupy the same amount of space in the 
crystal edifice. The change must be accompanied by a corresponding replace¬ 
ment of sodium by calcium, in order that the valencies may balance, and this 
is possible because sodium and calcium arc also ions which occupy almost 
identical spaces in the* structure. The isomorphism of diopside, CaMgSi 2 Oe, 
and acmitc, NatV"Si 2 O fl , is a similar case. Zambonini makes the further 
interesting point that there is no essential difference between the role played by 
aluminium, and that played by silicon. He regards aluminium as assuming 
the acid function ; in the present paper we refer to silicon as a positive ion like 
that of aluminium or the other metal constituents, and not as being the centre 
of an acid group, but it is immaterial to the present discussion which view is 
adopted. Wherry also comes to the conclusion that “ the principal requisite 
of isomorphous replaceability is that the elements in question must possess 
apparently identical volumes.*' He cites a highly interesting series of cases, 
all directed to show the importance of spatial considerations in replacement. 
A review of the idea of “ volume* isomorphism *' is given by L. J. Spencer in 
the ‘Annual Reports of the Chemical Society' for 1925, in the section on 
Mineralogical Chemistry. 

We arc in absolute agreement with tin* views of these authors as to the 
importance of the sizes of the ions which replace each other. The difference 
between our treatment of the problem and theirs arises because it now seems 
necessary to adopt modified values for the sizes of the ions. We speak for 
convenience of the “ size " or “ diameter " of the ion although, of course, this 
is not a definite physical quantity. It is a useful expression of the empirical 
rule that interatomic distance is an additive property to a fair degree of approxi¬ 
mation in these inorganic compounds. Zambonini and Wlu*rry used values 
for the ionic diameters proposed by one of us in 1920.* These values give the 
right estimate for the distance between positive and negative ions, but need 
modification in one important respect, as has been pointed out by several 
authors, notably by Wasastjerna.f The positive ions were originally sup¬ 
posed to be too large, and the negative ions too small. Wasastjerna has shown 

* \V. L. Bragg, 4 Phil. Mag.,’ vol. 40, p. 169 (1920). 

Y ' Soc. Scient. Yenn. Comm.,’ vol. l f p. 38 (1923). 
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that an amount of about 0*7 A must be subtracted from the radii of the positive 
ions as first proposed and an equal amount added to that of the negative ions, 
in order that a set of empirical constants may be obtained which give a true 
picture of the arrangement of the ions in crystalline structures.* This modifica¬ 
tion does not affect the striking examples of the importance of ionic size in 
isomorphous replacement given by Zambonini and Wherry since all the positive 
ions are reduced in size to the same extent. It has the effect, however, of making 
the negative oxygen ion the largest ion in the crystalline edifice, and therefore 
the most important in determining its form. The figures in the 19*20 paper 
were unfortunately responsible for an erroneous impression of the comparative 
unimportance of the oxygen atom. 

The relative sizes of the more common constituents of the silicates according 
to the mollified figures are shown in fig. 1. The oxygen ion is assigned a 
diameter of 2-7 A. This must only be taken as indicating that the repulsion 

Of o O o o 

Ions OTOHTF" stUV Al +++ Mg>c + Na,c£ + K + 
'Diameter* 2*7 A 0*6A HA 1*5A 2'0A 2-6A 

hi o. 1. 

between the oxygen ions becomes sufficiently large to prevent further approach, 
under the influence of forces of the order oiwrative in the crystalline structure 
when the centres of the ions are about 2*7 A apart. In structures of the type 
considered here, the distance is observed to vary by about 0*2 A in either 
direction. The other estimates of size are of the same nature, and it will be 
noticed how much larger the oxygen ion is than the majority of the other ions. 
The ions OH - * and F occupy a space comparable with that occupied by 0 

It is to be inferred from these sizes that the repulsion between neighbouring 
oxygen ions is more important in deciding their relative positions than the 
repulsion between oxygen and most metals, because it sets in at so largo an 
interatomic distance. This may be expressed by saying that these metal ions 
pack into the interstices of the oxygen assemblage without greatly distorting it. 

+ H* 

Very little distortion is produced by the ions, Si + 1 Al 1 +1 , Be 1 and probably 
also B -1 + 1 . The ions Fe ++ , Mg + 1 , Mn 1 + are rather larger, and expand the 

* C/. “ Interatomic Distances in Crystals,’' W. L. Bragg, * Phil, Mag.,’ vol. 2, p. 258 
(1928). 
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structure, but may still be regarded as packed between the oxygen ions which 
remain at a distance of slightly more than 2*7 A apart. On the other hand, 
such ions as Cn 1 , Nu 1 , K 1 , Ra are much too large to fit between close- 
packed oxygen atoms. The arrangement in the neighbourhood of these large 
ions is determined by the interatomic distance between metal and oxygen, not 
by that between oxygen and oxygen. 

The crystalline edifice may then be pictui ed in the following way. The oxygen 
ions, by reason of their size and of their number, form the framework on which 
it is built, and they are packed together with a general distance of about 2*7 A 
between their centres. A group of ions (silicon, aluminium, beryllium, iron, 
magnesium) are so small in size that they will paek between the oxygen ions, 
cementing the structure together but having only a secondary effect on its 
arrangement. A second group of ions (sodium, calcium, potassium, barium) 
are of larger size, and plav u primary part in determining the arrangement. 
In isoinorphous replacement of atoms, the small ions ate interchangeable with 
each other, and the large ions are interchangeable if their sizes correspond, 
subject to a general condition that positive and negative valencies balance 
each other. In most silicates, oxygen and the smaller metallic ions predominate, 
and it is this feature which makes it possible to regard the structure as built up 
on a framework of oxygen atoms. 

3. Properties of the Close-packed Assemblage of thygen Atoms. 

If it be correct to suppose that oxygen atoms pack together with ail inter¬ 
atomic distance of about 2-7 A, unless forced apart by the insertion between 
them of one of the larger metallic ions, then the volume associated with each 
oxygen ion in any structure cannot he less than a certain limit. This limit is 
reached when the oxygen ions are in either the cubic or hexagonal type of closest 

‘ i i 

packing, and are combined with only such ions as Be 1 1 , A1 M ‘', Si * h which are 
very small. Tt will be supposed that the oxygen atoms are packed together 
in one of these ways, the distance between neighbouring atoms being every¬ 
where 2*7 A. The assemblage will have certain properties. 

Cubic T m w of Closest Packing . The atoms lie on a face centred cubic lattice, 
Avith an edge 3• ft2 A in length. The volume of the unit cube is 55*7 A :l , and 
it contains four atoms each associated with a volume of 13'9 A 3 . 

Hexagonal Type of Closest Packing , The atoms lie on two interpenetrating 
hexagonal lattices, with <k c” equal to 4*41 A and “a'* equal to 2*70 A. 
The unit cell has a volume of 27*8 A 3 , and contains two atoms each associated 
with a volume of 13 • 9 A 3 as in the case of the cubic lattice since both are equally 
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closely packed. It is sometimes convenient to refer the hexagonal assemblage 
to orthohexagonal axes, and in order to facilitate comparison with compounds 
dealt with below an orthohexagonal cell containing 16 atoms will be chosen. 
This has a volume of 222 -8 A 3 , and the following axes :— 

a = 4-41 A b - 9*36 A c = 5*40A. 

Tn this cell, the a axis is the hexagonal axis. 

A further feature of this close-packed assemblage is of interest. Molecular 
refract ivity is an approximately additive property, and refractivities can be 
assigned to the ions of which a crystal is composed. Wasastjerna* and Fajans 
and Joosf have given a very interesting series of figures for ionic refractivity. 
The rcfractivity of the ion O is very large compared with that of such small 
ions as Be ++ , A1 4 1 . Mg + . and the refractivity of compounds, in which these 
metals of silicon occur in combination with oxygen, is almost entirely due to 
the oxygen atoms. The molecular refractivity does not obey an exact additive 
law, so no universal values can be given for the ionic refractivities. For instance, 
the contribution by a given ion appears to be larger when it is associated with 
another large ion than when it is near a small ion. In compounds of the type 
mentioned above, the following values enable refractive indices to be calculated 
with fair accuracy and give an idea of the relative importance of the different 
ions. 


0 

3-3 3-<> 

MgH- 

0-t 

Ca 

2-0 

A1 H + 

0-3 



+ j - 


Na 1 

o-7 

Ki 1 

0-25 


Taking the lower estimate of 3*3 for the refractivity of oxygon, and using the 
formula 

1 M 

2 ‘ P 1 

it is found that the refractive index n of the close-packed assemblage of oxygen 
ions, neglecting altogether the contribution of metal ions, is equal to 1*71. 
The refractive index of any compound in which oxygen atoms are in close pack¬ 
ing at a distance of 2*7 A apart therefore must be at least 1*71. 

In Table I the volumes associated with each oxygen atom and the mean 
refractive indices are given in the third and fourth columns. Since the atoms 
Be, Al, Si cause no expansion of the oxygen groups and have a very small 
ionic refractivity, crystals based on a close-packed arrangement of oxygen 

* 1 Soc. Scient. Fonn. Comm. Phys. Math./ vol. 1 , p. 37 (1923). 
t ‘ Z. f. Physik/ vol. 23, p. 1 (1924). 
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atoms will have a volume of about 13 ■ 9 A* for each oxygen atom, and a refractive 
index in the neighbourhood of 1*71. Further, the dimensions of their unit cells 
will be simply related to the dimensions of the cubic or hexagonal arrangement of 
closest packing. The volume 13*9 A 3 is a lower limit, and it may be increased 
either by the insertion into the close-packed assemblage of ions such as Mg' , 
Fe 1 1 , Mn H “ (examples are the spinels, the olivine group, the cliondrodite group) 
or by the oxygen arrangement departing altogether from the closest-packed 
form (examples are the forms of silica itself, and the structure of beryl). The 
expansion by itself decreases the refractive index since the highly refractive 
oxygen ions are dispersed in a larger volume, but this may be more than com¬ 
pensated by the introduction of an ion with high refractivity such as Fc 1 r . 
The table may be interpreted by these considerations and shows which structures 
may be expected to be based on one of the forms of closest [jacking. 


Table T. 



Molecular 

Volume per 

Refractive 


volume, M f p 

oxygen atom 
* in \ J . 

index (Na). 

Clone-packed assemblage' 


13 04 

■71 

Beryllium oxide. BeO 

8 -28 

13-82 

■ 728 

Corundum, AI M 0 1 

Chrysoberyl, BeA1 2 0 4 

25-b 

14*05 

-788 

34-4 

14-18 

- 749 

Cyanite, Al t »SiO B 

45 '6 

15*05 

■720 

Spinel, MgAl 3 0 4 

| 39 5 

US* 30 

72 

Olivine (MgFe) 4 SK) 4 

41*1 

18*20 

•85 (Mg,Si0 4 ) 

Chondradite, H a Mg 6 Si a O 10 

urn 2 

18*10 

*82 

Hu mite, 

Clmohunuto, H 2 Mg t Si 4 () 15 

153-4 

18 10 

•80 

198-5 

18 18 


Montieellit#*, Mg0aSiO 4 

51-5 

21-22 

1-88 

Topaz (AiF),Si0 4 

54 4 

14 25* 

1*81 

Phenacite, Be 8 Si0 4 

37-0 

15-38 

-08 

Dioptaae, H a Cu*Si0 4 

48-7 

20*07 

■8ft 

Garnet, R/'R I '"Ki s 0 1J 

112-1 

15*42 

■7 1-8 

Andaluaite, Al a Si0 5 

52-0 

17*15 

•838 

Billimanite, Al B Si0 6 

49-4 

1(1 30 

■885 

Beryl, Be ,Al u Si s 0 1(l 

205-5 

18-85 

581 

Quartz, SiO a 

22*75 

18-73 

1 * 54ft 


* Kiuorino and oxygon arc regarded as equivalent. 

4. The Structure of Cijanite, Al 2 Si0 5 . 

The compounds BeO, Al a O a , BeAl 2 0 4 , AljSiO;,, Si0 2 , Be 2 Si0 4 , Be 3 Al a Sio0 lti 
are composed of oxygen and such ions as may Ins regarded as inserted into the 
structure of ail oxygen assemblage. The figures in the table show that the 
conditions for closest packing are obeyed by BeO, A1 2 0 3 , BeAl 2 0 4 , and indicate 
the possibility of one form of Al 2 SiO r , (cyanite) being also based on closest 
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packing. The structures of BeO, A1 2 0 3 , BeAl 2 0 4 have been discussed in a 
previous paper.* They are all based on the hexagonal assemblage of closest 
packing. In making this statement, it must be understood as referring to the 
general configuration of the crystal, for the oxygen atoms in Al a 0 3 are dis¬ 
placed from the exact positions of the hexagonal arrangement by about 0* 15 A, 
and probably by an amount of similar order in BeAl a 0 4 . We are concerned 
only with the broad features of the atomic arrangement, for the finer details of 
exact atomic position in the complex crystals are beyond the scope of analysis 
in its present form. 

We were led to examine cyanite because it seemed possible that it was based 
on closest-packing. At first sight the crystalline form seems to bear no relation¬ 
ship to the cubic or hexagonal assemblage. Cyanite is triclinic, and has the 
following axial ratios and angles * - 

a:b\c — 0-8894 * 1 : 0-7090 a - 90° 5A' [4 -- 101'* 2' y105° UA'. 

The dimensions of the unit cell have been measured by Mark und Rosbaud.fJ 
Four molecules of Al 2 SiO r , are included in the unit cell, and the lengths of the 
axes are :— 

a ~ 7*15 A b - 8-00 A r ~ 5 • 55 A. 

Rotation photographs which we have obtained give good agreement with these 
values. 

The c axis has a length of 5-55 A, which is slightly more than twice the dia¬ 
meter of the oxygen ion, 2*70 A. The b axis is nearly at right angles to it, and 
the ratio b ; c is very nearly equal to the ratio y/2 : 1. This gives the key to 
the structure, which is based on cubic close packing . The relationship is shown 
in fig. 2. 

The c and b axes of cyanite correspond to the diagonal OC of the unit cube, 
and to the line OB which is twice as long as the edge of the unit cube. The a 
axis of cyanite makes an angle of 105° 44 J' with the b axis, and an angle of 101° 2' 
with the c axis. If a line OA is drawn making these angles with OB and OC, 
it meets a point A belonging to the face centred lattice at a distance of 7*14 A 
(in cyanite a = 7*18 A). The three axes OA, OB, OC are the edges of a unit 
cell, which is associated with 20 points of the face-centred cubic lattice, corre¬ 
sponding to the unit cell of cyanite with 20 oxygen atoms (four molecules of 

* W. L. Bragg and G. B. Broun, ‘ Roy. Soc. Broc.,’ A, vol. 110, p. 34 (1926). 

t ‘ N. Jahrb. f. Min.,* etc., Beilageband LTV, A, p. 127 (1926). 

% 4 Z. f. Electroohemie,’ vol. 7, p. 317 (1926). 
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Fig. 2.- Relationship of the axes of ('y mute, AIjSiO, (left), to the lines joining the points 
0 to the points A, II, (', in il face-centred <■ ubic lattice (right). The unit cell of which 
OA, OB, OC are edged contains twenty points of iho culm* lattice. 

Al 2 Si()*,). The axes OA, OB, OC are related as follows, as is easily seen from 
the figure : - 

OA 2 : OB 2 : OC 2 — H: 1(1:8. 
whence OA * OB * OC - 0-935.1 : 0-707. 

In cyanite a : b : c — 0-890 . I . 0*709. 

The correspondence, which might be made still closer by increasing the 
average distance between oxygen atoms, is summed up in the following table 


(')tvmli, \ljNiO s 


// - 7* IS A a 1)0 *>k' 

b 8*00 \ 3 101 2 * 

c -= 5 r>a A y - 105 44J 

Twenty o\>gcn atom* in unit ci II 


l-mt cell Umcd on facc-contred ouhic 
lattice. 


a 7 14 A a 90 

b 7 04 A 3 ioo r»:r 

r- -- 5-40 A y - i(>IT»8' 

Twenty points in unit cell. 


It is possible to test the correctness of this relationship without making a 
complete analysis of the structure. The planes of a face-centred lattice which 
have the largest spacings are (111), (200), (220). If the oxygen atoms in cyanite 
are in cubic close packing, corresponding planes of the triclinic crystal will be 
densely packed with oxygen atoms. Further, without knowing the positions 
of the aluminiums and silicon atoms in the triolinic cell, there is a strong pre¬ 
sumption that the aluminium atom lias at the centre of six oxygen atoms and 
the silicon atom at the centre of four such atoms. They are found in these 
positions in all other crystals which have been analysed. This alone is sufficient 
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to tell what contributions these atoms make to planes such as (111), (200), 
(220) of the cubic lattice. 

In the following table, the first column gives the indices of each reflexion 
referred to the cubic lattice. The last column shows the contribution of the 
various atoms. The second column gives the indices of the corresponding 
planes in the triclinic lattice. For instance, the planes (111), (111), (111), 
(III) correspond to four planes of the triclinic crystal with different indices, 
la general, a plane (A k l) of the cubic lattice becomes a plane (11 K L) in the 
triclinic lattice, where 


II - A h 


:iA 


1 

2 ’ 


K ^ 21 
L A - k. 


This relationship will be clear from lig. 2. 


Table U. 


Indicia referred to 
on bio axes. 

Indie*** referred tu 
tridinic axes. 

< Ymlnbutmii 
from atonH 


(in), (i ii), (iii). (in) 

(220), (33d). (122), (023) 

O. - Al, 


(2(H)), (020), (002) 

(202), (.K(2), (140) 

<), \ Al. Si 


(220), (22(1), (202) \ 

(202). (022). (022) / 

(500), (T<>4), (142) \ 

(3J2). (213), (4J3) f 

(> 5 f Al, ! Si 


(222), (223), (232), (322) 

(440), (Old), (344), (044) 

O, + Al, Si 


(400), (010), (004) 

(404), ((i()4), (380) 

O s |- Al, | Si 



It is, of course, to be expected that distortion of the structure will modify 
these atomic contributions, but nevertheless planes of the typo (200), (220), 
(222), (400) should give powerful reflexions. Planes of the type (111) will have 
a small reflecting power owing to the opposition of oxygen and aluminium. 

This prediction is strikingly verified if rotation photographs are taken with 
the 6 axis and c axis of cyanite as axes of rotation. This corres[>onds to rotating 
the cubic lattice around its edge, or around its face-diagonal. In fig. 3 the 
diagram on the right is a reproduction of the rotation photograph, while that 
on the left shows the position of the spots due to the principal planes of the cubic 
lattice. The time of exposure was short and the number of spots which appear 
on the plates is small, but it will be seen that the most prominent reflexions are 
duo to the simple cubic planes. A very similar case has been discussed in a 
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paper on chrysoberyl,* where an orthorhombic crystal is based on a hexagonal 
close-packed assemblage, and the rotation photographs show strongly all the 
planes of the hexagonal lattice. 
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Kio. 3.--Comparison of spots from rotation photographs of Cynnitc (right) with those duo 
to principal planes of the cubic lattice (left)—f/. lig. 2, Spots in tho right-hand dia¬ 
gram corresponding to spots in the left-hand diagram are contained in circles. Tho 
length, D, represents tho distance of tho axis of rotation from the photographic plate. 


This evidence Beems to show definitely that the triclinic crystal A1 2 Si() : , is 
based on a simple cubic assemblage of close-packed oxygen atoms. The crystal 
is an example of a complex pattern formed by the aluminium and silicon atoms, 
based on a very simple arrangement of oxygen atoms. The unit cell appears to 
have so unsymmetrieal a form because the number of oxygen atoms in it must 
be a multiple of five, owing to the formula Al 2 Si 05 , and there is no simple way 
of outlining a cell in either assemblage of closest packing which brings in this 
number* The complete analysis of the crystal does not appear to be an im¬ 
possible problem, although tho number of parameters involved is very great 
indeed. For instance, in the rotation diagram the reflexions may be divided 
into two sets. Certain of them, as explained above, are due to the planes of 
the cubic lattice, and the oxygen atoms contribute largely to these reflexions. 

* Loc. c\t., § 2. 
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The remainder are not planes of the cubic lattice, and the contributions of the 
oxygen atoms will be very small even allowing for a slight distortion of the 
oxygen arrangement. By considering only these latter reflexions, the structure 
to be found reduces to an arrangement of aluminium and silicon atoms alone. 
Further, these atoms may be expected by analogy with other compounds to be 
very close to certain definite positions between the oxygen assemblage, and these 
positions are still further restricted by the consideration that the aluminium 
and silicon atoms will be dispersed as evenly as possible amongst the interstices. 
This illustrates the way in which the predominating influence of the oxygen 
atoms in the structure aids analysis. 

3. St met n tv* fmsed on Hexagoml Vlow-packinq of Oxygen Atoms. 

In the following table a comparison is made between the structural dimen¬ 
sions of a series of compounds based with one possible exc eption on the hexagonal 
assemblage. An orthorhombic cell containing 10 oxygen atoms has been chosen 
as the unit structure in all cases. 


Ht'XRgniuil * lose-packed HSMemblage 

4 42 

ft 3ft 

5 40 

4 

•35 

BeO ( Lhhexagonal pyramidal) 

1-38 

ft- 32 

5 38 

4 

*35 

Al a O a (Rhombohedial holohedrnl) 

4*32 

ft-50 

5 4S 

= 1 

■37 

llcAl a O c (Orthorhombic) 

4-42 

ft-3« 

5 47 

- 4 

•37 

(M«. Fe),Hi0 4 „ 

! I-7B 

10 21 ' 

5 8ft 

4 

47 

MgCaNiO, 

1 4 sir* 

11-OS 

ft • 37 

1 

nil 

(AIFIjHiO, 

I 4 ft4 

S- 7ft 

8-38 

ft 

40 


The first three compounds follow almost exactly the dimensions of the close- 
packed assemblage with a distance of 2-7 A between neighbouring points. 
The structure is expanded by the insertion of the magnesium ions in olivme 
(Mg, Fe) 8 Si0 4 , and still further by magnesium and calcium ions in monticellite, 
MgCaSiO*. 

The atoms are arranged in the same way in ehrysoberyl, BeAl a t) 4 , and in 
olivme,* or in the pure magnesium silicate forsterite, Mg 2 Si() v This relation¬ 
ship has long been surmised from the close similarity of the axial ratios. Rota¬ 
tion photographs of BeA1 a 0 4 and (Mg, Fe) 2 Si<) 4 show only such differences as 
would be expected from the replacement of the light beryllium atom by the 
heavy silicon atom, the two magnesium atoms occupying the places of the two 
aluminium atoms. It has also been considered, from their similarity in crystal¬ 
line form, that MgCaSi0 4 and Mg 2 Si0 4 have a similar structure. X-ray examina- 
* W. L. Bragg and O. B. Brown, 1 Z. f. Krist.,’ vol. 83, p. 538 (1U26). 
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tion has confirmed this in an interesting way. In Mg 2 Si0 4 the magnesium atoms 
are of two kinds, half being situated at centres of symmetry and half on reflexion 
planes of the orthorhombic space group. In MgCaSiO* calcium atoms replace 
magnesium atoms of the latter typo on the reflexion pianos, the magnesium 
atoms still occupying the symmetry centres. The two compounds are strictly 
isomorphous, being founded on the same space group, in contrast to a pair of 
compounds such as calcite and dolomite where the replacement of half the 
calcium by magnesium lowers the symmetry.* When so large an ion as Ca 1 1 


ZJA. 

0 


71 ~ T.a 


5~‘ J ' r 



<- c -> 



<- c 




Oxygen atoms approximately 
J a below plane of paper. 

Oxygen atoms approximately 
J a above plane of paper 
(included to show a com¬ 
plete tetrahedral group). 

Oxygen atoms approximately 
| a below plane of paper. 
Those marked d indicate 
a tetrahedral group formed 
from atoms marked u by 
inversion about a symmetry 
oentre. An oxygen atom has 
been removed to show them. 


Ooo 


Ca, Mg and A1 atoms 
in plane of paper. 



# 


Ca, Mg and A1 atoms 
$ a below plane of 
paper. 

Si or Be atoms con¬ 
tained in the tetrahe¬ 
dral groups of oxy¬ 
gen atoms, 


* K. W. G. Wyckoff and H. E. Merwin, ‘ Am. J. Sei.,’ voi, 8, p. 447 (1924). 
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formB part of the structure, the oxygen atoms depart widely from a closest- 
packed arrangement, and the similarity in structure between MgCaSi0 4 on 
the one hand, and Mg 2 Si0 4 and BeAl a 0 4 on the other hand, must be considered 
exceptional. The structures are shown in fig. 4. 

The measurements which we have made on topaz (AlF) 2 Si0 4 are not sufficient 
to toll whether it may be included as an example of closest-packing. Fluorine 
and oxygen occupy very nearly the same space in crystalline structures. The 
small molecular volume for each atom, ranking fluorine with oxygon, indicates 
an approach to close-packing. The axial lengths are in approximate agree¬ 
ment with close-packing, and the sixth order reflexion from the c face of topaz 
is exceedingly strong. All these considerations indicate that topaz is founded 
on a close-packed coll whose ideal dimensions would be a = 4*42, 6 = 9-36, 
c = 8*10, containing six rows of atoms in the c direction, as against four in the 
other units. On the other hand, although the analysis of the crystal is not 
completed, the preliminary results show that a wide departure from close 
packing has taken place, and it is not certain whether it may be regarded as 
derived from the simple arrangement. 

The spinel (MgAl 2 0 4 ) structure may be classed with this set of crystals. 
The oxygen atoms in spinel are close to the positions of a cubic face-centred 
lattice, with magnesium atoms between four oxygen atoms and aluminium 
atoms between six oxygen atoms. The figures in Table I show that it occupies 
an intermediate position in closeness of packing between B©A1 2 0 4 and Mg 2 Si0 4 . 
One magnesium atom in the molecule expands the structure slightly, and two 
atoms expand it still more. 

6. The Chondrodite Group . 

The minerals of the chondrodite group afford an interesting example of 
morphotropy. Penfield and Howe showed that the addition of the molecule 
Mg 2 8i0 4 to these compounds increases by regular steps the length of the c axis, 
while the other two axes remain unchanged. Further, the axial lengths are 
related to those of forsterite, Mg 2 Si0 4 . The table illustrating the relationship 
is taken from Groth’s ‘ Chemische Krystallographie.’ 


Table III. 


Proleotite [Si0 4 ]Mg[Mg(F» OH)], 
Chondrodite [Si0 4 ],Mg,[Mg(F, OH)], 

monoclinic 

a b c 

1*0803: 1 : 3 x 0*6287 

0 

90° O' 

monoclinio 

1*0803: 1 : 5 X 0*0289 

00° O' 

Humite [Si0 4 ]„Mg,[Mg(F, OH}] 8 
Clinohumit© [Si0 4 ] 4 Mg,fMg(F, OH)] a 

orthorhombic 

1*0802:1: 7 X 0*6201 

90° 0' 

monoclinio 

1*0803:1 :9 X 0*6288 

90° O' 

Forsterite [Si0 4 ]Mg* 

orthorhombic 

6 2a 2o 

1*0733: 1 : 2X0*6207 

00° 0' 
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This relationship has been discussed by Barlow and Tope,* who have shown 
that the equivalence parameters parallel to a and b are nearly constant, and 
that the parameter parallel to c shows a regular progression. 

X-ray measurements of chondrodite, humite and clinoliuinite confirm the 
existence of a morphotropio relationship, while showing that it is not so simple 
as the above tabic would indicate. Two axes of each crystal, which are at 
right angles to each other, are very nearly equal to the a and 6 axes of olivine 
(Mg, Fe)aSi0 4 . For convenience, these axes have been termed “ a ” and “ b n 
throughout the series. 

Table IV. 



a. 

b. 

Oil vino 

4-735 A 

10*21 A 

Chondrodite 

1*733 ,\ 

10*27 \ 

Humite 

4 738 A 

J0-23 A 

Clmohumiti- 

4-7.', A 

1 

10-20 A 


The apparent spacings of the planes (001), parallel to the plane containing 
the a and b axes, show a regular progression, in the following table, the spaoings 
are those corresponding to the first X-ray reflexion. 

Spacings parallel to (001). 

Olivine, (002) 2-99 A -= 2 x 1-495 A 

Chondrodite, (001) 7-44 A = 5 x 1*488 A 

Humite, (002) 10-4:5 A -= 7 x 1-490 A 

Clinohumite, (001) ? l»-43 A = 9 x 1 -492 A 

This is precisely similar to the relationship shown in Table III. It would 
hold also for the “ c ” axes if these axes were at right angles to the 11 a 99 and 
“ b ” axes as is usually assumed. This is definitely not the case in the mono¬ 
clinic chondrodite,t the c axis of which makes an angle of 109° 2' with the a 
axis, and may not be true for prolectite and clinohumite (we have not been able 
to obtain specimens of prolectite, and the measurements of clinohumite are 
insufficient to determine the c axis with certainty). The unit cells, projected on 
the (100) planes, are shown in fig. 5. Their approximate dimensions were 

* Vide “The Chemical Signilioanoe of Crystal Struoture/’ W. J. Pope, "Proo. Royal 
Inst.,’ 1910. 

t Our setting of chondrodite, chosen so as to make its relationship with olivine evident, 
is one which makes the angle (( a ” not a right angle. Our axes should be renamed in order 
to follow convention and make this the angle “ 0 
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obtained from rotation photographs, and determined more precisely with the 
spectrometer. Tn olivine and humite the (001) spacing is halved. 



Olivine. Chondrodite. Humite. 

4 molecules in unit cell. 2 molecules in unit cell. 4 molecules in unit coll. 

Fig. 5. 

The spectra given by the (001) planes of the four compounds are shown in 
fig. 6. They illustrate in an interesting way the relationship between the 
diffraction by the underlying simple arrangement of oxygen atoms, and that by 
the complex arrangement of magnesium and silicon atoms. In the first place, 
a very strong reflexion appears in each case at an angle corresponding to a spacing 
of 1 *49 A, and is repeated again at a value of sin 0 twice as great. Obviously, 
planes densely packed with atoms occur in sheets parallel to (001) at intervals 
of 1-49 A in all the crystals. In the second place this strong reflexion is the 
second, fifth, seventh, and ninth in olivine, chondrodite, humite, and clino- 
humitc respectively. The crystalline pattern in so far as it concerns the (001) 
planes therefore repeats itself at intervals 2 X 1 * 49 A, 5 X 1 • 49 A, 7 X 1 ■ 49 A, 
9 X 1 *49 A. These results can be interpreted in a very simple way. 

It has been shown that olivine is based on a hexagonal close-packed assemblage 
of oxygen atoms, slightly expanded by the insertion of the magnesium and iron 
atoms between the oxygen atoms. The relationship of olivine to the chondro¬ 
dite group and the appearance of the reflexions from (001) planes are explained 
if it is supposed that all these structures are based on hexagonal close packing. 
The unit cell in olivine is a rectangular block containing 16 oxygen atomB. The 
colls of the other crystals contain a larger number of oxygen atoms, owing to 
the complexity of the molecules. Tho way in which these cells are related to 
the hexagonal close-packed assemblage is shown in fig. 7. The cell grows by 
the addition of layers of oxygen atoms parallel to (001). There are four such 
layers in olivine,* five in chondrodite. Humite differs from chondrodite in 

* The arrows in fig. 7 measure the spacings parallel to (001) which yield the first reflexion. 
In olivine and humite this spacing is equal to one half the length of the c axis. The figs. 

5 and 7 together will make clear the relations of the spacings to the cell dimensions. 
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being orthorhombic, and it is impossible that the cell should contain seven 
layers of oxygen atoms. A glance at the figure shows that a “ c. ” axis, at right 



quojanQ rtofi&siuoj 


angles to “ a ” and “ 6,” does not end on another oxygen atom aftej passing 
an odd number of layors, and it is necessary to double its length, mating 14 
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layers in all, before an orthorhombic cell is possible. In the monoclinic chon- 
drodite the “ o 99 axis joins two oxygen atomH, five layers apart, and displaced 



Fia, 7.--Diagram showing relations of spacings to (001) in Olivine ami the members of the 
Chondroditc Series to the hexagonal close-packed assemblage of Oxygen ions. The 
layers of Oxygen ions are projected on the (100) plane. The shaded circles represent 
ions a/2 above and below those represented by unshaded circles. 

relatively to each other in the b direction. In clinohumite the number of layers 
is cither 9 or 18. 

The magnesium and silicon atoms will presumably occupy places betwoen 
six and four oxygen atoms respectively in the ehondrodito group as they do in 
olivine. Arranged in this way they lie in the layers of oxygen atoms at intervals 
of 1 *49 A parallel to (001), and therefore the reflexions corresponding to these 
spacings are very strong as shown in fig. 6. 

The underlying hexagonal assemblage can be further tested by examining 
the reflexions of planes parallel to the a axis, and making an angle of 60° with 
(001). In olivine, for example, the reflexion (062) is strong for the same reason 
that (004) is strong, one plane being derived from the other by a rotation of 60° 
about the pseudohexagonal a axis, and both being densely packed with atoms. 
The corresponding reflexions (with complicated indices) in chondrodite and 
hiunite are Also very strong. Just as in the case of oyanite, the reflexions are of 
two classes. The hexagonal assemblage of oxygen atoms produces a simple set 
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of reflexions, which are in general very strong unless it happens that these atoms 
are opposed by the magnesium and silicon atoms. The complex pattern of the 
latter atoms produces a complex series of reflexions to which the oxygen atoms 
make very little contribution. 


7. (^pen Structures. 

The arrangements of oxygen atoms in closest packing, considered above, arc 
the simplest types of oxygen assemblage on which a structure can be based. 
Closest packing appears to bo the exception rather than the rule, even when the 
atoms combined with oxygen are such as fit into the interstices of the oxygen 
assemblage. The figures in Table I, for instance, show that cyanitc is the only 
one of the three forms of Al 2 SiO.-, which has oxygen atoms in closest packing. 
In the various forms of silica, Si0 2 , and in beryl, Be 3 Al 2 8i 0 O ls > the large volumes 
associated with each oxygen atom, and the low refractive indices, indicate 
directly that the structures are open. 

Although the arrangements of the oxygen atom in these less compact struc¬ 
tures is complicated, it would seem that the estimate of about 2-7 A for the 
distance between two neighbouring oxygen atoms is of the greatest help in 
examining the structure. In beryl,* for example, the structure of the 
dihexagonal bipyramidal crystal is determined by seven parameters. The unit 
cell contains 36 oxygen atoms. If an oxygen atom is placed in the general 
position, it is multiplied into 24 by the operations of symmetry. It can be shown 
that the co-ordinates of the atom in the general position are defined within 
very small limits by the condition that no two oxygen atoms shall bo closer 
than 2-7 A. If these limits are passed, the condition is violated at one place 
or another in the cell. These atoms being fixed, there is only one possible way 
in which the remaining 12 oxygen atoms can be placed, and further only one 
possible way in which the silicon, aluminium, and beryllium atoms can be placed 
in suitable interstices within the oxygen assemblage. Thus a determination 
of the space group, combined with the conception of oxygen-packing, leads 
directly to an approximate solution of the whole structure which is confirmed 
by the X-ray analysis. The diagram of the structure in fig. 8 shows the way 
in which the oxygen atoms are densely packed in certain regions, but leave open 
channels around the hexagonal axes which account for the large volume per 
oxygen atom and low refractive index of the crystal. 

One of the authors has made an attempt to analyse phenacite,f Be 2 8i0 4 . 

* W. L. Bragg and J. Wwt, ‘ Roy. Hoc. Proo./ A, vol. Ill, p. 691 (1920). 
t ‘ Roy. Soo. Proo.,’ A, vol. 113, p. 642 (1927). 



470 


W. L. Bragg and J. West. 

In this crystal, in contrast to MgjSiO^ the oxygen atoms are not in an arrange¬ 
ment of closost packing, although the volume associated with each oxygen atom 
is not much greater than the lower limit of 13*9 A. 



Fra. 8. 



Oxygen Atoms at 0*94 A above 
plane of paper. 

Oxygen atoms at 0*94 A below 
plane of paper. 

Oxygon atoms on reflexion plane 
(2-29 A below plane of paper). 


• Silicon atoms on reflexion plane. 

Aluminium atoms in plane of 
® paper. 

o Beryllium atoms in plane of paper. 



Oxygon atoms 0*68 A above 
plane of paper. 

Oxygen atoms 0*68 k below 
plane of paper. 


• Silicon atoms. 


The most interesting compounds as yet analysed, and those which throw 
most light on tho role played by silicon in the silicates, are the various forms of 
silica Si0 2 itself. The structure of (i-quartz has been determined by Sir W. H. 
Bragg and R. E. Gibbs,* and by Wyckoff,f that of (J-cristobalite by WyckoffJ 
and by SelyakofE, Strontinsky and Krasinkoff,§ and that of (3-tridymite by 

♦ * Roy. Soc. Proo./ A, vol. 109, p. 405 (1925). 
t ‘ Am. J. Soi.,’ vol. 11, pp. 62,101 (1926). 
t 1 Am. J. Sci.,’ vol. 9, p. 448 (1925). 

$ 1 Z. f. Physik,* vol. 33, p. 53 (1925). 
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Gibbs.* The structure of a-quartz has been outlined, if not completely deter¬ 
mined, by Gibbs.f In his paper on tridymite Gibbs reviews these various forms, 
which arc all of the open type. The silicon atom is in every case surrounded by 
four oxygen atoms which are at the corners of a tetrahedron. In p-cristobalite 
this tetrahedron is regular in form, in the other crystals it is not necessarily 
regular but the distortion is not great. Every oxygen atom forms part of two 
neighbouring tetrahedral groups which are linked together in this way. The 
average distance between oxygen atoms in these structures is somewhat less 
than the value 2*7 A of which so much use has been made in the present paper. 
It is about 2-52 A in (J-cristohalite and p tridyinite, and 2*58 A in quartz. 

Gibbs draws attention to the fact that this regularity in arrangement of the 

+ 

oxygen atoms strongly suggests a grouping of oppositely charged ions Si ++ 
and 0 . This supposition gives a natural explanation of the high symmetry 

of which the groups are capable. However, if this view is accepted it seems 
logical to apply it not only to the group Si0 4 , but also to P0 4 " , S0 4 , 

C10 4 ", which the Si0 4 group resembles in form. This, of course, is Kossel’s 
well-known conception of the acid radicles as oxygen ions surrounding highly- 
charged positive ions. 

Whether the silicon atoms can bo regarded jis ions, or whether they are bound 
in some structural way to the oxygen atoms, is immaterial to the method of 
analysis developed in the present paper. This merely makes use of tho cm pirical 
fact that an oxygen to oxygen distance of 2 • 6 A to 2 • 7 A is observed in all these 
compounds. The approximate constancy of the distance, whatever its cause, 
results in regular arrangements of four or six oxygen atoms around the atoms 
of certain metals or of silicon. The examples of structures which have been 
given in this paper are intended to show how useful a clue this oxygen 
arrangement provides for tho analysis of silicates in general. 

Summary. 

The silicates present a highly interesting series of problems for X-ray analysis, 
because the number of crystalline forms is bo large, and because they have been 
investigated very thoroughly as regards their crystallographical and optical 
properties, and the way in which isomorphous replacement of one constituent 
by another takes place. On account of their complexity and low symmetry a 
direct attack on their structure is difficult. In tho present paper an attempt is 

* ‘ Roy. Soc. Proc.,’ A, vol. 113, p. 351 (1926). 
t ‘ Roy. Soo. Proc.,’ A, vol. 110, p. 443 (1926). 



472 


W. L. Bragg and J. West. 

made to find the atomic arrangement by making use of certain characteristic 
features of oxygen compounds. 

We owe to Wasastjerna the suggestion that the oxygen ion appears to occupy 
a much larger space in crystalline structures than most of the positive ions to 
which it is bound. One of the authors showed that in a number of oxygen 
compounds the form of the structure appeared to be governed almost entirely 
by a packing together of oxygen atoms, the other atoms being inserted into the 
interstices. The highly interesting form of silica investigated by W. H. Bragg, 
Gibbs, WyckofI and others shows that this is true for silica as well as for the 
metallic atoms we studied. 

In this paper we have regarded each series of silicates, classified together by 
the mineralogist as belonging to a minoral species although there is a wide 
variation in chemical composition, as based on a characteristic type of oxygen 
assemblage. A number of structures are based on the cubic or hexagonal arrange¬ 
ments of closest packing of oxygen atoms, the metal and silicon atoms being 
inserted into this framework. The dimensions of the unit cell are related to 
the fundamental spacings of this simple background of oxygen atoms, on which 
the complex pattern formed by the other atoms is embroidered. Closest- 
packing is found for an extended series of compounds, ranging from BeO, 
Al a O s , BeAl a 0 4 , and MgAl 2 0 4 , to cyanite Al 2 Si0 5 , olivine (MgFe) 2 Si0 4) 
monticellite MgCaSi0 4 , and the chondroditc [(Mg0H) 2 Mg 3 (Si0 4 ) a l group. 

The arrangement of oxygen atoms is in general more complex, closest-packing 
being an exceptionally simple case, but such compounds as have been analysed 
indicate that the packing of oxygen atoms remains the predominant feature 
of the structure. The results of X-ray analysis suggest that formulae for the 
silicates should in the first place be adjusted so as to contain the correct number 
of oxygen atoms. The very interesting explanations of isomorphous replace¬ 
ment advanced amongst others by Zambonini and Wherry still hold good, but 
take on a new aspect when the importance of the oxygen atoms in the structure 
is considered. 

We wish to express our gratitude to Dr. A. Hutchinson, F.R.S., for the trouble 
which he has taken in finding for us crystal specimens suitable for examination. 
Mr. W. H. Taylor has taken the rotation photographs which we have used in 
our calculations, and has helped with the calculations themselves and the 
preparation of the diagrams. Part of the apparatus used in the investigation 
was presented to the Laboratory by the General Electric Company of America, 
and part by Messrs. Metropolitan-Vickers whom we wish to thank for their 
generous gifts. 
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[Note added March 2, 1927.--Reference should have been made in paragraph 
2 of this paper to an article by V. M. Goldschmidt, “ Die Gesetzc der Kryatal- 
loehemio.”* This article, which is one of a series entitled “ Geoehemisohe Verteil- 
ungsgesetze der Elemente,” deals with the crystalline structures of simple 
inorganic compounds. The author and his collaborators have extended greatly 
the numbers of members in the various scries of structural types. Goldschmidt 
discusses the apparent size of the ionic or atomic “ bausteine,” arriving at a 
set of radii closely corresponding to, though more extensive than, the set pro¬ 
posed by Wasastjerna or the author’s figures in their modified form. He gives 
a highly interesting review of the sets of similar structures. The review 
accentuates in a striking manner a feature! which has hecome more and more 
evident as analysis has been extended, the feature that geometrical considera¬ 
tions of arrangement of the constituents appear to be of so much more impor¬ 
tance than chemical constitution in determining crystalline form. The present 
paper is concerned with one particular aspect of this general feature. Gold¬ 
schmidt makes a brief reference to the constitution of the silicates. The sug¬ 
gestions which he makes as to the constitution of the more complex forms 
camiot as yet be tested, but our results indicate that they may need revision in 
some respects. 

Zachariasenf has determined the space group of one of the crystals discussed 
in the present jaiper, phenacite. Tie assigns to this crystal a hexagonal space 
lattice (space group (? 3C ) whereas we base, it on a rhomboliedral space lattice 
(space group C 2 ^). We have choxked this point by means of a rotation photo¬ 
graph about an axis, which according to Zachariasen should be the “ a ” axis 
of the hexagonal lattice. The resulting photograph proves the non-existence 
of an identity-period corresponding to Zachariascn’s “ a ” axis, the reflexions 
being on the other hand in positions explained by the rhombohedral lattice.] 

* ‘ Vxd. Kclsk. Skr. M-N. Kl.,' 1926, No. 2 (Oslo). 

| W. Zachariasen, ' Norsk, geol. Tidskr.,’ vol. 9, p. 65 (1026). 
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ByC. G. Dabwin, F.R.S., and W. H. Watson, Ph.D., Edinburgh University. 

(Received January 20, 1927.) 


1. The rotation of the plane of polarisation of light by a magnetic field pro¬ 
vides perhaps one of the easiest approaches to a study of the spectroscopic 
behaviour of ordinary substances. The present work is an analysis of the 
available measures of the dispersion of this magnetic gyration. Several formula 
have been proposed for it, and these will be reviewed below, but it has proved 
most convenient to take one of them and use that; afterwards testing, to the 
rather limited extent possible, how far others would fit the facts. The test is 
made with the formula given by Becquerel* in 1897, 


V 


e dn 
2me 2 dX * 


(i.i) 


where n is the refractive index, X the wave-length and V is Verdet’s constant, 
the rotation of the plane of polarisation per centimetre per gauss. If this 
formula fits, and we shall find that it does, it should give the value of e/m. 
A few values were worked out by Becquerel himself on the rather meagre data 
available at that time, and later Siertsema obtained more accurate values for 
some other substances. All these gave ejm roughly of the right order of 
magnitude, and this fact was duly noted in the text-books and has been copied 
from one to another ever since, but usually without giving any numerical values 
at all. Since Larmor’s theorem fails to hold for molecules we should hardly 
expect to find the ordinary value, but nevertheless it seemed useful to 
analyse all the experimental measures available, so as to discover if any regularity 
would emerge. In the physical journals there are several results of this type 
for particular substances, but they are very much scattered, and it should provo 
convenient to collect together an analysis of all the substances for which the 
gyration has been measured. We are not attempting any deep theory of the 
matter, but merely a convenient summary which may prove useful when the 
time comes for a proper theory of the spectroscopic behaviour of ordinary 
substances of the type that has been so successful for monatomic gases and 
vapours. It is outside the scope of the present work to discuss the behaviour 
of the gyration of light of frequency very close to opaque bands ; this has been 


* 4 C. R.,* vol. 125, p. 679 (1897). 
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the subject of many experiments, but they are not. by any means concordant, 
and take us deeper into the unknown theory than it is possible at present to 
go.* To avoid this trouble we have limited ourselves to transparent substances, 
that is, to regions of the spectrum far from the bands which cause the optical 
effects. The data have been extracted from Landolt and Bornstoin’s tables 
(edition 1921), in some cases supplemented from the original sources, and it 
has not, of course, been possible to assess tho merit of each of the individual 
measures recorded. In a few cases there are measures of the gyration but not 
of tho refraction; and we are greatly indebted to Dr. I. 0. Somerville of the 
Chemical Department of the University of Edinburgh for measuring some of 
these refractive indices for us. 

A complete analysis of gyration without prejudice would involve first of all 
analysis of refractive indices into dispersion formulae. It appears that there 
are few substances for which this lias been done, and it would involve a quite 
extravagant amount of labour to do it here. The great practical advantage 
of Becqucrel’s formula over tho others is that it can be applied without this 
previous analysis. The present work will show that all tho transparent sub¬ 
stances, solid, liquid, and gas, with one exception, are fitted by Becquerel’s 
formula satisfactorily. In a few cases the dispersion of tho refractive index 
has been analysed into terms, and in these a test can be made between rival 
formulae. The test is not very exacting, but in no case is thoro conclusive 
evidence of misfit. When the influence of the infra-red bands (which are 
inoperative magnetically) has been eliminated, the actual values of e/m are found 
to range from 60 to 100 per cent, of tho ordinary value. The one exception is 
oxygen gas, which totally declines to fit not only Becquerels formula, but also 
the most natural alternative to it. Wc shall discuss this in its place. 

2. We must now review the theory of the dispersion of gyration. It is 
convenient to use, not the refractive index and Verdet constant, but the more 
primitive “ scattering constants,’* which describe the waves scattered by an 
element of the substance, under the stimulus of a given vibrating electric force. 
When an element of volume dv of a substance is acted on by an electric force 
E* e ivt in the presence of a magnetic field H along z , it emits waves which are 
those that would bo given by an electric moment adv/in E x e u< , ip dv/ in E j& ivi 
along x and y respectively. We call a and p the refraction and gyration of the sub¬ 
stance. They are, of course, functions of the frequency v.f It is not then hard 

* This is not intended to exolude the gyration by sodium vapour of light near the D lines ; 
hut as that is more or less completely understood we need not discuss it here. 

t We shall throughout speak of frequency as the number of vibrations in 2ir sec. 
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to construct from a and p the ordinary optical constants. Kigkt- and left- 
handed circularly polarised waves are transmitted without change of form but 
with different velocities, so that their refractive indices are n' and n", given by 
the positive roots of the equations 


3 (a 8 - 1) 

n* + 2 


a ± p. 


( 2 . 1 ) 


and the rotation of the plane of polarisation in unit length is 


v 

2c 


(»' - n"). 


( 2 . 2 ) 


When incident light has frequency not very close to any of the characteristic 
lines of the substance, p is much smaller than a, and we can write 




where n now means the refractive index for zero magnetic 


field. Thus 


V.H 


v Ida 
c ^ j dn 


( 2 .») 


This formula does not in any way involve the assumption that the matter is 
rarefied, but is true for any density. 

It remains to express a and p in terms of atomic quantities, and to do so we 
need not go very deep into atomic theory but may make use of the general 
principles given in Kramer's* theory of dispersion ; there does not seem any 
reason to restrict these principles to the case of separated atoms. In any 
substance associated with an absorption line of frequency <*> there is a vector A 
proportional to the electric moment of the “ virtual oscillator/' Under electric 
force Ee* 1 * the system acquires induced electric moment 

(AJEA) + AJEA)U, 

where A is the complex quantity conjugate to A. In a magnotic field H along 
z the line will split into components of differing frequencies. The || com¬ 
ponents do not concern us here. For the ± suppose that <*> becomes <o + e 
and —e. (It is probable that one lino may give several e’s, but this may be 
disregarded, as it is easy to see that the final result will be merely a suitable 
average of their effects.) Associated with w + e we shall have a vector A*, 
which gives right-hand circularly polarised light, so that A* = — iAf = A r . 


* Kramer and Heisenberg, * Z. f. Physik/ vol. 31, p. 691 (1925). 
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Similarly for o>—c we have Aj* = »A|* = A,. Adding the effects of the two 
lines together we have (omitting a factor of proportionality) 


• - |Arl ‘ f »+«+v) + |A * | ‘{~V-v + » 

{^TTTv- iTTTv} -1■ A ''* m 


Wo shall only consider values of v far from w, so that these expressions may be 

expanded writing ——^-— — - ,— e tc. We must also allow that 

co -j-e—v co—v (co — v)* 


| Af | 2 will be perhaps not exactly equal to [ A, | 2 ; say they are respectively 
I ± SI. Then 



p = 2SI 




( 2 . 6 ) 


This is to be summed over all the lines characteristic of the Buhstance. If 
we apply the pure theory of dispersion of Lorentz, we take SI = 0 and e equal 
to the Larmor rotation, and so have 



(2.7) 


Substituting this in (2.3) we get 

c av 


( 2 . 8 ) 


which is Becquerel’s result. 

3. Several formulse have been proposed for the gyration. Translated into 
terms of p the chief ones are — 

A: 4cov/(co*—v 2 ) 2 Lorentz, and Drude’s “ Hall Effect.” 

B: 2v/(co 2 —v 2 ) Drude’s “ Molecular Currents.” 

C: 1 /(co 2 — v 2 ) Mascart and Ladenburg. 


We see that theory indicates the possibility of both A and B. Drude deduced 
B from the idea that the motion of the electron carrying his molecular current 
loads the magnetic force in the light waves, in much the same way that the 
electric force is loaded by the motion of the electron. It is at least doubtful 
whether his derivation is correct, for working from the same basis one of the 
present writers recently obtained an A term instead.* The discrepancy seems 
to lie in the fact that Drude’s argument gives a Sellmeier formula for the refrac¬ 
tion instead of the more correct formula of Lorentz, and the difference, not very 
* Darwin, ‘ Proo. Camb. PhiL Boo.,’ vol 22, p. 817 (1820). 
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significant for refraction, becomes of capital importance in gyration, as this is 
essentially a second-order phenomenon. In spite of this doubt as to Drude’s 
derivation, there can be no doubt that B terms are admissible. 

There is some experimental evidence for the presence of B terms, but it is 
not very satisfactory. Among others Wood* examined the behaviour of 
gyration on going through one of the absorption lines of a rare earth solution, 
and obtained the change of sign which a B term implies. There is, however, 
the theoretical difficulty that, if there is even quite a small A term present as 
well, it should swamp the effect of B when the incident light is near the band. 
So if the experimental result is accepted as implying a B term, it at the same time 
excludes the presence of an A. If, as seems more probable, both are present, 
the proper place to search for B is at a distance from the band, which is exactly 
the method pursued here. 

When the incident frequency is far from the absorption band of the substance, 
we may expand in powers of v and have 

y® y® ^.3 

A : v + 2 -1- 3 ± B : v + (3.1) 

to 4 or 


If tho refraction has not been analysed co is unknown, and these only differ 
in the third term, usually a small quantity. It follows that the only satis¬ 
factory discrimination for a B term can bo made when the refraction has been 
analysed so that to is known, and this is the case for comparatively few 
substances. Wo shall return to this later. 

A term of typo C would be indistinguishable from B when v is near (o, but at 
a distance it will make the Verdet constant vary approximately as v instead of 
v* This formula was first suggested on insufficient grounds by Mascartf 
long ago, but has recently been revived by Ladenburg4 Its interest is that 
it seems to be required to express tho gyration of oxygen. Ladenburg pointed 
out that in a paramagnetic substance more atoms would be pointing one way 
than the other, and that this would cause an unequal effect on right and left 
circular light. As a rough attempt he made a rather natural modification of 
LoTentz’s development of the theory. In our notation his formula reads as 


I + 81 _ I — SI 

co a — (v + e)* o> # — (v — c)*’ 


(3-2) 


* Wood, R. W., ‘ Phil Mag.,’ voL 9, p. 726 (1906). 
t Maecart, Jouberfc, * Lemons sur r4leotrioit£,’ I. 

% Ladenburg, * Z. f. Physik,* vol. 34, p. 902 (1925). 
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which gives a 0 term and an A term. But great doubt must attach to his 
suggestion, for the denominator of the first term is ( co+e+ v) (to — e — v), so that 
one factor belongs to the line to + e and the other to o-*e. If we make the 
more natural hypothesis of writing it as (w -|- s) 2 — v a , we conform to the 
general theory above and come back to (2.6). If it were not for the experimental 
values for oxygen, it would seem that a C term was inadmissible. 

The theory of the line spectra of metallic vapours, etc., has reached such 
perfection that theoretical predictions about their gyration can be accepted 
with some confidence. Ladenburg’s idea of paramagnetic gyration has been 
developed by Frenkel,* who obtains the B term instead of the C, but makes an 
oversight which vitiates some of his final deductions. The matter was recently 
studied by one of us,f and the following are the main results:—When the 
temperature is so high that all the stationary states belonging to the term - 
multiplet are present to their full extent, a rather complicated compensation 
occurs between the Si’s of tho separate lines of the multiplet in such a way 
that the B term is exactly annulled, while the A term corresponds exactly to 
the Larmor rotation, and this in spite of the anomalous Zeeman effect. In 
such a case, then, Becquerel’s formula would lead to the ordinary value of e/m. 
At low temperatures, on the other hand, the term-multiplct will be incomplete 
and the A term will in general have an abnormal value, either too great or too 
small, and a B term will appear inversely proportional to tho temperature. 

Tho model from which these results come is essentially paramagnetic, and is 
much too specialised to suggest with any confidence what is to be expected in 
other cases; but we may perhaps anticipate a tendency for B terms to be para¬ 
magnetic, that is, inversely proportional to the temperature. We shall indeed 
see that there is practically no evidence of a B term in any of the diamagnetic 
substances examined. Unfortunately, most ordinary paramagnetic substances 
are coloured and so have not been studied here ; the one exception is oxygen, 
and this requires not a B term but a C, and for this there is at present no theory. 
We shall often use tho expression “ paramagnetic ” for a B term. 

The general conclusion is that the chief effect will be an A term, and this has 
the advantage of lending itelf to easy computation. In cases where the refrac¬ 
tion has been analysed into terms it is possible to tost for a B term, but wo shall 
find no certain evidence of its presence in any substance. The outcome is that 
a single constant, the coefficient of the A term, suffices to describe the gyration 

* Frenkel ‘ /. f. 1’hjnik,* vol. 30, p. 215 (1920). 
t Darwin, * Roy. Soo. Proe.,’ A, vol. 112, p. 314 (1926). 
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of each substance. The process of analysis and a few further considerations 
will be given in the next section. 

4. In applying Becquerers formula we must be prepared for different magnetic 
effects from the different linos or bands which contribute to the refraction. Thus 
we may expect to have 




2(0., 


<dj_v v a 

2me* ‘ Ys ‘K 2 - v 2 )-’ 


( 1 . 1 ) 


The quantity y a measures the departure of th(* line* <o* from exhibiting the 
normal Larinor rotation. We call y the tntujndic a not nab /; it is the chief 
object of the present work to find it for all possible substances. The anomaly 
is called unity for the normal case of the Larmor rotation. 

If, then, we evaluate for an arbitrary frequency v by Becquerers equation 


rl.)-v/ r ',4 

/ 2vw dX 

(4.2) 

we shall have 


Y (v) £.y„W„(v), 

(4.3) 

where 


"* (V) A ‘(co. 2 -v 2 ) 2 /" A K 2 - v 2 ) 2 * 

(4.0 


Thus y( v ) i** il weighted average of the y’s of all the lines. The nearer v is to 
any 6), the greater will be the associated W ( . The infra-red lines of most 
substances are due to atomic motions, and so have y — 0. Consequently y 
is usually low in the red and, as the influence of the infra-red bands on the 
refraction diminishes, rises asymptotically in the blue to a fixed value. We 
shall see this effect in many substances. In most eases gyration has not been 
measured very far into the ultra-violet, and a discrimination of the different 
values of y for the separate lines lias not ever been found possible. Sometimes 
dispersion formulae are given with a constant term, say, A*. 2««/ (w* 2 — v 2 ), 
with to* infinite. When such a term is differentiated the result vanishes, so 
that these terms do not affect the gyration, and even if allowance is made for 
the finiteness of <ooo, the weighting factor W» will be small. We conclude 
that what our work really determines is the magnetic anomaly for the main 
group of lines in the nearest part of the ultra-violet. 

The test for a B term can be applied if the ofs are known. Suppose that only 
one line is operative. Then instead of (4.1) we have 


P- 


cH 

2m© 2 ^ 


4cov 


r A _ 

r(w 2 -v 2 )* 


+ B 


2v ) 

cu 2 — V 2 ] ' 


(4.5) 
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If wo calculate y in tho usual way, we shall get a value which is not constant 

with varying v, but involves a factor 1 + . — * , and the second term will 

A 2co 

measure the influence of the 11 term. Let X 0 , X be tho wave-lengths associated 


X 2 

with <o, v, then this term is proportional to 1 — 


Taking extreme values 


in the red and the blue, we can see how y would change if the dispersion were 
wholly duo to a B term, and more generally can estimate what part may be due 
to it. Tho sign of the B term depends on that of SI in (2.G), and there is nothing 
to show whether it should be positive or negative. 

The actual computation is very simple. It is required to find X^—~ m 

This was calculated by use of a three-ordinate interpolation formula connecting 
n with log X. A single numerical multiplier then converts t he Verdet constant 
from mi nut os of arc into circular measure, the logarithm from common to 
natural, and introduces the factor c/2/wr (throughout we, use c/mc = 1*77 < 
10 7 E.M.U.). To conform with modern practice wave-lengths are in Angstrom 
units, instead of the units p.(x, ten times as large, which have often been used in 
work on refraction. 

5. Wo begin with a discussion of Iv(l, which will illustrate several points of 
detail. The refraction of tliis substance has been fitted by Gold hummer* 
with high accuracy to a formula 


rj 


n — 1 __ Ap , A] , Am ._ Ago 

*' l 9 2 XJ 2 ' , v 2 _ ..2 • , . 2 _ , v *’ 

fb “I" u (0|) — V (Oi — V (0.; — V (1)35 


(5.1) 


where <o 0 , w 1> co a correspond to wave-lengths 

510000, 1575, 1067, 


while the wave-length for w* is so short as to give a constant term. In con¬ 
formity with § 4 we therefore expect that the gyration will fit the equation 


e& ( . 4<0jV 

2me I ^ 1 (cot* - v 2 ) : 


+ Y 2 A 2 


4to*>v ) 

(wo- — V 2 ) 2 ! ’ 


(5.2) 


with the other two terms omitted. The Verdet constant has be**n measured 
in the visible and far into the infra-red, but unfortunately not in the ultra¬ 
violet. Table I shows the results. In the third column V r * lr . (I) is worked 


* rfoldhammer, 4 Dispersion u. Absorption ties Lichtos,* p. 63. With X in units of 
10~ 4 cm., ho gives 

1 0*001024 . 0*0006970 . «05-3» 

- a - 0 01 1 + x , (0 . 10ti(l7) , + x* - (0 • 1570)* ~~ X* — (SI -009)*' 

2 L 2 
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out from (5.2), taking yj = Ya “ 1- The fifth column is the ratio V (lhs ,: 
V 0tt ic (I)- It will be seen that it is remarkably constant over this very wide 
range. In the fourth column BecquerePs formula is applied (using the ordinary 
value of ejm) without analysis of the dispersion, and in the sixth column the 
corresponding y is V <lhB .: V ril | ( (II). This is the weighted mean of (4.3), and 
it will be seen how the influence of the infra-red line gradually disappears with 
shortening wave-length, so that y rises asymptotically to a value identical 
with the constant value of the fifth column. This illustrates the process to be 
carried out for other substances where the dispersion has not been analysed, 
and it is clear that the asymptotic value of column 6 determines y just as well 
as the constant value of column 5. 


Table I.—KC1. 


k v 

V„ 1 >N. 

2 UOOO 

0 207 

I.IOOO 

0*377 

10000 

0 SOI 

9000 

1 Ofll 

0708 

2 012 

rm:\ 

2 07 

r>4(U 

3 10 

4007 

l OO 

1358 

5-34 


V.,1* (i). 

j V tH i ( (il) 

0-201 

0 410 

0 - 173 

0-081 

1 081 

1-154 

1-349 

MO 

2 010 

2 53 

3 330 

3-41 

3 902 

3 90 

0-845 

5 90 

0-009 

0 73 


Avorngo anomaly 



IOO 7 (11) 

78 0 

50 0 

79 7 

04-5 

79 0 

74*8 

78-1 

75-1 

SO o 

79-4 

79-0 

78 3 

80-0 

79-0 

78-9 

78-1 

80-0 

79 3 

79-4 

78-9 


It is a great pity that there are no measures of the gyration in the ultra-violet, 
for without them it is not possible to make any discrimination between y t 
and y a . The equation 0*29y 1 + 0-71y 2 -- 0-79 holds with high precision, so 
that if both lines have the same anomaly, it is 0*79; but the weighting factors 
alter so slightly over the whole range of observation that little more can be 
said. Either y could easily bo as large as unity, by a suitable adjustment of 
the other. 

We must also examine how far it would be possible for a paramagnetic term 

to be present. The evidence is quite strongly against it, though the absence 

x ,a 

of ultra-violet measures makes it not quite conclusive. 1- - takes the 

following values 


X 

l-X/ 2 /X 2 


4358 

0-87 


6708 

0-95 


20000 

1-00 
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There is no sign of a progressive change in y in column 5, and as the numbers 
there remain constant to about 1 per cent., we conclude that if there were a 
paramagnetic term present, it must at any rate be less than 10 per cent, of the 
other term. The evidence for its absence will be much stronger for those sub¬ 
stances for which the gyration has been measured in the ult ra-violet. 

6. Of all work on the dispersion of gyration, the most, precise is that of 
iSiertsema* on titanium chloride. In an exhaustive lm estimation he has com¬ 
pletely accounted for the dispersion of ref ruction and gyration of this substance 
by assuming one line in the infra-red and two in the ultra-violet, one of the 
latter being far removed from the. visible. The measurements only suffice to 
fix the anomaly of the nearest line, and the mean of two series of measures is 

TiCl 4 lOOy ^ - 25-9 

Most of the titanium salts are paramagnetic, and we may presume the chloride 
to be so also, though it does not appear to have been measured. Tt is there¬ 
fore interesting to find that a very good fit could be made without introducing 
any paramagnetic term in the gyration. This is flic only substance for which 
y is negative. 

In Table II arc given the results of the analysis described in § 4 applied to a 
number of common substances that have measurements extending over very 


Tabic II. 


H,0. 

NuCI. 

Cals',. 

SiO a * 

C,H,OH. 

A. 

1<X>7 

A. 

ion 7 

! 

A. 

I00y. 

A. 

l<HVy. | 

A. 

1007. 

10000 

20-4 



10000 

41-4 





0000 

33-6 

9000 

78-4 







8000 

47 • 5 









7010 

50*0 









0580 

03 5 

07JO 

83 O 

1)710 

58*2 

0440 

65*0 



5800 

08*0 

5800 

84-8 

■~>m> 

03*5 

5890 

00 7 





5400 

80 * 0 

5400 

(43 8 





5180 

74-2 





5000 

60*0 





4020 

83-4 

4020 

011-1 

18(H) 

73*4 



4370 

77*4 

4370 

84 0 

4370 

(id ■ 1 

4680 

74*2 

4530 

62*0 

■1050 

77 0 

1050 

85*1 





4050 

63*1 









3890 

66 4 

3610 

78 * 3 

3550 

80*2 

3050 

05*5 

3010 

75-0 

3610 

66*6 

2750 

78 0 

3100 

80 5 

3130 

73-5 



3100 

66-8 

2500 

78*7 

2000 

82 5 

2540 

72*0 

2570 

71*0 

2500 

04*5 







2100 

72 4 




78 


85 


m 


74 


65 


* Ordinary wave. 


* L. H. Sierteoma, 1 Proo, Acad* Amsterdam,* vol. 18, Ft. II, p. 025 (1016). 
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wide ranges. The table shows 100y as evaluated by (4.2). The low initial 
value for water is, of course, due to the infra-red bands, which come quite near 
the visible. Table III shows the values for a few other substances that have 
only been measured in the visible. 


Table III. 



CN r 

c.n. 





NftCIO, 

6230 

40*9 

5h 2 

50 *6 

53-4 

27 *0 

57*4 

31-7 

5890 

42*5 

57*9 

58*4 

54 1 

so-3 

57*7 

31*8 

5530 

41-9 

57 4 

59 2 

51 7 

29 1 

- - 

. 

5400 

39-5 

5.1-4 

57 * 8 

51 0 

20*9 

57*7 

31*1 

5010 

39 2 

55 5 

54*7 

50*0 

25 l 

57 0 

31 0 

4300 

37 3 

52*5 

55-0 

49 H 

22 2 

57 2 

31 • 1 


40 

50 

57 

52 

25 

57 

31 


* Some of the wnM'-lriiglliii used in thm* column* wm* dilfneiit 1ml not far from those indicated 
m the left-hand column 


7. We next examine, the gases. In the elements there are no infra-red bands 
and consequently y should have a constant value. Table IV gives the results 
for hydrogen and nitrogen, using the experiments of Siertsema* in the visible. 
The experimental measures have been reduced to millionths of a minute of are 
per gauss centimetre at normal temperature and pressure. The refractive 
indices are calculated from Cuthbertson’s work; they correspond to lines at 
861 and 726 respectively for H 2 and N 2 . 

Table IV. 


A. 

Hydrogen. 

Nitrogen. 


100 7 

V(jbS. 

1007-. 

0500 

4*71 

97*7 

4*73 

030 

0190 

5*40 

100*4 

5*27 

02*4 

5890 

0*04 

100*2 

5* 90 

03*7 

5550 

0*83 

100*0 


03*0 

5270 

7*02 

100*1 

7*47 

03*5 

5170 

7*92 

99*9 

7*78 

03*0 

4800 

8*95 

99*0 

8*80 

03*0 

4540 

10*37 

99*3 

10-00 

02*7 

4310 

11-01 

99-2 

11-40 

03*5 

4230 

12*10 

99-3 

11*77 

03*1 



99*8 


03-2 


* Siertsema, ‘ Arch. Neerl.,* vol. 2, p. 291 (1899). 
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More recently Sirks* has measured hydrogen far into the ultra-violet. Tho 
results are—• 

X 5780 4860 4040 3130 2650 2530 2400 

lOOy 100 100*3 99*0 100*0 102*3 101-3 103-0 

There is thus some evidence that y is rising. This might imply that the line 
of longest wave-length has y with value greater than unity and the remoter 
ones with less. Havelockf has worked out several dispersion formul© fitting 
tho refractive index of hydrogen, but from their differences it is (dear that no 
more exact conclusion can ho drawn in this direction. We may also examine 
for a paramagnetic term : 

X 6560 4230 2400 

l - X^/X 2 100 97*6 88*9 

The inconstancy of y might thus be attributed to the presence of a small negative 
paramagnetic term. It must, however, be remembered that at the shorter 
wave-lengths hydrogen is beginning to be not quite transparent, and this opacity 
will probably affect the value of y in a way that cannot be directly calculated. 
We conclude that at any rate to a fairly close approximation hydrogen obeys 
the classical law of gyration of Lorent-z with the ordinary value of epn. 

Table V. 


i:o 2 . N a o 


A. 

lOOy 

K . 

lOOy . 

5780 

50-0 

0700 

34*3 

5400 

57-1 

0300 

34-4 

4800 

58*2 

5900 

33*9 

1300 

.‘>8 0 

5500 

33 0 

4050 

58*1 

5100 

:u 7 

3000 

50*7 



3130 

57-0 



2800 

500 



2050 

55-9 



2540 

50-8 




50 1 


31 


* Sirkfl, * Vera. Kon. Acad. Wot. Amsterdam,’ vol. 21, p. 085 (1912). 
t Havelock, 1 Phil. Mag.,’ vol. 4ft. p. 500 (1923). 
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In the case of nitrogen the test of constancy is not so severe, as there are no 
ultra-violet measures. The tost for a paramagnetic term gives 

X 6560 4230 

1 - X^/X 2 100 98-3 

and the table shows no evidence of a progressive change at all. 

Of the other gases we reserve oxygen for a separate discussion. Table V 
gives CO a and N 2 0. The latter is only known over a short range of wave¬ 
lengths, but C0 2 has been observed far into the ultra-violet. The results 
show some fluctuation, but practically no progressive change. 

8. When the same method of analysis is applied to oxygen, the results are 
strikingly different, for y is not in the least constant. There have been two 
experiments, those of Siertsema* in the visible, and those of Sirkst extending 
into the ultra-violet, and the results are shown in Table VI. Their two curves 
run exactly parallel, though there is a slight difference in absolute value, no 
doubt due to an error in estimating some of the constants of experiment. 


Table VI.—Oxygen Gas, 


Siurtaeina. 


A. 

Void, 

looy 

0000 

4-78 

54*3 

0300 

5-07 

51*3 

0050 

5*37 

50*0 

5780 

5 71 

48*3 

53 H 0 

0-28 

45*7 

5050 

6 84 

43*0 

4770 1 

7-40 

42*2 

4450 

8-28 

40*3 

4230 

9 09 

39*7 


Silks. 


X. 

V„, m . 

looy. 

4800 

7*00 

44*1 

4300 ! 

8 45 

42*9 

3060 

11*04 

37*8 

2800 

18*92 

34 0 

2050 

21*18 

34*1 


It is easy to attribute the behaviour of oxygen to its paramagnetism, but 
not at all easy to explain it by that cause, and we have not succeeded in doing 
so. We can here merely note various explanations that may be excluded. 

(1) As the refraction shows no infra-red bands we cannot appeal to these; 
even if wo could, the trend of y is in the wrong direction. We should, however, 
note that liquid oxygen shows strong absorption in parts of the visible. Its 
gyration has been studied by Schmauss,{ but falls outside the consideration of 

* Siertsema, loc . cit. 

t Sirks, loc. cit. 

j Schmauss, ' Ann. d. PhyBik,’ vol. 10, p. 853 (1903), 




Constants of Magnetic Dispersion of Light 


487 


the present paper. However, it can hardly be legitimate to impute the 
behaviour of oxygen gas to this cause, for the same effect ought to appear in 
the refraction, and of this there is no trace. 

(2) It is possible that oxygen might possess two groups of lines in the ultra¬ 
violet, of which one gave negative gyration like TifV The Verdet constant 
would then be of the form 

v AtX 2 A 2 X a 

(X a — X,*) 2 (X 2 -X, 2 ) 2 

Ai — A, . „ A,X] 2 — A2X3* | o A,X, 4 — \>\> x | 

__ |-2. - ? - 1-3 -- h ... • 

Now Sirks 1ms expanded this experimental values of V in a fairly convergent 
series as (X in cm."*) 

„ 4-81 X 10-' 5 6-1(5 X 1<r 30 , 5-75 X 10 “ 1*75 X 10 °" 

VA/Vr.7H0-^-^-H-- JS - - 

but- the alternating signs will not admit of any solution corresponding to the 
above. ' 

(3) We might reasonably introduce a paramagnetic term and set 

V = AX 2 /(X 2 - X, 2 ) 2 -\ B/(X 2 - X 2 2 ), 

but the same alternation of signs excludes this. 

There seems no escape from the fact that the experimental curve of V requires 
for its expression a lower power than v 2 as its leading term. It can ho fitted 
with the help of a Ladeuburg term (v in see. -1 , V in radians per cm. gauss) 

V = 4-621 X 10 23 v 2 /(v 0 2 - v 2 ) 2 -f 2-048 X 10 7 . v/(v 0 8 - v 2 ), 

but no great value can be attached to the closeness of the fit. As we have no 
theory for such terms we cannot carry the matter farther. 

9. The magnetic gyration of a large number of organic substances has boon 
measured. The most recent work is that of Lowry, who has made a study of 
tho dispersion of gyration of certain of the aliphatic series by observing at two 
wave-lengths, a yellow and a violet. Table VII Bhows the results. I 11 a few 
cases the discrepancy for the two wave-lengths is considerable, and points to 
the influence of an infra-red band; these are marked i.r., and the value chosen is 
that for the violet light. It will be seen that practically every substance of 
this series has an anomaly very near to 60 per cent. 
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Table VII. 


Substance, 

lOOy. 

A--540O. 

A -4300. 

Mean. 

Hexane 

c«h 14 

1 

03 0 

62-4 


03 

Octane 

f’,H„ 

01-2 

tio 5 


01 

Methyl alcohol 

OHgOH 

58-5 

00-9 


410 

Ethyl alcohol 

C’jjHjOH 

00-3 

07 0 (Table 11) 

05 

Propyl alcohol 

C',H,OH 

59 *7 

03*4 


03 

Butyl acohol 

C 4 H # OH 

01 >4 

58*0 


00 

Heptyl alcohol 

r 7 H u ()H 

50-4 

60 0 


OO 

Glycol 


r>7*4 

59*5 


59 

Ether 

(CiH,)/) 

52 O 

03*2 

i r. 

03 

Formic acid 


48-5 

52 2 


52 

Acetic neid 

l’H,r(),H 

52-o 

55 4 


55 

Propionic acid 

CjH.COjH 

54-9 

50 0 


! 50 

Butyric acid 

(jH 7 C'(),H 

55 0 

54 8 


55 

Iho- butyric acid 

CH(CH,) 2 (’O t H 

53 7 

0O-H 

i r 

00 

Iho- valeric acid 


57 9 

57 0 


57 

Methyl acetate 

(’11*00,(!H, 

54 4 

5b * 7 


50 

Methyl propionate 


57*2 

50 0 


57 

Ethyi formate 

H . COjOjH, 

57 0 

50*5 


57 

Ethyl acetate 

<'H,00,(’,H, 

50-2 

59 9 


59 

Propyl acetate 

cii,oo„(’,n, 

56*7 

59 7 


59 

Acetone 


55-0 

57 9 


57 

Methyl-cthyl-ketono 

(‘ICj<’0 . 0,11* 

50-4 

(10 0 


00 

Methyl-hexyl-ketone 

CHjCO. C,H n 

58-5 

57*8 


58 

l)u thyl ketone 


58 i 

55 8 


57 

Pinacolin 

flljCo .0(rH„)j 

51 9 

04) H 

i i. 

4iO 

Sec. butyl ale 

C’ 4 H,OH 

02 9 

414 6 


04 

Sec. amyl ale. 


01*7 

03 8 


03 

Di-propyl carbinol 

c T ir u OH 

01-2 

02*4 


02 

Met hyl-hexyl-car hi nol 

c: 4 h„oh 

00-2 

02*7 


02 


In Table VIII are collected the values of all the remaining substances given 
in Landolt and Bomstein’s tables. They are all measured for sodium light, and 
so may be too low on account of infra-red bands. In some cases the same 
substance occurs in Table VII, and the disagreement suggests that no high 
accuracy can be claimed for Table VIII. There is, however, an indication that 
aromatic compounds have a somewhat lower anomaly than aliphatic. 

At the foot of Table VIII will be seen nickel carbonyl. The value is not 
very good, as the refraction is not very accurately known; and it is a great- 
pity that the gyration has not been measured for other wave-lengths, as it is 
quite possible that this paramagnetic substance should show the same curious 
behaviour as oxygen. 




Constants of Magnetic Dispersion of Light. 


Table VIII--(X = 5890). 


Substance. 

lOOy. 

♦Acetic acid 

CH.rooii 

47*0 

Acetoacetu acid 

C,1I, t 4 H,l) a 

i.vr> 

Acetophenone 

C 4 H B CO . ch 3 

37*2 

Amyl nitrate 

C B H n N() 3 

40 •« 

Aniline 

C.IUNH, 

52 • h 

Benzaldehydo 

C.H.IHO 

41-3 

* Butyric acid 

CjH-COj,!! 

51- 1 

Carbon tetrachloride 

CCI 4 

r> i o 

Chlorobenzene 

C,H 6 C1 

48 r> 

Cinnamic alcohol 

r.H,. c,ll,o 

12*2 

Dichloracotiu acid 

cun,. CO,H 

r.|*7 

♦Di-cfchyl other 

(('.HjJO 

o.» !l 

Bi-mothyl quinol 

C,H | (OCH 3 ) a 

:>4 o 

Ethyl eitraconuto 

(C.ll,)!. C,H 4 U 4 

12 H 

Ethyl hydroeimmmnto 

c 4 h b . r.ivi, 

52 0 

Ethyl d-tartrate 


5o*4 

Methyl alcohol 

Cll 

58 s 

Phenol 

C,H,()li 

52*7 

Pyridine 


53 8 

Toluene 

W'H 4 

52*5 

Nickel totracarbonyl 

Ni(CO) 4 

liG-2 

Nitne acid 

HNOj 

21-8 

Sulphuric acid 

HjSth 

44 7 

fHydroehloric acid 

IKM 

A5 8 

f Hydrobromic aeid 

11 Br 

40 a 


* Kuo Table VLI. 

| Extrapolated fiom solutions of various strengths 


Table IX. 


Subs tariff. 


lOOy 


Hydrogen 

H, 

100 

Nitrogen 

N. 

03*2 

Carbon dioxide 

CO, 

50*1 

Nitrous oxide 

N,U 

34 

Water 

H 2 0 

78 

Carbon bisulphide 

cs 2 

4U 

Alcohol 


05 

Titanium chloiide 

TiC1 4 

25*0 

Benzene 

C.H, 

50 

Nitrobenzene 

C.H.NO, 

25 

Ethyl iodide 

a-mono bromonaphth&lenn 

C.H.T 

57 

52 

Ethyl Valeria to 

C.H.CjH.O, 

57 

Sylvine ... 

KOI . 

79 

Bocksnlt 

NaCl 

85 

Fluorite . 

CaF, . ... 

60 

Quartz (ord. wave) 

SiO, 

74 

Sodium chlorate 

NaCIO, . 

31 
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Summary . 

The various dispersion formula) for the magnetic gyration of light are 
reviewed and tested with all the available experimental data. It is found that 
the gyration is adequately represented by a single constant typical of each 
substance. The application of Beoquerel’s formula (1.1) gives a value of ejm 
which is constant for each of those examined, and the ratio of this quantity 
to the ordinary value of c/m, called the anomaly and denoted by y, is found for 
all substances for which the magnetic gyration has been measured. Oxygen 
(§ 8) is an exception and does not fit- this or any other present theory. Tables 
VII and VIII give the values for a number of organic substances. The remainder, 
which have had a fuller discussion earlier, are summarised in Table IX. Beyond 
the fact that no anomaly has been found greater than unity, and that most are 
a good deal less (ranging roimd 60 per cent.), there does not seem to bo any 
general principle governing them. 


Periodic Orbits of the Second (Jenus near the Straight-Lme 
Equilibrium Points in the Problem of Three Bodies. 

By Daniel Buchanan, M.A., Ph.D., F.R.S.C., Professor of Mathematics in 
the University of Brit ish Columbia. 

(Communicated by J. S. Haskett, F.R.S.—Received September 3, 1926 ) 

1. Introduction. 

It has been shown by Poincnrfi* that periodic orbits of two genera exist 
in the restricted problem of three bodies. These are designated as the orbits 
of the First Genus and of the Second Genus. So far as the writer is aware 
all the periodic, orbits which have been constructed up to the present time 
with one exception,t belong to the first genus. It is the purpose of this paper 
to construct orbits of the second genus. 

The particular problem with which we are concerned pertains to the motion 
of an infinitesimal body in the vicinity of the Lagrangian straight-line equilibrium 
points. Various memoirs deal with the first genus orbits in the neighbour- 

* Poincar6, 4 Les M6thodea Nouvelles de la M6oanique C61este ( * vol. 3, chap. 28 (1809). 

t Buchanan, 14 Isosceles Triangle Orbits of the Sooond Genus.'* 1 Transactions of the 
Royal Society of Canada,' vol. 20 f p. 275 (1926). 
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hood of these points, but we are particularly interested in only one of these, 
viz., the Oscillating Satellite* as determined by Moulton. The second genus 
orbits with which the present paper deals are in the vicinity of the orbits of 
Class A of the “ Oso. Sat.” Reference must also be made to one of the author’s 
papers on Asymptotic Satellites,f in which are determined the orbits that 
approach the poriodic orbits of Class A asymptotically, as some of the results 
there obtained are used in the problem now under consideration. 

2. Definition of Second Genus Orbits. 

Before wo proceed with the problem at hand, a briof discussion of the second 
genus orbits will be made. 

Suppose we have a set of differential equations 

§ = X t Cr„ c; t), (M-l .n), 

in which the X t are analytic in the arguments, do not contain t explicitly, 
and are periodic with the period T. The period is, in general, a function of the 
parameter e. If these equations admit the periodic solutions 

' Me, 0 

having the period T, then such solutions are said to be of the first genus. 

Now let 

-- So "}* 

■f, = 0 4 (eo; 0 1- y» 

where £o is considered as a lixed constant and X as a variable parameter. 
When these substitutions are made m the above differential equations we 
obtain a set in y t in which there are no terms independent of y x or X. If this 
set admits the periodic solutions 

yi = <W(eo, 0 

having the period 

NT (1+ a power series in X), 

N being an integer, then the solutions 

—• Oi ( £ « i 0 4" ( £ o, ^ ; t) 

* Moulton, 4 Periodic Orbits,’ chap. fi. As we shall have frequent occasion to refer to 
this memoir it will bo cited “ Osc. Sat..” 

t Buchanan, 44 Asymptotic Satellites near tho Straight-lino Equilibrium Points in the 
Problem of Three Bodies,” ‘ Amur. Journal of Math./ vol. 41, No. 2, pp. 79-110 (1919). 
Frequent reference will bo made to this paper and it will bo cited “ Asym. Sat.” 
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are said to be of the second genus. Since the ^ vanish with X, the second 
genus orbits approach those of the first as X approaches zero. 


The Orbits of the First Genus. 

3. The Differential Equations 

Consider the motion of an infinitesimal body which is subject to the New¬ 
tonian attraction of two finite spheres which move in circles about their 
centro of gravity. Let the system be referred to a set of rotating rectangular 
co-ordinates with the origin at the centre of gravity of the spherevS, with the 
line joining their centres as the {--axis, and with the plane of their motion as 
the ^Tj-plano. Let the ^vj-axes rotate about the £-axis in the direction in which 
the spheres move and with their uniform angular velocity. The units of length, 
mass and time will be so chosen that the distance between the centres of the 
spheres, the sum of their masses, and the constant of proportionality shall 
each be unity. With these units thus chosen, the angular velocity will likewise 
be unity. The masses of the spheres will be denoted by 1 — p and p where 
wild it will be supposed that the mass p is on the positive side 
of the r r axis. Finally, if the co-ordinates of the infinitesimal body be denoted 
by !;, tj, £ then the differential equations defining its motion are 


2^ ^ 

?V 

dt 

as 


an 

dt 

9 *l 

d% 


<U* 



<PZ 

dP 

(Irq 

dp 


2U = + 7) a + ^ 

^1 f *2 

- (l - (i) (V f 1) -h (x (r/ | 2 -) - ?-p(i - (x). 

r. - 1(5 -h H>* + 1 2 + ?J‘, r 2 = HI - ■ 1 + |*)* + r, 2 | 

These equations admit the Jacobi integral 

fiff) + (f) ~ i 2U '• cousfc,uit - 


> 0) 


c - i ) 
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4. The Straight-Line Equilibrium Points . 

It is shown by Moulton* and by other writers on the subject of Celestial 
Mechanics that tho equilibrium points are obtained by solving the equations 

3U _ 3U_ 31J n 

07 ] 0 £ 


There are two sets of points satisfying these equations. One set consists of 
the two points which lie at the vertices of the equilateral triangles described 
in the -plane and on the line joining the centres of the finite masses as a 
base. The other set, the one with which we are concerned in this paper, 
consists of three unilinear points lying along the 5-axis. One point, designated 
(ft), lies between p, and |- <x> ; a second point, (6), lies between p. and 1 — p, 
while the, third point, (c), lies between 1 — p and - <*>. It the co-ordinates 
of those, points be denoted by (5o, 0, 0), then the particular values for 5o for 
the points in question are as follows : 

Equilibrium Point («) 



Equilibrium Point ( b) 
5o = i- 


-la) 


Equilibrium Point (e) 


- , 5 ,1127 , 

5.= - 1 - iji* + "ijr i* 


5. The Periodic Orbits of Class A. 

Let equations (1) be transformed by the substitutions 

5 - + ex, T) = ey, £ - ez, t —1<\ — (1 + 8) r, (3) 

where e is a parameter denoting the scale factor of the displacement from 
an equilibrium point; x, y, z are new dependent variables ; t is the new inde¬ 
pendent variable ; 8 is a power series in e so determined that x, y, z shall be 
periodic. 

If derivation with respect to t is denoted by primes thei equations (1), 
after e is divided out, become 

*" _ 2(1 + W (1 +- S) 2 [Xi + X a e + ... + X*e n_1 --) ...], | 

y" A 2(1 + 8)*' - (1 I- 8)*[Y, + Y,e + ... + Y n e" _1 + ...], j> (4) 

z" = (1 -| S)-[Z X d- Z a e + ... + Z.e’*- 1 + ...]J 

* Moulton, ‘ Celestial Mechanics,’ pp. 292-3. Lagrange, * Collected Works,* voL 9, 

pp. 229-324. 
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where X„ Y„, Z n are homogeneous polynomials of degree n in x, y, z. X* is 
uven in both y and z; Y„ is odd in y and even in y ; and Z n is even in y and 
odd in z. The explicit values of these polynomials up to the third degree are 
(“ Osc. Sat.” § 87) 

X, = (1 f 2A) a:, X a - - - JB (2i8 -y*- z 2 ), X 3 = 2C (2*» - 3aa/ 8 - 3as 8 ), 

Y t ~ (1 — A) y, Y a — 31 ixy, Y a = - JC(4 x*y-tf-yz') 

Vj 1 = — hz, Z 2 — liBxz, Z 3 — — >C (4x 2 z —yh — z 8 ), 

A = ' f i (WI -H V(5o I- H-) 2 . 


+ I_ _J£ ± 

± r,< u >‘ -r^" 

i_if + J£_. 


f ,<«> = 4 V(5u - 1 + (i)", 


The upper, middle or lower signs are to be taken in B according as the libration 
point is (a), (6) or (c) respectively. 

The Equations of Variation are obtained by taking only the linear terms in 
(4). Their solutions are 


x = K ^ + K 2 e lffT + K 3 e pT + K 4 c ' pT , 
y = in(K x e ttrT — K, z e ltTT ) + m(K 3 c pT — pT ), 
s -= Kr> cos y/ At + K-o sin y/ At, 


n 


a 2 *t" 1 ~\~ 2A 

: 2 H 1 




(0) 


where K v .... K fl arc the constants of integration; and a 2 and p* are the 
negative and positive roots, respectively, of the quadratic in a 2 , 

a 4 b (2 - A) a 2 + (1 - A) (1 + 2A) -= 0. 

The solutions (5) have three periods, and these give rise to three Classes of 
orbits, designated as A, B and C. Their periods and dimensions are as follows : 

Class A 

Period Shr/'v/A, three dimensions, 

Class B 

Period 27r/o, two dimensions, 

Class C 

Period 2j7c/VA — 2far/<j, three dimensions, 
where j and k are integers, relatively prime, and \/A and a are commensurable. 
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When the higher degree terms are taken in (4) the solutions representing the 
orbitB of Class A as found in the “ Osc. Wat.” are 


x = x 1 — {a l + 6 X cos 2 VAt) e f ( ) e 3 + .... 

y = y 1 = (C, ain 2 -v/At) e + ( ) e 3 + 


Z 



sin y/ At -)- r/ 1 (2 sin y/ At — sin 3 y/ At) e s -f- 


8 = 8 2 e 2 + ( ) s 4 I-..., 

where 

_ - 3B , . 3B(1 + 3A) 

01 4A (1 + 2A) ’ H " 4A (1 - 7A + 18A 2 ) ’ 


> ( 6 ) 


e _ _ -3B _ d _ _3_r 3B 2 (1 + 3A) _ ( 

* ‘ VA (1 - 7A + 18A 2 ) ’ ’ 64A 6/3 (.1 - 7A + 18A 2 


ft f 3B 3 (1 — 3A + 14A») 
16A 2 L(1 h 2A) (1 - 7A + 18A 2 ) 


The functions x x and y y are odd in e while z x and 8 are even m e. The coefficients 
of the various powers of e in x v y v z x are as follows : 

x v sums of cosines of even multiples of \/ At, 

sums of sines of even multiples of 's/ At, 

z v sums of sines of odd multiples of \/ At. 

The highest multiple of \/ At in the coefficient of any power of e exceeds 
that power by unity. 

The initial values for these solutions were chosen so that z x (0) = 0, z x (0) — 1. 


The Orbits of the Second Genus. 

7. The Differential Equations . 

In order to obtain the orbits of the second genus, we make in (4) the sub¬ 
stitutions 

z = x x + p, y = y x + ?, z = z x + r 

* — *o — (1 + 8) (1+Y) t, 

and, further, replace e by e -|- X where e occurs explicitly on the right sides of 
(4), The substitutions for x , y, z are the same as those used in the “ Asym. 
VOL. CXIV.—A. 2 M 
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Sat.” where solutions for p, q, r were obtained so that they would approach 
zero as the time increases or decreases indefinitely. In the present paper 
p, q, r are determined as power series in X having periodic coefficients, but this 
requires a proper determination of y likewise as a power series in X. These 
solutions for p, q, r give rise to orbits of the second genus. Their period will 
be discussed later in § 10. 

When the above substitutions arc made in (4) we obtain no terms independent 
of p, q, r, y and X since x lt y v are solutions of (4). The resulting substitutions 
give 


p" - 2 (1 + 8) q' I- (I | 8) 2 (P„ p + P,, q + IV) 

-(1 t-8)U\ | *Jy (l | «)(//,' 1 q') 

+ (I M) 2 (2y + y 2 ) |(l + 2A) (/•, + />) - JB (e f X) 

{3 (i, I pY (//, t- qf - (Sr!- rf\ \- (= -|- X)*{ } + ... J 
h X(1 ! 8) a l : j B { - 2 (.r, + P Y + (y, fi 7 ) 2 + (-. + +} 

l-4sC{ }+...] 

+ X*(l -1- «5) a 1*20 { } {- ... 1 
+ higher powers in X, 

q" + 2(1 + ft) ]/ + (1 + 8) 2 (Q u p + q ia q + Q 1; , r) 

= (l + S) 2 Q l -2y(l + S)(V + ? /) 

+ (l+8) 2 (2y + y 2 )[(l-A)(j, l + ? ) 

4 3B (e )- X) (*! + p) fa + q) + (= h X) 2 { } f ... 1 
+ X (1 + 8) 2 |3B (X, + p) ( Vl + q) + 0 { } + ... ] 

+ X s (1 + 8) 2 T’j C { } + ... ] 

+ higher powers in X, 

r" + (1 + 8)* (tt u p + R xa q + R 13 r) = (1 + 8)% 

+ (1 +8) 2 (2y + y 2 )[-A(* l + r) 

+ 3B (e + X) (*! + p) (z t + r) (- ..1 
+ X (1 MFrSBfo fp)(t! + f) + 3=C{ } + ...l 
+ X*(l 4 8) 2 I^{ } + ...] 

+ higher powers in X ; 


(«) 


where Pjj, Qjj. P*, Q/, (j — 1, 2, 3) are the samo as in the “ Asym. 
Sat.,” viz., 
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l’„ - -- 1 - 2 A + GBsjq - (5Ce* (2J*, 1 - .y, a - z?) |- 
I*i2 " ~ 4Be//| -}- 12( e 2 J'|//| . .. 

l*ia -K n -= 3Bee, 4- 12CA-.S, + • .. 

Qia - - l + A 3Bcr, + j}< V (4r,* - 3** - ~f) + ..., 

Ql3 1^1» " S 2 //,M I 

R 13 - A 3B«, I jCs a (lr, a - //,* - 3*, a ) f- . , 

i*i -= - f <'-) :-=*( ) + .... 

Ql -»Bs pq 1 .... 

K, --3B zpr j- .... 

8. Tlte Equations of Variation and thrir Solutions. 

If wo neglect thu right members of equations (8) wo obtain the Equations 
of Variation These are the same equations of variation as those occurring 
in the “ Asym. Sat..,"’ equations (11). Their solutions are 

p ■= t- K 2 c ,,r - r u 2 + K 3 </' t « 3 + Kyi + K 5 m, 

1* K« (a 8 -f- 

q ^i (K l e‘ ,r ‘ r a 1 — K 2 C " r,T a 2 ) 1- Kge^tv, - K,e ,, ' r /> 4 + K-.« 0 

+ K« (iv. -H Ktc,), 

r ~i (K 1 i , '" ,t io 1 - K 2 e " Tl, w 2 ) -j- K 3 e PlT w 3 — K 4 e ' p T te 4 |-K.,ic, 

+ K fl («’„ + KtK’;,). 

where ..., K 9 are the constants of integration; a v p x and K are power 
series in e having constant coefficients; «y, v } , Wj (j — 1, ..., G) are periodic 
functions wliicli will bo more fully characterised in the next section whore a 
more convenient notation is introduced to handle these and similar series. 
So far as the computation was carried out in the “ Asym. Sat.,” we have 

M 1 -.l + S*( )+.", 

t>i = n + e 2 ( )+.... 

W >1 = — — o aLa C0s At — sin a/At +e 3 ( ) + ..., 

u 3 — 1 + e a ( ) + .... 

t> 3 — m + e a ( ) + ..., 

3Bs 12 /T 1 . ,, , . 

--VA“ nVAT + “^ ( ) + '- 

2 M 2 
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- e (— 2 6 j sin 2 VAt) + s 3 ( ) \~ •••• 

o ; , = e (2 c, cos 2 VAt) j- s 3 ( ) f .... 

M’s ^ 7 = cos VAt + c* ( ) f .. 

M« = 2 t («! + <-o.s 2 \/ At) ] e 3 ( ) .... 

t’o ^ 2 : (c, sin 2 VAt) + £* ( ) f- .... 

*»« — ^ 7 = sin \/At + e 2 ( ) + ..., 

. _ , .2 I 9B 2 {cr 2 (l — 13A) — (3 -j- 7A — 22A 8 )} „ (1 A) (1 t- 2 A) 

ff + * L-l6A>(4\-o 3 )-^-*- 

-I--, 

p, ==- p + e 2 ( )+.... 

K=- r !-J2S 2 «• f .«( )-f...|. 

1 O 

The expressions for a lt b v c,. $ 2 aiv found under ((i); for m, n, <i, p m (fi). 

9. Notation . 

As many power senes in e arise having sums of sines or cosines in their co¬ 
efficients, we shall designate them by the foundation letters H and C respectively. 
Two parentheses, in general, will be found in the, superscripts. In the first 

parenthesis will be found the integers 0 , 1 , 2 .followed by the letter e or o. 

The integer designates, in the first ease, the lowest power of e in the series, 
and in the second case the parity in e, zero being interpreted as even. The 
letter e or o denotes that the arguments of the sines or cosines are even or odd 
multiples of VAt respectively. The integer which appears in the second 
parenthesis of the superscript denotes the amount by which the highest multiple 
of \/At in the arguments of the trigonometric terms cm curring in the coefficient 
of any power of e exceeds that power. For example : - 

= (6 0 tt) 6 a «> cos 2 VA-c) c 

(- (&o <3) -f- V 3 ’ cos 2 VAt + ^ 4 131 c.os l V At) e 3 
-f- ... 4- {b 0 ai 111 + i 2 tWM) cos 2^/ At 
+ ... H 6g , , + s 1> cos ( 2 j -f 2 ) VAt} e 3 *" + ••• > 

S M Mi) zr ( 6 1 , i* sin V^At 6 3 a> sin 3\/A")s (- ... 

f- {b ^ 111 sin VAt + ... + sin (2 j + 3) VAt} e 2,+1 -f •••, 
where the literal coefficients designate real constants. 
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The absence of the second parenthesis in a superscript denotes that the power 
of e exceeds the highest multiple of \J At which occurs in the coefficient of that 
power of e, but with the amount of that excess we are not concerned. 

Symbols without subscripts represent a type only, while those having sub¬ 
scripts designate a particular series of that type. Thus two symbols having 
the same foundation letter represent only the same type of series if the super¬ 
scripts are the same, but designate the same particular series if, in addition 
to the same foundation letter and superscripts, they have the same subscripts. 

Many power series in e 2 occur having absolute terms and constant coefficients. 
These will be designated by the foimelation letter d with various subscripts 
and superscripts. 

Some scries have the property that the numerical coefficients of the sines 
or cosines of the highest multiples of VAt in the coefficients of the various 
powers of e in the one series are the same as, or differ only in sign from, the 
coefficients of the cosines or sines, respectively, of the highest multiples of 
V" At in the coefficients of the same powers of e in the other series. This pro¬ 
perty will be designated as the higJwst-mutii'ple-p&wer followed by the word 
identical or different according as the coefficients are the same or different, 
respectively. 

The functions occurring in (9) when expressed in terms of the above notation 
are listed in Table I together with certain of their properties. The first, genus 
solutions (6) are likewise similarly expressed. 

Table I. —The Functions */,, Vj, (j ~ 1, ..., 6) and their Properties. 


Functions. 

1 

T\ pi* of Nth*"*. 

Properties. 

u x , «* , 

<*».«)(») + r ) (u> 

Conjugates. 

W|, V| 1 

(<<>.<•) (u) +lS (o.f)«») ! 

Conjugates. 

«J|, W % 

(j(l.«)(°) LlS (i ( »)(0) 1 

Conjugates. 

u v «4 

c (0,O(0) ±R (0,r)(0) | 

(r) -- m 4 ( - t). 

V*. V t 

C (0,«)(0) (S (0 P C) (0) 

' 1 (t) — ( T). 

1C,, w> 4 

<41.4(0) J. R (1,«>(0) 

M’a (t) -= t - r). 



1 Hj ghos fc-m ulti pie- po wor, 

V, 

C0.00) 

f different. 

r. 

cd.OO) ! 

\ llighest-multiplo-powe-. 

V, 

Sd. 0(D 

/ identical. 


c .<0, »)(D 

\ Highest-multiple-power, 


S<0. o)(l) 

f identical. 


Cd.OO) 


Vi 

sd,*■)(!> 


s, 
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10. The Period of the Orbits of the Second Genus. 

The period of the first genus orbits of Class A is 2?r/\/A in t or 
T 1 = 27 t(I + 8)/\/A in /. According to Poincare’s definition, as already 
stated in §2, the period of the second genus orbits must be 

T a — NT X (l j - a power series in X), 

where N is in integer. Let us now ascertain what terms of equations (9) may 
bo used as generating solutions which will have the period T a . Obviously 
they are 

Pi = + K a c" ia,T M a + K 5 m 5 , "I 

9i = i (K 1 e" r,T i , 1 — K 2 e“ ,<r,T i; 2 ) |* K 5 v 5 , > ( lu ) 

r x — ? — K 2 c ttf ‘ T »r 2 ) -|- J 

provided and Va are commensurable. It has been shown in the '* Om\ 
Sat.,” §H3, that <j and \/A are commensurable for infinitely many values of 
fx of which they are functions, and for p within the prescribed range 0< p. ^ 5. 
Now 

<Ti = a |- e 2 (ft power series in e 2 ), 

and it may be possible to choose e within the limits demanded by convergence 
conditions so that a x and \ r A are commensurable. Let us suppose that s 
and p can be chosen so that \/ A/<j x = N/N 1? where N and are relatively 
prime integers. Then the period in t of the solutions (10) is 
2wN/VA = 27iNj/a r while in t it is the prescribed period T 2 = Nl\ (1 + y). 

If the generating solutions 

Pi = K a //„ q x = K 5 v fi , r x = K rju) b 

are used then the periodic orbits which might be obtained have the period 
2rc/VA and are the analytic continuation of the orbits of the first genus. In 
order to exclude such orbits we may suppose that N is not unity. 

11. Construction of the Periodic Orbits of the Second Genus. 

We proceed now to show that equations (8) can be integrated as power 
scries in X which shall be periodic with the period T 2 . Only the formal con¬ 
struction of these solutions is here considered as their convergence is later 
discussed in § 18. 

Let 

V ~ ~ 7 — 2 ft a'. r~ 2 r^, 2 y^> (H) 

— I / — 1 J — I 
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be substituted m (8) and let the resulting equations be cited as (8'). On 
equating the coefficients of the various powers of X in (8') we obtain sets of 
differential equations which define p s , q jt r s . It will be shown that these 
equations can be integrated and that Yj and the constants of integration at 
the various steps can be so determined that each p 5 , q s% r i shall be periodic 
wiih the assigned period. One constant of integration remains arbitrary 
at each step and we may therefore impose one condition upon the solutions (1 i). 
Let us suppose that p( 0) may have an arbitrary value. Then it follows fhat 


Pi (0) arbitrary, 
Pi(0)-0,(j = 2,:3, ... *). 


( 12 ) 


Since pj carries the factor X and since X remains arbitrary we may merge with 
X the arbitrary i onstant associated with p v 

fn the construct ion which follows we confine our attention to the symmetric 
orbits. The first genus orbits are all symmetric, that is, the infinitesimal 
body ciosscs the ~/^-plano at the initial time along, and perpendicular to, the 
'-avis. If the second genus orbits arc to be symmetric they muBt satisfy the 


conditions 



P'(<>)-?(<>) ~-r(0)~0. 


(1») 

or, as a consequence of (11) 



/>/<«) = 7i(‘») O'-1.2-. 

*)■ 

(14) 


12. The First Step : Coefficients of >. 

On equating the coefficients of X in (8') we obtain 

PC -2(1 | 8), h ' , (I -| W„/>i 1 IV/, ! IV',) = l* 11 ' 

<h" + 2(1+ *);+ | (1 - r *)* (Oul'x Q 12 V, I- 0.30) = Q a) ► 

f\" +(1 ; (l^i,7 , i I b ~ = ® ,<1> . 

whore* 

pai + 

<)<i> |-K' 2 - ,)(2) , 


(15) 


Tho undetermined constant. Yi enters the right members only as indicated. 
The complementary functions of the above equations are the same as (9), 
but let the arbitrary eonstants be denoted by ..., 

In order to obtain the particular integrals we, employ the method of the 
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variation of parameters and consider k^ x) ... h {X) not as constants but as 
functions of t. Proceeding according to this well-known method we obtain 

Afci (1,/ = - (M u P (1> + M u Q a) + Mio R a) ) 

= c^(MuP (1 ’ + M m Q (1) + M m R (1> ) 

Ai 3 (1) ' - - e~ p,r (MuP® + M 34 Q a) + M 30 R (i1 ) 

AJk 4 (1,/ = (M41P® + M44 Q (1> + M 4fl R (1> ) 

Afe (l1 ' = - (M 02 P (1> + M m Q tt) + Mr lC R tt) ) 

AW 1); = (M fl2 P (1) + Mfl 4 Q a> + M w R a) ) 

where A is the determinant 
e“ r,, M 1 , e c PlT u 3> c~ piT y 4} «5, »t. + Ktu;, 

e” i ‘ ,lT (-WT 1 w 2 +w 2 / ), (pA+u* 1 ). -Pi«4+*i')» "/+K(t?/ 6 '+u 6 ) 

e ,#,T «V e" l " ,T (- it> 2 ), 0*% e” p,T (- *), r 5l tv, + K.w s 

r^-o^+riV), 0 eP ,T (piV 3 +v' 3 ), %/> ?V+K(tv 5 '+v 6 ) 

0 ^‘ T (- iw 2 ), <^ r w 3l e“ hT ( — i0 4 ), Ws. «ii I'Km 

^(-a^+w/), e* f (p*a'i <+K(w 5 '+m> 5 ) 

This determinant is a constant* and its value can be determined with the 
least difficulty by putting t = 0. Thus wc obtain 

A — M (mp + wo) (wo — np) + e 2 ( ) + .... 

It is shown in the “ Osc. Sat.,” equations (36), that wp + tut and m — np 
are different from zero. Hence A does not vanish for e = 0 and therefore 
remains different from zero provided | e ] is sufficiently small. The fact that 
A is different from zero shows that the solutions (9) constitute a fundamental 
set. 

The M# (j = 1, ... 6; k = 2, 4, 6) are the co-factors of the elements )h m 
the determinant A, j referring to the column and k to the row. The forms 
of these co-factors in terms of the notation adopted together with their properties 
are given in the following table. 



* Moulton, 1 Periodic Orbits,' § 18. 
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Oo-faotorh. 

T\|m* nf senes. 


Properties. 

Mh» M lt 

(.(0,C)(0) 1lS (0, C)(U) 

Conjugates 

M m . Mu 

s <0. r) (0) ± tC (0, e) (0) 

Ct tiij ligates. 

Mu 

lS (l.n)(0)j tC (l, »>(0> 

Conjugates 

M|i* M 41 

,((,<<». 0(0) , s (0.*>(»>) 


Mu, M 44 

i( 0<o. <■)(«) L s <0.')«•>) 

M„ (t) - \T„ ( r) 

M a# , M 4# 

t j(jO. *»)(*>) ± g(l,»)(0)) 

(t) M„ ( - 0* 

M„ 

,(00.0(1) , TlS (V)) 

* s< s -'> 

K IK 


Highest imilliple-jHmei. 

M„ 

1 

[ different 




1 H i ghost - in ull i plc-puw er f 


r (3,») 

K 

j 

[ identical. 


* i;U. «> 

K 16 

1 

[ 1 lighrat-multiple- pow or. 


J 

f idtnticnl. 


i 


Equations (16) will now be considered in pairs. Beginning with the lirst 
two equations we find when these are expressed in our notation that 

A*! 11 '' = - e- <a " { Yl (C a> 41 ® + tS«- 41 (1 >) -h C (0 - 4) ,2 ’ |- iS (0,4) <as> >, 

— v «r,T {y^c.(*> _ igo.'>(•> - i'S 10 

When cr l is not an even multiple of \/A the integration of the above equations 
yields 

k"’ -= e ( Yl (C (1 - 41 + iS' 1 - | - C t0,4) tz) | iS ( "- 4) '*’), 

jfe a <i»==e*^ { y ,C (, ’ 4>(I) iS ,1 ' )(,) -I C (0 - 4)<a - »S (0 - 4,(i8 }, 


and, on substituting these expressions in the complementary functions, the 
particular integrals 


p, _= Yl C"- 4) (l) + C (0 '“ ®, 
?1 = Yl S'i.*» <i» S <0 - 4> ®, 

r, = v, 0) ® -I- S (1 - 0) ® 


l 

f 


(17) 


follow. 

If a t were an even multiple of y/A then certain non-periodic terms containing 
t explicitly would arise which it would be impossible to annul with the arbitrary 
constants at our disposal. But a was shown in § 83 of the “ Osc. Sat.” to be 
different from an even multiple of \/A and since 


Oi =* a •+• ** (a power series in «*), 
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then <T t will differ only slightly from a and we may assume that a i is not an 
even multiple of \J A. Otherwise we must exclude such values of e as would 
make a x an even multiple of \/A. 

If the second pair of equations of (16) were considered in detail it would 
be seen that no peculiarities would arise. They yield particular integrals of 
the same type as (17). 

Ihe integration of the last p t ur of equations in (16) proceeds differently 
since no exponential factors are present. When expressed in our notation these 
equations give 

h ,iy - - IyA® + erf,' 1 ’ + y.<V w, “ + <V Jl ‘ ,ro + t | Sr.' 3 *")]. 

h' ir = -H S-,«•*>), 

where (V°’ fW2) and \z S : / 2 ’ e) have the highest-multiple-power relation, differing 
K 


only in sign. The series and ~S;, <3,e) have also the same property. 

lv 


Thfl integration of the above terms yields 

is' 1 ' - - (Y,rf 1 (11 + erf,' 1 ’) t - YtV ,ms) - Ha' 1 -*’' 3 ’ \- t <*;,(*,«••> |- 

V” --^(yA 12 - 41 I- 

where and i (V 2 *' 1 . and .lIso ami 1 (<„»■*> have the s.un<‘ 

K lv 

signs in their highest-multiple-power relation. When these values of h, {1) and 
k$ tV are substituted in the complementary functions it will be observed that the 
terms in f- (V*’ 1 ') cancel off. The particular integrals then becomes 

Pi ^ + ^ 2 a) ) + r x C^ ul) -[- C** » 

q x = - (r.'*i' l> + *d* {1) ) 4- 8«-*» 

' i -- - (Yirfi ll) + »i* u) ) TW?-i | + 


If the highest-multiple-power relation did not exist in the functions as stated 
above, then the integers in the second parentheses of the superscripts of these 
particular integrals would be 3 and 4 instead of 1 and 2 respectively as designated. 

This completes the work for finding the particular integrals. Combining 
now the complementary functions with these particular integrals we obtain 
for the complete solutions at this step 

p x = e'*' T u t + K 2 a) c” lff,T w a 4 K 3 (1) c* t m 3 f K 4 (1 > <r * T w 4 

+ K 5 ll) « a + fa 4- Kru r .) - (yA w i- A*) 

4’ YiC ll,e>tl * 4- (_ 1t0,<fM2> 
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q x — i(K 1 (1) &' r,r i\ - K,J 1 ) e~' n ‘ 7 v. 1 ) ~ K,' 11 e? ,T v a — K4 111 c '*V 4 

+ K-,' 11 1* j + W>(r. -f M - ( Y A'" i- aW'V. 


>! = £ (K i 11 r“ ,, V 1 — K 2 l,, «' 
-|- K,' 1 ’ //••, 


"'’tv,) j- Kj 11 <' p,t «' 3 - K i' 1 ' c ,,|T i/'4 
Kit 1 - 11 («•„ -J- Kt«’,) — (v.rf,"* *1") -n\ 


1 

I 


Yi 


V^lU.O) (11 


l.'ii*2> 


where K } {} \ .. , K« l,) are the constants of integration. These solutions i,m be 
made periodic with the period T 2 by putting K 3 (1) = = 0 and imposing 

the relation 


KK fl (11 - =- ul 2 il) - 


(18) 


When the symmetric conditions p x (0) = Ji(0) ^ r x (0) = 0 are imposed upon 
the remaining terms it is found that K A a) = K a tt) , K & 11 - 0 . Hence the 
symmetric periodic solutions at the first step are 


Pl - K t a) (&"""! -1- e'^u 2 ) + + Yl C (1 - rt(1) + C (0 --> (2) , 

<h - *K 1 (I) (e-v, - c^v 2 ) + Ke^ + Yi sa ‘* ,a) + l 

r, iK™ + K + YlS ^0 • o,,a, + ^ 


(19) 


Thu constant K/ 1 * remains arbitrary, but since p x carries the factor X we may 
put K^ 1 * = 1 without loss of generality. We shall keep in evidence, 
however, until the integration at the second stop has been completed. 


13. The Second Step : Coefficients of X 2 . 

At the second step of the integration another relation between KV l) and 
similai to the one obtained in the lust section, will arise from the periodicity 
conditions, and the solutions of these two equations will uniquely determine 
these constants. There will also arise at this step a relation between y* and 
K ft ' 2 \ a constant of integration corresponding to Ke a> . 

The differential equations at the second step are the same as (15) except 
that the dependent variables are p z , </ 2 , r 2 and the right members are P t2 \ 
Q l2) , R <2 \ The complementary functions are the same as (9), the arbitraries 
being denoted by k x { *\ fc<j t2) * 

We shall consider first only those parts of P t2) , Q (2) , R (2) which enter into the 
determination of K fi (1) and y v When these constants have been determined 
the solutions for p v q v r x at the previous step will be simplified, and conse¬ 
quently so will l Jt2) , Q (2 \ R (2> . The only terms with which we are now concerned 
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are those that carry the factor n" r,T or « ‘" ,T . These terms arc listed in the 
following table. 

Tabic Ilf. Certain Terms in l* 1 * 1 , Q' 2 ', R' 2 ’. 


ltight ! 

Memhri. , 

1 

[ 

1 

fiieffioienN of 

r.ieltu u>nth «>f e' 

|>(2) 

.K< , >K.“»(0'“-"" ) ,-^ l -'>‘ 1 ») 

)- K,* 1 *?, (c* 0 -'* 10 * f ,S< 0 ''><">) 

+ K ,0>(c('.'Ul) + lS < l -')<t)) 

CmtjURatr 

Q® 

t-»S<'-'><») 

1 *,»»* (€»•»» 1 .,s<"' f >< u >) 

I ,K 1 « , *(t«-'» ,l > 1 iS* 1 *'*'^) 

(’tuij ugatr 

R® 

.,K l < 1 )K 6 ( 1 )(r<°.")O) + ,s(0."Hl)) 

t-.K,< l >(C (2 -"> (1 » + .S< 2 -"> (1 >) 

(nnjutfuti 


On varying the parameters A, 1 *, .. kn 2) we obtain 

A k 1 <21 ' = - e' *'‘ T (M t2 1” 21 + Mi, Q® + M ia R ,2 >), 
A k^' = e“ r,T (M 22 P' 2 ’ | M 24 Q® -p M m R' 2 ’), 

A fc a ®' — -- v ~ P,T (M 32 P® I- Q' 2 ’ {- M S0 R i21 ). 


( 20 ) 


A k, is> ' ---= i* r (M 4 .1 >(2> + M 4 4 Q® 4- M 4 « R t2) ), 

A A,*' = - (M w P’ 2) -f M m Q l2) 4- M m R< 2 ’), 

A A«®' = (M fl2 P® 4- M«4 Q' 2 ’ + Mm B®). 

Consider first the equations in k^ 0 ' anil A./ 21 '. When the right members 
in Table III are substituted in these equations, the exponentials cancel off 
and constant terms arise from the resulting products of the co-factors and right 
members. These constant terms are 

iAV 21 ' - K ® (e 2 d|® K„® -f rf ®Yi + «f 3 ®). 1 

-**s®' = Ki m W K,® + rf,® Y, + = rf 3 ®). J 

and their integration will yield terms in t explicitly which, 111 turn, will render 
Pa> 7*> r 2 non-periodic. Hence in order that the solutions at the second step 
may be periodic we must have 

K® (e 2 d*' K fl iu + rf,® Yl 4 af 3 ®) = 0. (22) 

Now K| tt> must be different from zero, otherwise the construction now being 
carried out would give orbits of the first genus. Hence the second factor must 


( 21 ) 
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vanish. Combining this equation with the one in K,/ 11 anil y,, (18), obtained 
in the previous seetion. we get 


KKb ' 11 -- d I ‘ 1 ’y 1 ■= edj 11 ', 

C 2 l/,® Kfl' 1 ' f i i.™ y, - - sd.f\ 

A detailed examination* of the functional determinant of these equations, viz., 

f,®), (23) 

shows that it does not vanish for e ^ 0 but sufliciently small numerically. 
Hence the above equations in K#' 11 and y, may be solved, the solutions being 

K« al -- (1/e) rf 8 al , y i-wiJ 0 . (24) 

Before proceeding further with the integration of liquations (1(5) we may 
simplify the solutions for p„ q lt r i in (19) and likewise the right members P®, 
Q®, R® by substituting the above values for K,/ 1 ’ and y,. We therefore 
obtain 

/», K l ,,, (tf # * T M | + C-^llj.) 1 (f 10 * *•' <a> , 

</,-• iK^'K'V, - r l<r 'V 2 ) -t- S' 0 -'"-’, 

/•, - iK,® («■*'•'«■, e "'•>.,) -|- (l/g)S'®-""» 
and when these values have been substituted in P' 2> Q® II® these right 
members become 


P® - eK,®' |c 2 ‘" ,T ((y 0 -'' 1 "' |_ } s"’.' nul ) + c (conjugate)l 

I cK, ,,, lp** ,T (C ,0-rt ® + tS !0,< ' 1 '') {- c (conjugate)J 
+ £K l " ), C ,0 - r)(0) + (\Jt)V ,0 - ,u -' q ey 2 C"*' f ’ <2 \ 
/cK,' ,,, |» 2 ‘“ lT ((’ ,( "- rt,u ' | tS < "- ,,,< ") (conjugate)] 

| (<""•-i- — e (conjugate)] 

1 eKj' 11 ' S ' 0 *' 1 + ey 2 S ,0 -' ,w \ 

R® - teK I ' 1 V a " , ' T (C" ,oMU, +iS"-""'”) - c t (conjugate)] 

+ ieK 1 ' 1 'K' r (C l0 -' ,U1 ’ + iS l0 -'' ,,,) ) - c " , ' T (conjugate)] 
| sK ®‘ 1,0 ! s 10 -" 1 *-* 1 _ j _ Y 2 S ,n, “ l<11 


In the above expressions the word " conjugate " designates the conjugate of 
the fimetion in the parenthesis immediately preceding. 

* Tho somewhat oomph rated algebraic work lor the construction of tho first two stops 
of the integration for the second genus orbits was carried out by Mr. Walter H. Gage in his 
thesis submitted for the degree of M.A in tho Dopaitmont, of Mathematics in tho University 
of British Columbia, April, 11)20. The computation for the numerical example in §19 
and the drawing of the graphs were also made b> Mr Gage. The author wishes to horob\ 
express his indebtedness to Mr. Gage for his splendid work m this connection. 
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Let us now return to equations (16) and consider their integration in pairs. 

When the necessary substitutions are made the first pair of equations becomes 

»*®' = eV (Cg *’ ,0) + »Sg rt m ) + e -s “' ,T (Cg 41 ® + tSg ,)<0 >)]" 

+ ■K 1 ,u [Cft*® + »Sg*® + e~ 3u,lT (Cg 4 *® + iSg*®)] 

+ c feK/ 1 ’ 1 (Cg 4>,0> + tSg 4,(0> ) + (1/e) (Cg*® + tSg*®) 

+ «y.<c» - ®+ *»*•)], 

> ( 2 ! 

- i* f *' = «K,"»' L**' ,T (Cg*® - *Sg* (0) ) + e~ ,a,T (Cg*® - *Sg*®)] 
f- eK 1 ll, |^ l ' ,T (Cg*® - tSg*® + Cg*® - tSg*®) 

|- rf-lcK,®* (Cg*® - *Sg*«) + (1/e) (Cg*® - tSg*®) 

4* *T» (Cg 41 ® — »Sg*®)]. „ 


It will be observed that the coefficients in the first equation are the conjugates 
of the corresponding coefficients in the second equation. On integrating we 
find that Jfcj® and fc 2 ® have the same form as ik 1 ' 2U and -- ik 2 2)l , respectively, 
provided the terms in t already considered in this section are excluded, and 
with the further proviso, which will be considered in detail later, that cq is not 
an odd multiple of \/A, and 3tq is not an even multiple of \/A. With these 
restrictions, the particular integrals ohtainod by substituting the above values 
of k'l' 1 ' and in the complementary functions are found to be 


p 2 — £K|' ,) ’fc 2 ‘'‘'(C (0, ' HW ■ f- fS t0, *• 101 ) j- <• (conjugate)] ' 
+ eK^fe^^C 0 -* 1 ® +?S l0 -'" 2, ) + e ‘"’ T (conjugate)] 

4- eK 1 (1 ’ , C l0,4) ® + (l/e)C (0,4,(21 1 c^C**®, 
q 2 - /sK, ,1, ‘ |e 2 ‘' ,T (C 10 ’* 1 (0) 4 iS 10 -' 1101 ) — c 2 “ , ‘ I (conjugate)] 

+ iz K,® [c‘" ,T (C (0,el ® 4- *S <0 -*®) - (conjugate)] L 
t- sV S' 0 -*® 4- (1/e)S (0, * M2) 4- « ri S* 4, ® > 
r 2 — ieK 1 <1) * [e B ‘-‘ T (C a - < ” <0> 4- i» ,,,0 ’ (0) ) — «'*•* (conjugate)] 

4- t'sK® (C' 1 - 0 ' (2) 4- t'S (I - # » ®) - (conjugate)] 

•|- sK 1 tt), S <1 - e >® 4- (1/e) S' 1 - 0 " 2 ' 4- ey 2 S' 1 -”" 2 '. 


(26) 


A consideration of the third and fourth equations in (16) will give particular 
integrals similar to the above. No non-periodic terms will occur since the 
factor e ■ |>,T or ef' T enters, p x being real. 

The last two equations of (16) must be considered in detail as the integrations 
differ from those for ft/ 2 ' and k 2 <a \ It will not be necessary to consider the 
parts of P®, Q®, R® carrying the exponentials as factors, since the partic ula r 
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integrals arising from these terms are similar to the exponential terms of p.,, 
q 2 , r t already obtained The remaining terms of P* 2 ’, Q 12 ’, R t2> give 


Xf' = eK' 1 1,, (0 <1 -' M1 ' i- tS'V’) 

-(1/e) (("'•*' t8 > -1- -Y.(C ,# - rtw I-tS' 2 - ), 

Xf” - £ -^~ %'{ r> + ^ S & e) + ^ 


y 


(27) 


The pairs of functions -i SS* . C"-'’"’. aiul (: <0 - e ’< 2 ’. S&' 1 

K. iv iv 

have tin* 1 i iglu»st-muItipie-power relationship, differing only in sign. As the 
functions ( v1 *' , ‘ (1> contain constant terms, tin* integration of 

these term 1 ' will vield in Z\ ,2> the lion-periodic term 


- (e’-KV 1 * f U*+ rf/s* f y* 'V 2 ') t. (2K) 

Othei terms (ontnmmg t explicitly will arise from Z^Mmt when the values for 
and Z-f,- 1 .ire substituted m the uunplementary functions these terms will 
cancel off i\> at the i urres ponding phue of the first step of the integration. 
The remaining terms for /r/ 2) and ZV 2) iwll yield particular integrals of types 
already included in (26), 

On combining now the particular integrals with the complementary fum t mils, 
tin* constants of integration being denoted by K,'*\ . . , K tt <2 \ the, supeiscnpts 
denoting the step of the integration, the complete solut ions will he found to 
contain non-periodic terms of two type**: first, there are the terms of the umi 
plementary functions in tf lT or v F,T . but these may be annulled by putting 
K 3 t21 — Ki’ 21 -=• 0 ; second, terms in T?/r„ t?v„ tmv, appear, but they all eont.un 
the same factor 

KK,/ 2 ’ - rf« (2) y 2 e 2 K 

and may be annulled by imposing the condition upon K« (2> and y 2 that this 
I actor shall vanish, i.e. y 

KIW* - - Y 2 - ^ <2> - s 2 K 1 <1)> d 4 ,2) = 0. (29) 

The remaining terms of the complete solutions will be periodic and will have 
the form 


p a = + K 2 (2 V lff ‘ T w 8 + K 5 (2) % f K fl (2) w B 

+ the particular integral for p z in (2G), 

?a i (K^v t ~ K ®<r^v 2 ) + KJ*vs + K^'v* 

+ the particular integral for q z in (26), 

r 2 = i (K t ( 2 V^ - K + K 3 ®Wj + 

+ the particular integral for r 2 in (26). 
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When the flymmetric conditions are imposed upon these solutions, we get 
K® = K 2 <2 \ K 5 <2) = 0 as at the first step. From the initial condition, p 2 (0) = 0 
(14), we find that K x i2) is uniquely determined in terms of s, K^ 1 *, Ko <2> , y r 
But the last two constants, as will be shown presently, are themselves functions 
of t and Kj 1 ’. Hence all the arbitrary constants, except K 1 <1> , are uniquely 
determined by the periodic, symmetric and initial conditions. 

Before giving the general form of the solutions at this step, let us anticipate 
a result which will be found at the third step, viz., a second relation between 
K 0 (2) and y 2 similar to (29). The functional determinant of these two equations 
in Kfl (2> and y 2 m the same as at the first step (23) and therefore their solutions 
will be 

£** 

Thus when the expressions for the various arbitrary constants have been 
substituted and K/ 1 * put equal to unity, the desired solutions at the second 
step become 

+ (1/e) C <0,e> » 

q 2 = i S (e*'"" Vff - e ^ Ygf) + (1/e) S (0 - ta> , 

r 2 - («*'■' Wj f - Wj?) + (1/e 2 ) S < 0 '* «" 

where the functions having the foundation letters U, V, W are similar to u v 
v v w v respectively, except that in the former functions the highest multiples 
of \/At occurring in the coefficients of z} may exceed j. Further, the functions 
which differ only in their second subscripts are conjugates. 

14. TJu* Second Step when a x is an odd multiple of y/ A or when 3a 1 is an even 

multiple of VA. 

Case /. o x ~ (2 j + 1) V^A, j an integer .—In this case constant terms arise 
in i,®' anclA j' 2 *' in addition to those already considered in (21). The terms 
in (25) 

»V*" * eK® (C8 - {t) + "), 

- ijfc,®' = eKj 0 ’ e**® ,T (C«-*> ® - <8S-®), 

when we put e*" ,<r,T — cos 2 <TiT ± t sin 2 <j 1 t, 
yield the constants 

Utf* = K,' 11 t 4 ^ 1 d,,® 

— ik 2 lil> ' — K,® e 4J 11 da* 
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aud when these are taken with (21) we obtain, instead of (22), the equation 

K x tt> (e*-j- ^ 2 <2> Yi + \ « 4,l, 4.*) = 0. 

This equation is of the same form as (22) and consequently the expressions for 
K« (1) and Yi will be the same as (24). 

No constant terms arise in the solutions of (16) for A^ 121 and kp' so these 
equations need not be considered. There are certain new terms, however, 
arising in kP' and with these we shall now doal. 

In solving (16) for 1cP' we obtain from the terms in i ,ta \ Q (2) , R (2) carrying 
the exponentials <?* 2l<riT the expression 

UP 9 - eK l ll) * [0 <1,e)(1> + tS ( 8,c) ] [e 2 ‘^ T (0 (0 • e,(0, + iS <0 * c)l0) ) 

+ e~ 2ilTiT (conjugate)], 

from which arises the constant 

i 5 (2 >'^- K 1 (l, V iM dio (2) . 

The expression corresponding to (28) then becomes 

- (z*KP'dp + dP 1- rf 6 (2) Y2 + 4 d,o (2) ) t, 

but this has the same form as (28), and therefore does not change the form of 
the relation (29) in Kb < 2> and y*- 

Hence when cq = (2j+ I)\^A, only slight modifications of the preceding 
integration are needed, and the periodic solutions for q 2 > r 2 will not be altered 
in form. 

Case //. :5a! = 2 j yj A, where j is an integer .—If j is a multiple of 3, then 
<q equals an even multiple of \/A and this case was excluded in § 12. 

When 3a t is an even multiple of \/ A, then the parts of equations (25) 
ikP f « zkP' e (Oft* (0) + iHft* (0) ) 

- ikp\ f = eK 1 a, ‘ (C& fl><0> - i8 { & eH0i ) 
give rise to the constants 

ikp )f - K^ 1 ** e‘-l +1 d 12 (2) , 

- ik®’ = KP )1 e** +1 rf ia t2 \ 

which were not previously considered, and therefore the relation corresponding 
to (22) becomes 

K* (e 2 dp + dP Yi H + &P ** 3+l d x P) - 0, 
but this equation when solved with (18) gives values for J£ 0 (1) and Yi of the 
same form as thosu previously obtained in (24). 

No additional non-periodic terms appear in tho solutions for kp and kP since 
the exponentials e ±uriT do not occur in the expressions for these parameters. 

VOL. OXIV.—A. 2 N 
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Hence in the case under consideration the solutions for <p v q it r s can be made 
periodic, and they will be of the Bame form as those already obtained. 

15. The General Step. 

Tho restrictions of space prevent a detailed discussion of the induction to 
the general term, but the integrations have been carried out sufficiently far 
to enable us to see how the solutions proceed. 

At any step v all the constants of integration, except and all the Yi» 
..., y„_ x are determined by the periodic, symmetric and initial conditions. At 
this stop, also, a linear equation in K« (,i> and y„ is obtained by annulling the 
coefficients of tm r , t(J 6 , tm> r as at the firat and second stops. At the next Btep 
of the integration a second relation between KV 1 '* and will be obtained 
when the condition is imposed that 11 and jfe 2 1 ' 11 shall be periodic. The 
functional determinant of these two equations is the same as (23), and their 
solutions give 

K b ‘‘> - (1/e-) if', Y , = U/V *) d, w . (30) 

Then at the general step the desired solutions have the form 

p, = ^ U ft w + e + (1/e- ^C 10 - 4 '®, 

q, = i - c^v/ 1 ) (l/e-- 1 ) s <0 -‘ >(8) , 

r, - i - c" i*'.-W J8 ( - > ) + (l/e-) S 10 --'««, 

where the functions in the foundation letters U, V, W are similar to those at 
the second step. 

When o x and \/A are commensurable, but a x 2 j \/A, j an integer, the 
non-periodic terms which appear are similar to those treated in the preceding 
section. 

16. The Final Form of the Equations for llw Second Genus Orbits. 

In termB of the original co-ordinates (£, i), £) the solutions for the second 
genus orbits are 

5 = Zo+ e (*! + S p„X"), 

7) = 0 -f- e (yi + 2 $r„X-), 

*"■1 

;=0 + t (q + Ir,Xl, 
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where (£ 0 , 0 , 0 ) are the co-ordinates of the equilibrium points (a), ( 6 ), (c), 
obtained in § 4 ; x„ y v z x are the periodic solutions ( 6 ); and p Vi q V) r v arc the 
expansions (31). 

The equation connecting l and t is 

<-« 0 ^(l + S)(l+ 2 Y„ 

\ = 1 

where S is defined in ( 6 ) and in (30). 

The period in t of the first genus is 

T, = (1 -f 8) 27T/V/A, 

and of the second genus it is 

T^NT^l+S^X'), 

where e and p are choson, if possible, so that \/Aja x — N/Nj, N and N x being 
relatively prime integers. 


17. Non-Symmetric Orbits . 

The second genus orbits which have been constructed cross the 473 -plane 
many times before they re-enter, but only at the beginning (or end) of the period, 
and, if Nj is even, at the half period, do they cross symmetrically. The question 
then arises as to whether all the periodic orbits are symmetric or not. 

Let us suppose the symmetric conditions p f ( 0 ) -= <7 ( 0 ) — 0 are no longer 
imposed. Since the infinitesimal body must cross the ^Tj-plane in order that 
its motion shall be periodic, we may choose, without loss of generality, the 
initial time so that z ( 0 ) = 0 . Now z = z x + r and since z x ( 0 ) = 0 it follows 
that r (0) = 0 . Suppose we endeavour now to construct periodic orbits 
imposing only the condition r ( 0 ) -- 0 . So far as the earlier steps of the integra¬ 
tion are concerned wo have found it possible (the details are omitted, however) 
to construct orbits which do not have the property p' (0) == q ( 0 ) — 0. Such 
orbits arc apparently non-symmetric, but, on the other hand, we have no assur¬ 
ance that we have not merely shifted the origin of time from a symmetric 
to a non-symmetric crossing and in this case these orbits might be naUy 
symmetric orbits. The question then as to the existence of non-symmetric 
periodic orbits must be left open. 

18. The Convergence of the Solutions. 

So far only the formal construction of the solutions has been made and 
we must now consider their convergence. The usual method of establishing 
the convergence of such solutions is by an existence proof in which Poincare’s 

2 N 2 
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extension* to Cauchy’s theorem is used. But such a proof is long and cumber¬ 
some and generally more difficult than the actual construction of the solutions. 
In 1911, however, MacMillan proved a remarkable theoremj* m which he showed 
that, if the constants of integration in a system of differential equations to 
which (d) arc reducible can be determined so as to make the solutions formally 
periodic, then such solutions will converge for all finite values of the time pro¬ 
vided a parameter corresponding to X is sufficiently small numerically. By 
means of this theorem, therefore, we arc assured of the convergence of the 
solutions which have been constructed. 

19, An Illustrative Orbit . 

In the computation carried out by Mr. Gage, to which reference has already 
been made, the value assigned to p, was 1/11. This gives the ratio of the 
finite masses as 10 : 1, being that used by Darwin,J by Moulton in the “ Osc. 
Sat.,” and by the author in the “ Asym. Sat.” The scale factors e and X are 
assigned the values e = 0*1, X — 0*01. Fof these values of p, s, X it is found 
that a x and V A are very nearly commensurable, the ratio a x j\/ A being approxi¬ 
mately 31/28. 

The numerical values of certain constants entering into the solutions, together 
with the equations in which these constants first arise, arc listed in Table IV. 
The values of the constants in the first column art', taken from the “ Asym. 
Sat.” The computation in this Table as well as that in Tables V and VI arc 
for the equilibrium point (a) only. 


Table IV.—Numerical Values of Certain Constants Equilibrium Point (a). 


>>natant. 

Equation in 
which constant 
find appears. 

Numerical 

Value. 

Constant. 

Equation in 
which constant 
find appear?*. 

Numerical 

Value. 

A 

w 

2-648 


(6) 

-0-037 

B 

(4) 

6*548 


(«) 

0*184 

C 

w 

18*283 


<•> 

1*767 

<r a 

<») 

-2-811 

Pi 

(») 

1*830 

(f* 

(«> 

3 359 

dJV j 

(21) 

-260*723 

n 

( 3 ) 

2*657 

d t w 1 

(21) 

— 131*070 

ir. 

(<5) 

—0*747 

rf a <» 

(21) 

129*467 

a « 

(0) 

—0*310 

7i 

(16) 

0*849* 

*i 

<«) 

0 151 

K fi U> 

(18) 

0*924/* 


(«) 

-0*112 





* Poincard, loc>. cit.* vol. 1, §27. 

t MacMillan, 1 Trans. Amer. Math. Soc.,’ vol. 13, No. 2, pp, 140-168. 
t Sir George H. Darwin, 1 Acta Mathematical vol. 21, p. 99 (1897). 
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Table V contains the values of the first genus periodic solutions x t , y v s v 
when multiplied by s, for certain assigned values of t. Table VI gives the 
amount of displacement from the equilibrium point (a) in the second genus 
orbits for the listed values of t. The displacements at the end of this table 
are those near the close of the period. 


Table V. First (Jenus Solutions. Equilibrium Point, (a). 


T 


*Vi 


T 

f-r, 

•V, 


0 0 

o 00105 

0 00000 

0 ooooo 

l 0 

0 00258 

0 00103 

0 <>347 

0 1 

-o 00173 

- 0 00035 

0 00005 

1 8 

0 00180 

0 00057 

0 01(SO 

0*2 

0 00195 

- 0 00067 

0 01002 

2 0 

0 00100 

0 00011 

-0 0032 

o 3 

-0 00229 

0 00002 

0 02SK1 

2 1 

- 0 00287 

0 00110 

0 03*18 , 

o 4 

0 00272 

-0 00107 

0 0373 

2* S 

0 004 0) 

-0 000Vi 

-0 0007 

o 5 

0*00320 

0*00112 

0 OHS 

3 2 

0 00122 ; 

0 (MH)SO 

0 0577 

0*6 

-0 00307 

—0 00105 

0 0511 

3* 

-0 00337 

0 001 H 

00*73 

0 7 

- o-ootoo 

0 000HH 

0 0502 

3 li 

0 00244 

0*00000 

0 0320 

0 H 

-0 00412 

0 00002 

0 0500 

3 S 

- 0 00171) 

0 01 KM 7 

0 0130 

0 0 

-0 00 0)2 

—0 00030 

0 0020 

4 0 

-0 001 ON 

0*0002° 

0 0003 

L 0 

0 00107 

0 00000 

0 0025 

4*2 

0 00215 

0*00083 

0 0255 

l 2 

1 * 

- 0 00*33 

0 003*52 

0*00071 

0 00100 

0 0580 

0 0103 

4 4 

-0 00302 

-0 001 ] 2 

0 0121 


Table VI. - Second Genus Orbits. Displacements from Equilibrium Point (a), 
e — 0-1, X = 0-01, Oj/v/A31/28. 


T 

• (■<» i p) 

• (Hi 17) 

'(-*> 1 ') 

T 

« K f P) 

« (>J\ + <i) 

* (*1 r ) 

0 0 

—0*00031 

0 (HMHJO 

0-OtKX) 

2*8 

-0 00303 

0*00514 

0 0066 

0 1 

0 (XK140 

-0 00005 

0*0101) 

3*2 

-0 (M)258 

0*00318 

-0 0632 

0 2 

-0-00000 

—0*00180 

0 0214 

3*4 

-0 00105 

0 00152 

0*0519 

0 3 

-o miioo 

-0 00275 

0 0314 

3*0 

-0 000(10 

-0 00034 

- 0 0353 

0*4 

0 00158 

-0*00352 

0 0407 

3*8 

-0 00060 

0*00219 

0 0152 

0*5 

-0-00218 

0 00418 

0*0488 

4*0 

—0-00002 

-0-W376 

0 0005 

0*0 

- 0 00282 

-0 00470 

0*0558 

■1 2 

0*00184 

0 <K)4H7 

0 0275 

0*7 

0 00345 

-0 00508 

0*0013 

* 4 

-0 00316 

- 0-00537 

0 0157 

0*8 

—0 00403 

-0-U0520 

0 0053 





0*9 

0*(K)453 

-0-00533 

0 0070 





1*0 

—0 00402 

(1-00520 

0*0682 

100 6 

0*00304 

0 00480 

0-0570 

1 2 

-0*00532 

-0 00(1(1 

o oim 

100 8 

-0*00178 

0-00378 

-0 0133 

1*4 

-0*00525 

-0 00322 

0 0330 

110*0 

-0 00077 

0-00221 

- 0-0240 

1 0 

-0 00400 

-0-00158 

0*0380 

110*2 

-0 00032 

0-0003(1 

-0 0033 

1*8 

-000440 

0-00021 

0 0181 

110 4 

-0 00055 

-0-00155 

0-0182 

2*0 

0*00417 

0-00203 

—0*0037 





2*4 

-0*00412 

0-00400 

-0*0439 









516 


Periodic Ch'bits of Second (renus. 


The diagram is self-explanatory. 












517 


The Phenomena arising from the Addition of Hydrogen Peroxide 
to the Sol of Silicic Add . 

By H. A. Fells, B.Sc., A.I.O., and J. B. Firth, D.Sc., FIX'. 

(Communicated by F. S. Kipping, F.R.8.—Revived December 7, 1926.) 

(Plate 30.) 

The formation of gas bubbles in silicic acid gel (or, in fact, any gel) has been 
described by Ilatschek,* and ho expresses the view that “ such bubbles, which 
can be produced by a variety of means, are always lenticular, while gas bubbles 
in a liquid at rest—however viscous -are, of course, spherical. It is possible 
to produce such bubbles during the transformation, and to note an abrupt^ 
change from the spherical to the lenticular shape, which, as stated, cannot be 
explained by a mere increase in viscosity.” 

Experimental. 

Preliminary Experiment. 

Bubbles were caused to form in the gel of silicic acid in the following manner:— 

A mixture of equal volumes of sodium silicate solution (1) -1-15) and 

hydrochloric acid (3N) was prepared in the usual manner^ (by using solutions 
of such concentrations as would cause gelation in 1 to 2 hours). After the mixture 
had cooled down to room temperature, 2 c.c. of twenty-volume hydrogen per¬ 
oxide solution were added and the resulting mixture allowed to stand. The 
experiment was carried out in a small rectangular vossel to facilitate observa¬ 
tion. 

On the addition of the hydrogen peroxide to the sol mixture, thoro was no 
apparent change. The mixture behaved like a normal gel mixture until a 
few minutes before setting. When the mixture has assumed such a viscosity, 
as could be Teadily observed by slightly moving the container, streams of tiny 
bubbles appeared from many points. 

In a few minutes the bubbles ceased to pass upwards and became fixed, the 
viscosity of the gel having become sufficient to prevent their movement. When 

* 1 Koll. Zeit.,' vol. 15, p. 226 (1914); Introduction to 1 Physics and Chemistry-of Col¬ 
loids,’ p. 78. 

t The present authors’ italics. 

t Vide 4 J. Phys. Chcm.,’ vol. 29, p. 241 (1925). 
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this stag* 1 had been reached, the bubbles were quite small, and spherical, but 
soon began to increase in size. In the course of time the bubbles changed 
their shape, becoming first slightly elongated, and then truly lenticular. These 
bubbles, in the course of seven or more days, became so lenticular as to appear 
flat, and when viewed from the side, appeared only as a line. These disc-like 
bubbles then became distorted, bending in many planes, but still retaining 
their minimum thickness; subsequently many of the bubbles merged into 
one another, causing the gel to become broken up into smaller pieces. During 
this series of changes, the gel naturally distended, and in some cases was 
pushed outside the containing vessel. 

The phenomena were then examined in detail, and experiments were designed 
to determine the instant of the decomposition of the hydrogen peroxide, and 
to trace the formation and development of the bubbles. 

The Determination of the Instant and Subsequent Rate of the Decomposition of the 
Hydrofjen Peroxide , and th* Bubble, Formation associated therewith . 

1. In order to take advantage of the change in volume of the gel containing 
the bubbles, an apparatus was used which would respond readily to any change 
in pressure, and simultaneously record such change of pressure on a revolving 
drum. 

The gel mixture containing the hydrogen peroxide was placed in a narrow 
glass vessel, to the top of which was attached by a capillary tube a small metal 
capsule, closed by a tightly stretched membrane of thin rubber.* The rubber 
membrane or diaphragm responded very readily to any change of pressuro in 
the apparatus. A carefully balanced aluminium lever was suspended over this 
diaphragm in such a manner that a fine glass pointer, fixed to the underside of 
one end of the lever, just rested on the top and in the centre of the diaphragm. 
The other end of the lever carried a slender glass rod which rested on the surface 
of an upright cylinder, which was caused to revolve by a suitably geared clock¬ 
work motor. Round the cylinder was fixed a glazed paper, blackened over 
with soot. Thus any change of pressure inside the gel container was recorded 
automatically on the blackened paper, leaving a white line. The records so 
obtained were made permanent by dipping them into a special varnish. 

It will be observed from the record (fig. 1) that the change in volume inside 
the container takes place at a particular stage in the gel formation, point X. 
While the mixture is still in the sol form, there is no decomposition of the 
hydrogen peroxide as shown by the line AX, but it was observed that the rise 
* Cf. Hedges and Myers, 4 J. Chem, Soc./ vol. 125, p. 007 (1924), 
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in the curve was coincident with formation of the gel. Of course, no particular 
inBtant of gelation could ho observed, but its formation was signalled by the 


Fig. 1. 

sudden appearance of the bubbles, and this is recorded cm the curve as the 
first upward movement, which was maintained for several hours, XB. 

2. A second method of observing this phenomenon was by determining the 
rate of evolution of gas in a Hempel gas burette, which was attached to tho 
vessel containing the gel mixture. The liquid in the burette was water, and, 
to prevent any solution of gases, the water surface was covered with a thin 
oil film. 

The same results were obtained by this method as by the former, the pre¬ 
liminary stationary period during which no decomposition of hydrogen peroxide 
took place being clearly shown, and the gradual change of volume after the 
decomposition had started being also evident. These stages also agreed for 
the same conditions with those observed by the first method. 

It was shown incidentally that the gases collected were oxygen and a certain 
amount of chlorine. The results of a typical experiment are given in Table I., 
in which 50 c.c. of water-glass solution and 50 c.c. of hydrochloric acid 
were mixed together, and 2 c.c. of the hydrogen peroxide added. The time 
at the end of the mixing was recorded, and subsequent readings of the volume 
of the gas above the gel taken at definite intervals for each experiment. 


Table I. 


Time in hours 

0 

1 

2 

3 

4 

5 

0 

7 

8 

Vol. of gas in cubic 
centimetres 

10-IS 

10*15 

10*16 

11*2 

13*26 

15*32 

17*27 

18*78 

19*40 


The results show clearly the initial lag and the starting of the decomposition 
of the hydrogen peroxide, followed by a continuous change. It is obvious from 
the results of both these experiments that the hydrogen peroxide is not 
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decomposed until a viscosity is reached in the sol mixture approaching very 
closely to the formation of a firm gel. 

The Change in Shape of the Bubbles. 

The change in shape of the bubbles from spherioal to lenticular has already 
been mentioned, and is shown quite clearly in the photographs (Plate 36). 

The photographs show the gradual development of the lenticular from the 
initial spherical bubbles. This development is remarkably symmetrical; 
further, the mode of development is general throughout the gel, and it would 
appear to be a characteristic feature. This change in the shape of the bubbles 
is indicative of a two-phase system, and the symmetrical development seems to 
indicate a perfectly definite orientation of the gel itself. 

The salient point of this observation is that the bubbles are not suddenly 
ohanged to the lenticular form, but pass quite gradually from the spherical to 
the lenticular. 

There are two possible explanations of the sudden appearance of the bubbles. 

1. After mixing the solutions of water-glass and acid, the water present begins 
to be definitely associated with the molecules of silica, as indicated by the rise 
in the viscosity of the mixture. The viscosity continues to rise gradually to 
a point at which the gel sets. At this stage the internal structure becomes 
more rigid, in the manner previously outlined. Definite surfaces axe formed 
within the gel which are capable of functioning catalytically, and so, when the 
setting point is reached, decomposition of the hydrogen peroxide takes place. 

Although this simple explanation may appear possible from the point of view 
of simple surface action, it does not adequately account for all the phenomena, 
and therefore the following view is considered more probable :•— 

2. The liability for the silica particles to attract and unite with the water does 
not preclude the same primary attraction causing the silica particles to unite 
with the hydrogen peroxide. The union with hydrogen peroxide will thus cause 
the formation of a compound other than a hydrated silica. 

Komarovsky* prepared a compound by the action of 30 per cent, hydrogen 
peroxide on silicic acid gel, which, from its analysis and chemical reactions, 
was shown to be a persilicic acid, or perhydrogel, and having a formula 
H a SiO a . H a O a . £H S 0. He states that this compound, which could be obtained 
in a hard powdery condition, gave a constant supply of oxygen and ozone 
when allowed to stand in air. 

It is therefore possible fox silica and hydrogen peroxide to unite together to 
* 4 Chem. Z.,» vol. 38, p. 121 (1914). 
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form a compound. The compound formed, however, by adding a small quantity 
of hydrogen peroxide to silicic acid sol is more probably in the first place of the 
nature SiO a . zH 8 0 2 . yH a O. 

In the ageing process, which is really a dehydrating process, these separate 
molecules become connected, which tends towards the development of an internal 
network. The forces holding the hydrogen peroxide to the silica will not be 
so strong as those holding the water to the silica, owing to the additional atom 
of oxygen in the molecule of hydrogen peroxide. Therefore, as soon as the 
dehydrating action commences, i.e., at the moment the gel begins to assume 
rigid form, the tendency will bo for the hydrogen peroxide to be detached 
first. After this point, the decomposition of the hydrogen peroxide takes place 
continuously with the agency of the gel, and the shape of the bubbles will be 
controlled by the internal structure of the gel. 

The conception of this primary fixation of the hydrogen peroxide affords a 
better explanation for its stability prior to gelation than does the first theory. 


Measurements of the Amount of Ozone in the Earth's Atmosphere 
and its Relation to other Geophysical Conditions . —Part II. 

By G. M. B. Dobson, M.A., D.Sc., Lecturer in Meteorology, University of 
Oxford, D. N. Habhison, M.A., D. Phil, and J. Lawrence, S.J., B.A. 

(Communicated by F. A. Lindemann, F.R.S.—Received January 25, 1927.) 

§1. Introduction . 

In a previous paper* we have described in detail the method of measuring 
the total quantity of ozone in the earth’s atmosphere above any locality. 
Results of measurements made on about 200 days at Oxford in 1925 were also 
discussed, and it was shown that there was a marked connection between the 
amount of ozone and the general type of atmospheric pressure distribution, 
the amount being larger in cyclonic, and smaller in anticyclonic, conditions. 
As there is evidence that the ozone is entirely in the upper atmosphere, it was 
obviously desirable to investigate this connection further, and to see if it would 
throw any light on these meteorological phenomena. 


* 1 Roy. Soo. Proc.,’ A, vol, 110, p. 600. 
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By the aid of a grant from the Royal Society it was possible to purchase the 
optical parts, etc., for five new spectrogruphic outfits for the measurements of 
ozone, and five complete spectrographs were built, and calibrated here during 
the winter of 1925-26. The Smithsonian Institution also kindly made a grant, 
for the building of a sixth spectrograph, which was also adjusted and calibrated 
here. By the kindness and co-operation of many meteorologists the five 
instruments have been distributed over western Europe, so that, with the 
original instrument still at Oxford, one might obtain a general idea of the 
simultaneous variations of the amount of ozone over that region. Further, 
the Smithsonian Institution’s instrument has been sent to Montezuma, near 
Calama, Chile, a place where the weather conditions are exceedingly constant, 
and where daily observations could be made throughout the year. The loca¬ 
tion of the instruments in Europe was as follows : (1) Oxford, (2) Valencia 
(S.W. Ireland), (3) Lerwick (Shetland Isles), (4) Abisko (N. Scandinavia), 
(5) Lindenberg (Berlin), (6) Arosa (S.E. Switzerland). When possible, ex¬ 
posures were made three times daily at these stations, and the plates returned 
to Oxford, where they were developed and measured, and the amounts of ozone 
calculated. 

Unfortunately, owing to various causes, observations were not generally 
begim until July, 1926. As the sun’s altitude is too small at most stations 
between October and February, the delay in starting greatly reduced the 
number of observations. A fairly complete set of observations has, however, 
been made at four stations extending over four months in 1920, and it seems 
desirable to state briefly the results of the observations so far made. It is 
hoped that a continuous series of observations from all seven instruments may 
be secured from February to October, 1927, Before discussing the results 
obtained, it may be well to comment briefly on the accuracy of the observa¬ 
tions. 


§ 2. Accuracy of Measurements. 

(а) Wedge Constant. -Great difficulty has been found in obtaining an accurate 
value of the wedge-constant. In the spring of 1926 six spectrographs wore 
available, and one was used to check the constancy of the sunlight, while the 
wedge-constants of the others were being determined. In this way much 
better accuracy was obtained than in 1925, and a modification of the values 
used previously was found to be necessary. We are still not entirely satisfied 
with the final results. 

(б) Intensity of Sunlight outside the Atmosphere. —(I 0 ). In the short method 
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of measuring the amount of ozone* it is assumed that the ratio of the energies 
of two wave-lengths about 200 A apart (I 0 and I 0 ') as received outside the 
earth’s atmosphere, remains constant. Various workers^ have shown that 
there are largo variations in the ultra-violet light emitted by the sun, so that 
there is a strong probability of some change in this ratio, and for this reason 
the wave-lengths used are chosen as close together as possible, so that .any solar 
changes may as far as possible affect the two nearly equally. We have recently 
changed the method of finding this ratio, and both at Oxford and Arosa photo¬ 
graphs are taken each day when it is possible, (1) in the early morning, (2) at 
noon, (ft) in the evening, so that there is a large difference of the sun’s zenith 
distance for (1) or (ft) and for (2). Thus the observations can be used to obtain 
the values of log i w /l 0 \ Being obtained from only two points, individual values 
will be less accurate than those obtained from a long series of observations on 
a given day as described in Part I. On the other hand, with this method the 
results from a very large number of days can be used, and the final value 
obtained is found to be more reliable. It has also the advantage of showing if 
there are any slow progressive or periodic changes in log I 0 /I 0 ' which might be 
due either to variations in the sun or to instrumental or photographic changes. 

The values of log I 0 /I 0 ' obtained in this way during August and September, 
1920, show no evidence of variations of any appreciable magnitude. While 
the value of log I 0 /1 0 ' obtained on any one day has very little weight owing to 
possible atmospheric variations and to instrumental errors, the constancy 
of these values obtained in the clear atmosphere at Arosa indicates that the 
variations are certainly small. Table I shows the values of log I 0 /I 0 ' for XX 3264 
and 3022, and for XX3232 and 3052, for all days when the conditions were 
satisfactory. The ozone values given later are calculated from these two pairs 
of wave-lengths, and the values agree well together. 

Again, any changes in the sun causing variations of log I 0 /I 0 ' must affect 
equally the ozone values obtained at the different stations. Examination of 

* See Part I, pp. (>68 and 678. Note .—By a slip it was stated in § 5 (b) (iv) that a change 
of 500° 0. in the temperature of the sun, if considered as a black body radiator, would result 
in a change of 0*04 in log I 0 /V for the wave-lengths 3232 and 3052 A. This should be 
0*016, which would only cause an error in ozone of about 0*004 cm. Actually, of course, 
tho sun does not radiate ns a black-body in the ultra-violet region, and the changes of 
intensity with temperature will be larger than for a black-body. To allow for this we 
assumed a much greater variation (500° C.) m the effective temporaturo than is actually 
indicated by variations of the solar constant. 

| C. G. Abbot, ‘ Smithsonian Misc. Coll.,’ vol. 77, No. 5 ; ‘ Edison Pettit, Publ. Astron. 
Soc. Pacific ’ (February, 1925); G. M. B. Dobson, * Roy. Soo. Pfcoc.,* A, vol. 104, p. 254. 
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Table T.—Values of log I 0 /I 0 ' from Arosa Observations. 


Date, 

AtmoNplu-ric 

conditions. 

xxI' A ' m 

AA \3022 

l)o\ iution 
hum moan. 

aa/ 3232 

aa \3052 

Deviation 
from mean 

Sept 

8 

Hazy to clear 

114 

0 

l 25 

—0-02 


8 

(Hear to slight haze 

1-43 

-0 01 

i-2r> 

—0*02 

>i 

U 

Hft?.y 

1-40 

- 0-04 

1*20 

-0*01 

tr 

in 

** 

1-45 

4-0*01 

- 

— * 


17 

Hpar 

115 

+0-01 

1*28 

4 0-01 

» 1 

17 

Clear fo slight haze 

1*45 

-0 01 

1-25 

-002 

t » 

18 

Wry clear 

1-45 

4 0 01 

1-20 

1-0-02 


10 

Cloar 

1-42 

—0 02 

1-28 

+0-01 


10 

* * 

1-43 

001 

1*30 

1 O 03 

>> 

20 

Hazy 

1-47 

+0 03 

1-28 

I 0-01 

tt 

20 

M 

1-50 

+0-00 

1-25 

-0 02 

1 1 

21 

Hazy to clear 

1 43 

0 01 

1-31 

I 0 04 



Moan 

1-44 


1-27 



the results shows no evidence of such similar variations, which are not associated 
with general cyclonic or antioyclonic conditions. 

Finally, for several consecutive days on different occasions the pressure has 
been nearly constant at Arosa, and the constancy of the ozone-values found at 
these times (e.y., August 12-18 and September 3-16) is strong evidence of the 
accuracy of the results. 


§ 3. Geophysical Results. 

(a) Ozone Values .—Table II gives the results of all measurements made in 
1926 to the end of October. As pointed out in § 2, the values of the constants 
used in 1925 for the instrument at Oxford were found to be somewhat in error. 
In order to make the 1925 values previously published, comparable with the 
figures given here, they should be increased by approximately O’015 cm. 
There is still some slight doubt about the values of the constants. It is hoped 
that true values will be accurately determined during the course of next year’s 
work, and as further small adjustments may be necessary, the figures given in 
Table II should bo taken as provisional. Any such adjustments will affect 
the absolute values only, and not the relative changes from day to day. 
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Table II.—Provisional Ozone Values. 

At Oxford. 

Unit 0*001 era. of pure gas at N.T.P. Times of observation to nearest hour. 


1020: 

February. 


A pul. 

Mn>. 

.1 

une. 


o 3 . 

G.M.T. 

U,. 

u m.t. 

U s . 

U.M.T. 

o a . 

U.M.T. 

0,. 

U.M.T. 

1 



280 

u 

205 

10 



30 

8 

2 

— 


248 

12, 10 

f 275 
\2G6 

12 \ 
18 / 



-- 


3 

— 

- 

282 

14 

— 


291 

11 

352 

10 

4 

— 

— 

358 

10 

270 

10 

297 

10 

325 

8 

5 

- 


312? 

11, 15 

f 243 
\23l 

!!} 



301 

12 

0 

— 

- 

278 

13, 15 

235 

14 

314 

8 

323 

10, 14 

7 

— 

— 

255 

13 

298 

13 

319 

11 

307 

8, 17 

a 

-- 


234 

1 15 

— 

- - 

328 

H 

278 

13 

» 

! 

-- 

200 

12, 13 

300 

0,11 

312 

8 

201 

8 

10 

— 

— 

280 

10, 15 

279 

9 



315 

8,10, Iff 

u 

— 

— 

- 

- - 

280 

13, 15 

310 

11, 13 

314? 

8,18 

12 

— 

— 

224 

10, Iff 

203 

10, 15 

310 

9, 14 

303 

12, 10 

13 

305 

13 

233 

11,12,15 

297 

0.15 

305 

10, 18 

312 

9,17 

14 

-- 

- - 



272 

10, 12 

370 

10 

312? 

10 

15 

253 

13 

— 

— 

— 

— 

371 

12, 15 

/ 313 
\302 

9 \ 
/ 

10 

250 

11, 13 

— 

— 

— 

-- 

/374 

\342 

« \ 
13 / 

300 

8,10 

17 

- 

— 

297 

11, Iff 

342 

9,15 

335 

9 

—• 


18 

278 

11, 12 

309 

10 

318 

9,10 

323 

11 

309 

8, 15 

10 

— 

-- 

-- 

— 

328 

8,10 

304 

11, 14 

/2S3 
l 209 

9 \ 
18 / 

20 

— 


302 

9, Iff 

810 

8 

303 

11 

253 

11 J 

21 

282 

12 

301 

11, 14 

337 

10 

301 

10, 10 

275 

8, 17 

22 

275 

12 

320 

10, 15 

339 

9 

309 

8, 13 

289 

8 

23 

— 


300 

14 



288 

11 

300 

8 

24 

252 

15 

288 

10, 14 

350 

9 

282 

8 

/308 
\ 333 

9 \ 
17 / 

25 

280 

12 

320 

11 

311 

10 

252 

13 

300 

9 

20 

274 

11 

340 

12, 15 

— 


280 

8, 14 

299 

8,17 

27 

- 


330 

12 


— 

288 

8, 15 

299 

8, 14 

28 

301 

11, H 


-- 



297 

8, 11, Iff 

275 

8, 10 

20 

— 

— 

290 

11, 15 

332 

10, 12 

309 

8, 14 

272 

8 

30 


— 

279 

9,15 

— 

— 

282 

12, 17 

270 

9,10 

31 

-- 

— 

209 

10 

— 

— 

f 305 
\324 

18 } 

— 

— 
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Table II.—Provisional Ozone Values—continued. 

Unit 0*001 cm. of pure gas at N.T.P. Times of observation to the nearest hour. 



Oxford. 

Lerwick. 

Arosa. 

Linden berg. 

Abiigko. 

July, 





1 


i 


1 


1926. 

O. 

G.M.T. 

0. 

G.M.T. 

<>. 

G.M.T. 


G.M.T. 

O. 

G.M.T. 

1 

280 

10, 16 

/205 

\284 


- 

— 


— 

- 

— 

2 

271 

8 

267 

warn 

— 

- 

— 

- - 

— 

— 

3 

/ 250 
\267 

12 •» 
10 / 

207 

11, 16 

- 

— 

239 

14, 10 

- 

— 

4 

281 

8 

273 

14 


— 

/ 238 
\248 

10 \ 
10 / 

■ 


6 

— 

— 

- ' 

— 

- 


262 

8 J 

— 

- 

0 

—. 

— 

266 

12,13,17 

- 

— 

— 

— 

. • 

- 

7 

276 

11, 16 

207 

8,0,10 

— 


257 

y, 16 

— 

— 

8 

209 

9,14 

208 

12, 17 

— 


255 

8,16 

— 

.— 

0 

/ 290 
\302 

12 \ 
10 / 

— 

— 

- 

— 

261 

15 

- 

— 

10 

264 

e 

— 

— 

- 

— 

- 

— 

— 

— 

11 

239 

9,16 

— 

- 

-- 

—• 

310 

13 

— 

— 

12 

248 

8.17 

245 

9 

— 


266 

9,16 

— 

— 

13 

252 

8,16 

260 

9,11,17 


—. 

252 

8,17 


- 

14 

208 

8,17 

250 

13, 16 


- 

252 

8,10 

- 

- 

15 



/274 

14 \ 



f 265 

8 \ 





\259 

17 ) 



\ 279 

10 / 



10 

264 

9,17 

— 



— 

272? 

8 

--- 

— 

17 

270 

0, 16 

264 

10,13,16 

- 


204? 

8 

--- 


18 

250 

12 

268 

15, 17 

— 

-- 

265 

i 

- 

- - 

10 

267 

14 

— 

— 

— 

— 

247 

8 


- 

20 

262 

14, 17 

269 

10 

— 

— 

— 

— 

- 


21 

278 

16, 17 

— 

— 

— 

— 

— 

— 

f 249 
\259 

7 \ 
is r 

22 

257 

0 

— 

— 

— 

—. 

— 

' — 

259 

A J 

7,15 

23 

254 

11 

— 

— 

247 

11, 16 

266 

8 

254 

7,15 

24 

— 

— 

304 

9 

260 

7 

267 

7,16 

— 

— 

25 

273 

0,17 

/316 
\ 297 

13 \ 

16 r 

247 

11 

279 

14 

254 

7,16 

20 

— 

_ 

283 

10, 15 

244 

7, 8, 16 

280 

11, 16 

244 

7,16 

27 

280 

0,15 

287 


— 

— 

274 

7 

241 

7,15 

28 

— 

— 

270 

14, 16 

■ 

— 

286 

6 

237 

7,15 

29 

268 

10, 17 

~ 

— 


— 

— 

— 

220 

7 

30 

/260 

1 271 

9 \ 
17 / 

261 

10, 16 

H 

— 

276 

8 

-- 

— 

31 

262 

8 J 

250 

9,15 

271 

13 

262 

7,16 

— 

— 
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Table II.—Provisional Ozone Values--continued. 
Times of observation are given to the nearest hour. 



Oxford. 

IXTHlfk. 

Arosn. 

Limlf'nborg. 

August, 


I 

1 


1 


1 


1026. 


<; m.t 

O, 

(t.M.T. 


i i 

| (J.M.T. 

<>.. 

t; m.t. 

1 

287 

9. in 

253 

10, 11, 17 

280 

7, 8, 14 

288 

10 

2 

288 

9. 11 



254 

8,9 

2807 

7, 14 

:t 

288 

i», ii 


. 

259 

7, lt> 

277 

7, 10 

4 

288 

8, 18 

; 280 

15, 17 1 

—’ 


289 

8, 14 

5 

282 

8 



2<SH 

u ! 

\ —" 

— 

0 i 

282 

18 


i 

i 

280 

If. 18 

i 2H0? 

8, 15 

7 ; 

/ 277 
\ 287 

s, 13 V 
u> / 

279 

11.17 



‘ 272 

8, 15 


/ 284 

8 

278 

9 \ 






1 255 

18 

291 

17 ) 





9 ! 

/ 247 

1 287 

|2 1 
17 J 

17 

- 


258 

l 7. 18 



10 

295 

_ 


250 

J 7. 13 

- 


11 

/ 294 I 

\ 2 m 

# \ 
13, It. / 

— 

- 

200 

1 11,13 


* 

12 

251 

9. 13, Its 

287 

13, 18 

245 

13, 14 

288? 

9 

13 

— 

. 

252 

9, 10 

243 

8, 10 

208? 

10 

14 

258 

8, 12, 17 

- 

- 

244 

8, 11, 15 

— 


15 

243 

12 

255 

15 

243 

8, 11, 13 

253 

9, 15 

its 

243 

Its, 17 

245 

10 

212 

8, 11 

— 

_ 

17 

280 

9, 12, 18 


- 

238 

7 

251 

7, 13 

18 

/ 244 
\ 259 

8. 14 \ 
17 / 


— 

238 

7, 11 

283 

12 

19 

-— 


284 

10, 18 

243 

7, 12. la 

273? 

10, 15 

20 

— 


270 

10 

250 

10. 12 

282 

13. 15 

21 

254 

15, 18 

273 

13 

231 

8. 11, 16 


— 

22 

252 

8, 13, 18 


- 

224 

7. 12, 1(1 

250 

8, 10 

23 

218 

12 

255 

9 

231 

7. 11. 17 

283 

9 

24 

230 

10, 18 

249 

13 

215 

7, 12, 18 

233 

9 

25 

/ 219 
\ 238 

11, 12 

17 

\ 290 

J 

11. 15 

224 

it. 11, 16 

1 

-- 

2<S 

212 

8, 13, 18 

278 

10, 11 

231 

7, 11, 16 


r 245 

1 280 

11 \ 

15 / 

27 

213 

8, 12, 18 

- 

- 

241 

8, 12, 16 


r 276 

1 256 

9 \ 

15 / 

28 

244 

8, 12, 18 

243 

LL 

231 

7,8 


f 262 
l 251 

7 l 
14 ; 

9, 14 

29 ! 

238 

8, 12, 13 

— 

- 

239 

0, 11, 16 


244 

30 1 

230 

9, 12, 18 



228 

11 

243 

K, Its 

31 

i 

— 


252 

10 

224 

7, 11, 13 

244? 

15 


2 o 
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Table II.—Provisional Ozone Values—continued. 
Times of observation to the nearest hour. 


ttopt.. 

Oxford. 

Lerwick, 

Valencia. 

Art mu 

| Lmdcn berg. 

1926. 












0 ,. 

G.M.T. 

! °“ 

G MX 

<) 3 . 

G.M.T. 

0 9 . 

G.M.T. 

O.. 

G.M.T. 

1 



243 

10 

1 

I | 

224 

7,11,15 

210 ? 

H, 13 

2 



230 

0,15 



224 

H, 11 

232? 

8 

a 

— 

— 

. 




237 

12, 15 

244 

K 

4 

223 

10, 17 



i 


235 

0 , 12,10 



5 

221 

0 ! 

260 

10, 15 

i 


220 

8 

- 


6 

224 

15, 10 

270 

11 , 10 



234 

7, 13 

212 

8 , 10 

7 

— 

1 

267 

10 

- i 

- 

224 

9,14,15 

— 

— 

8 

218 

10 

253 

12 , 15 

— i 

- 

231 

7,11,10 

234 

0 

0 

230 

12, 14 

242 

13,14,15 



229 

7, S 

238 

8 

10 

233 

10,12,15 

229 

15 



232 

0, 13 



u 

231 

13, 15 

-- 

— 



228 

7,12,15 

240? 

8,14 

12 

230 

10, 14 

205 

12, 15 

i 

I 

225 

12 , 10 

246 

8 , 9 

13 

227 

8,12 

252 



1 

227 

8 1 

252? 

H 

14 

222 

8,14 

244 


— i 


229 

7,12,10 1 

- 


15 

225 

14 

— 


210 

1 M 

227 

8,11,15 

230? 

8 

16 

213 

9 





220 

9,12,10 

239? 

0 , 10 

17 

214 1 

9,10 

214 


— 


214 

8,11,151 

m>mi 

12, 15 

18 

217 

8,12,16 

228 

9,10,14 

229 

14 

208 

11,14,15 

219? 

Ml 

19 

217 

9,12,13 

241 

10 

— 

— 

200 

7,11,15 

220 ? 

0, 14 

20 

218 

13, 15 

— 

— 

230 

10, 15 

218 

8,11,15 



21 

214 

14 

248? 


230 

10, 14 

215 

7,11,10 



22 

227 

9,12,15 

- 


240? 


222 

8,11,15 



23 

241 

9 

— 




224? 

11.14,15 

244?| 

1 12 

24 

245 

11 




• 

232? 

8 , 11 




/ 202 
\ 275 

15 } 

| 

- 

j 236? 

10,11,15 

234 

11 

242? 


20 

V. 


- 



1 

232 

8 , 9 

272? 

1 ii 

27 

254 

12 


— 


! 


- 



28 

240 

0,10,14 

- ; 

— 

i — 

i 

252 

12, 13 

27S? 

0 

29 

— 

— 

— | 


| 200 

12. 14 



2 m* 

10. 13 

30 

197 

10,13,15 

— 


i i 

' " 1 

1 “ 1 

i 
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Table 11.—Provisional Ozone Values—continued. 
Times of observation to the nearest hour. 


529 



Oxford. 

Valour!.!. 

Aioha. 

Limlenberg 

October, 









1920. 










o 3 . 

U.M.T. 


U.M.T. 

o 3 . 

G M.T. 

o s . 

U.M.T. 

1 

/ 185 
\ 172 

» > 

1 

1 


212 

j 

8 

1 


2 

171 

9, 13 

— 

- 

198 

8, 10, 12 


- 

3 

211 

13 

210? 1 

11 

179 

9, 10, 13 

- 

— 

4 

211 

12, 15 

1 

— 

102 

», lo ,12 


- 

n 


- 

l 


200 

8, 12. 14 

207 

9, 14 

6 

230 

13, 14 



207 

9, lO 

203 

14 

7 

238 

11, 15 

- 

- - 

200 

8, 10, 12 

224 

8, 14 

H 

250 

12, 13, 15 

- 


212 

9 

230 

11 

0 

242 

1 10, 11, 15 



215 

9 

255 

n 

10 

252 

10, 12, 14 

i 

- 


- - 

— 

— 

11 

__ 

1 

i 


223 

9, 10, 13 

200 

9, 14 

12 

208? 

1 11 



218 1 

u 1 

250 

11, 13 

13 

217 

10, 11 

- * 1 

- 

203 , 

9, 10, 14 

232 

12 

14 

221 

10 1 

1 


208 

10, 13, 14 

- 

- 

15 





202 

9, 11 

- 

- 

10 

231 

13 

— 


203 

10, 11, 14 

- 

— 

17 

237 

10 



208 

10, 11, 12 



18 

248 

10, 14 

238? 

| 11. 15 

221 

12 

251 

11 

19 

237 

10 

— 


232 

10, 11, 13 

- 

-- 

20 

244 

13 


1 

200 

9, 13 

— 


21 

- 


- 



- 

1 

— - 

22 

.— 


- 


217 

10 



23 

278 

11, 13 

209 

1 13 

214 

10 


- 

25 

205 

11, 12. 14 


i : 

229 

10, 12 

257 

10 

20 

249 

11, 12, 13 



209 

8 

— 

_ 

27 

231? 

12, 13 

- 

t 

233 

12. 13 

- 


28 


- 



228 

11 


i - - 

29 


— 

255? 

14 



_ 

1 

30 

230 

12. 13 

240 

12 

- 

\ 

_ 

1 

t 

31 


i 

217 

12 


i 

1 


1 

i 


(6) Annual Variation .—Table 111 shows the monthly means of the ozone 
values at Oxford during 1925 and 1926. It will be seen that the general annual 
variation is very similar in the two years. The value for February, 1925, 
depends on seven days only, during which the pressure was well below the 
normal, so that the ozone value for that month is abnormally high. 

The dates of maximum and minimum, viz., about April and October, are not 
in the least what one would have expected, and we have, so far, no indication 
of the reason for this type of annual variation. There seems no doubt that it 
is not an abnormal result, since the measurements of the sun’s extreme ultra¬ 
violet radiation as received at the earth’s surface made by Dr. Gotz, Prof. 
Dorno and others, indicate similar variations in previous years. 
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Table III.—Monthly Mean Ozone Values at Oxford. 
(Unit = O'OOl of pure ozone at N.T.P.) 

ma. 

OZOIU'. (>40110 


Hein utuy 

:m 

278 

March 

:m 

290 

April 

340 

299 

May 

321 

313 

•lune 

* 296 

301 

.lul> 

289 

2(«; 

AtlgUNt 

! 273 

2.78 

September 

; 26H 

228 

< letober 

I 239 

232 


(c) Relation with Terrestrial Maynctism. l)r. <\ Chree,* showed that 
there was probably a connection between the magnetic character of any day at 
Kew and the ozone value found at Oxford. Since one might expect the ozone 
value to be associated with the ionisation of the upper atmosphere- if, lor 
example, both are due to ultra-violet radiation from the sun or the ionisation 
is due to ionised ozonef—it seemed probable that the ozone value would be 
more closely connected with the diurnal range, say, of the* horizontal magnetic 
force (H), than with the magnetic character, particularly as the H range is 
most closely related to sunspots. 

The values of the daily range of If at Abinger magnetic station for 1925 
and 1926 were most kindly supplied by the Astronomer Royal, and have been 
dealt with in the following way. 

The days of each month were divided into three groups according to the 
magnitude of the “ H ” range, the three groups, high, medium and low, contain¬ 
ing about equal numbers of days (LO per month). Then calling any individual 
high day n, the difference of the Oxford ozone value from its monthly mean was 
written down for days a—4, n—2, n, n+2 and n+4. All the days of high H 
range in a month were treated thus, and the means found for the n— 4 days, 
for the n— 2 days, and so on. The medium and low days were similarly treated, 
The number of days in each column is not exactly equal owing to the ozone 
values being missing on some days. 


* * Roy. Soc. Proo.,’ A, vol. 110, p. 003. 

f 3* Chapman, * Q. Journ* Roy. Met. Soc./ vol. 52, No. 210, .July, 1026. 
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Table IV.—Amount of Ozone (difference from monthly moan) for days of 
high, medium and low horizontal force range (unit — 0-001 cm.). 
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Table V.—-Means of days n— 2, //, n \~2 from Table Tf. 
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It will be seen from Table V that in all months except three, the departure 
of the amount of ozone from its monthly mean is greater for days of high H 
range, than for days of low II range, and this is also true for the mean of each 
year. Table IV shows that, on this whole, the effect seems to be greatest on 
the n days, t.e., that there is no large lag on the part of either the ozone or the 
H range. 

The 1925 figures were next divided into two classes, those belonging to days 
of high and low magnetic character, the high days being those to which an 
International magnetic character of 1*0 or more had been assigned, and the 
low days those of magnetic character less than 1*0.* These two classes were 
then treated separately in the way just described, and the following result 
obtained (Table VI). 


Table VI.—Ozone (departure from monthly mean) for days of high, medium 

and low “ H ” range. 
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It will be seen that from the figures available, the apparent connection 
between the amount of ozone and the “ II ” range is much more marked on 
days of high magnetic character, the days of low character showing little 
differentiation between the amounts of ozone corresponding to high and low 
“ H ” range. It must, however, be noticed that the number of days con¬ 
tributing to some of the columns is very small, as there arc few days of high 
magnetic character which haye a low “ II M range. It will also be noticed 
that the connection with the “ H ” range is less marked than that found bv 
Dr. Chreo with magnetic character. 

(d) Connection between Ozone and Sunspots. The sunspot numbers have been 
* tSoe 1 Met. Zeitschr.,* August, 1920, p. 307. 
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dealt with in a similar manner to that employed with the magnetic range. The 
figures used were Wolfer’s provisional values published in the ‘ Meteorologischc 
Zeitschrift/ For 1925 a decided tendency was found for the Oxford ozone 
values to be higher on days of low sunspot number than on days of high sunspot 
number, and this wus the case for each period of the year separately. Never¬ 
theless, the apparent connection broke down at the end of the year, and for 
J92G the opposite effect has so far been found (see Table VII). 


Table VTI.- Deviation of () a from monthly mean on days of high, medium and 

low sunspot numbers. 
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We have also compared the values of eleven day means of both sunspot 
numbers and ozone values, but the only result appearing from them is similar 
to that shown in Table VII. 

MM. Cabannes and Dufay have calculated the average annual amount of 
ozone from its absorption band in the visible region, using the Smithsonian 
observations at Ml. Wilson. While the variations are not large, there are 
indications of a maximum about 1913 when the solar activity was at a minimum. 

Now that observations of ozone have been begun at Montezuma, Chile, we 
may hope soon to have much more definite information on these point since 
the ozone values there should not be disturbed, as in temperate regions, by the 
changes in the meteorological conditions. 

(c) Relation to Atmospheric Pressure Distribution .—By far the most marked 
relation between the ozone and any other quantity is that with the general 
pressure distribution. Almost without exception the ozone value is high in 
marked cyclonic systems and low in anticyclonie systems. The ozone values 
at the various observing stations have been plotted on the appropriate weather 
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maps so that the general distribution can be easily seen. figs. 1 and 2 show 
two typical maps. While the ozone value is generally uniformly low over the 



Fig. 1. 


whole of an anticyclone, it is markedly higher in the rear than in the front 
of a cyclone, as if the origin of the air current had a large effect. At times the 
ozone value rises in certain regions in anticyclones but this seems generally to 
be due to a neighbouring cyclone. 

As found in Part I, the relation is closer with the pressure in the stratosphero 
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than with that at the surface. We have tried to find whicli upper-air quantity 
is most closely associated with the ozone, and below is given a table of the 



correlation coefficients between the ozone values at Oxford and the following 
quantities - 

Pressure at the earth’s surface = 1 ', mbs. 

9 km. height = P # 

12 - P ja .. 

14 = l»u - 

base of stratosphere = P, ,. 

Height of „ „ = H c km. 











536 G. M. B. Dobson, T). N. Harrison and J. Lawrence. 


Mean of temperature at 1 ami 2 km. - - ^ 1 ^ ^ ° 

2 uml 3 .. - Tl . t - T* ° («. 


4 to 8 km. 


T 4 4 Tn ThH T 7 +Th 
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rn t; 

* w 


0 . 


Temperature at It km. ~ T u ° (\ 

The standard deviations are also given. 

With the exception of the figures were obtained from ballon-sonde ascents, 
and were supplied by the kindness of the Director of the Meteorological Office 
and Mr. L. II. G. Dines. In order to allow for known errors of observation, 
and for those due to the difference in time and place between the ozone and 
upper air measurements, the standard deviations have been corrected, using 
for the ozone a standard error of measurement of 0*005 which we know to be 
about right, and for the upper air data a standard error estimated by Mr. 
L. H. G. Dines, and based on the standard error of measurement and an esti¬ 
mated standard error due to the difference of time and place. The number of 
days used was 26. The process has also been carried out after eliminating the 
annual variations of the various quantities. Only the values when* the annual 
variations have been eliminated have much significance, as the others are 
increased or decreased by the annual variations according to the time of year 
under review. 
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The high correlation both with T ift ami the pressures from 9 to 14 km. sug¬ 
gested that it would be interesting to separate, the two effects, and discover if 
one could be regarded as the true or primary effect, and the other as secondary. 
Accordingly the partial correlation coefficients of ozone with T m and l* Vi were 
calculated, but it was found that owing to the very high correlation between 
T m and (0 ■ 95 for the figures here used) it was impossible to say that the ozone 
is more intimately related with one than with the other. Owing to the small 
number of observations, the standard errors involved were too large for any 
importance to be attached to the results obtained. 

In order to study further this relation on as many days as possible, we have 
taken the. air temperature at *1 km. as measured by aeroplanes, generally at 
Duxford, Cambridgeshire. We have also made an estimate of the pressure at 
9 km. by means of the surface pressure and the aeroplane temperatures. These 
results are plotted in lig. 3, together with the ozone values at Oxford. The 
pressures at 9 km. are not strictly accurate since we have not the temperatures 
of the Avhole of the lower 9 km. Also occasionally there are marked differences 
of temperature between results from ascents at Duxford and, say, at Farm 
borough, or at Lynipne, so that one must except similar differences between 
these stations and Oxford. It will be seen that there is a remarkably close 
relation with the ozone values. Kliminating the annual variation, the corre¬ 
lation coefficients between ozone and the calculated for the first and second 
halves of the years 1925 and 1926 arc --0*60, —0*62, —0-81, 0*55. Again, 

as stated above, it is not possible to say whether the troposphere temperature 
or stratosphere pressure show’s the closest relation with ozone values, since these 
two are themselves so closely related. It will be noticed that there are a few 
cases w T hcre definite differences art* shown between the; ozone and both of 
the above cpiantitics, eg., April 6 to 8, 1925, and May 13 to 16, 1926. 
Fig. 1 show's the results, for the period March to October, 1926, in the form 
of a dot diagram, the values plotted being deviations from the monthly means, 
so that, annual variations are eliminated. 

(/) Nature of the Relation between Ozone and Pressure Distribution. -- MM. 
Cabannes and Dufay* and MM. Lambert, Do jar (lin and Chalongef have 
estimated the height of the ozone layer by making measurements of the intensity 
of sunlight with very low sun. They find a height of 45 to 50 km., which is 
also about the height where one would expect the most rapid formation of 
ozone from oxygen under the influence of the sun’s ultra-violet radiation. 

* ‘ Comptes Rendu*. 1 vol. 181, p. 302 (1925). 
t 1 Comptes Rcndus,* vol. 183, p. 800 (1926). 
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The question immediately arises whether the variations in the amount of ozone 
which we have found to be associated with cyclones and anticyclones take 


mb 



Ozone 
Fig. 4. 


place in the ozone at this very high level* Such a result, if true, would bo most 
surprising. As mentioned in Part I, both Lord Rayleigh and Dr. Gotz have 
found no evidence of ozone in the lower atmosphere, and it seems unlikely that 
it could exist for any length of time in the presence of the dust and organic 
matter in the lower air. It is possible, however, that during cyclonic weather. 
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at any rate, there is a moderate amount of ozone in the lower part of the strato¬ 
sphere. We might suppose that there were two main heights where the ozone 
concentration was high, the first about 50 km. where it is formed and from which 
it slowly sinks down, the proportion of ozone to other gases at the lower heights 
remaining roughly constant, so that we shall find a second maximum of the 
absolute amount of ozone near the bottom of the stratosphere. We might 
suppose that the upper layer showed the variations associated with solar or 
magnetic conditions, and probably also the annual variation, while the lower 
layer possibly at 10 to 20 km. showed variations associated with cyclones and 
anticyclones. The measurements of height of the ozone layer could be recon¬ 
ciled with such a view if one supposed that at the time the measurements were 
made the amount of ozone in the lower layer was small. Since the highest 
ozone values in cyclones and the lowest values in anticyclones at any one time 
of the year have a ratio of at least 3 to 2, there must be at least 1 /3 of the total 
amount of ozone in the supposed lower layer in cyclonic conditions. 

It has been suggested by many people that the origin of the air-current, 
polar or equatorial, is the chief factor in controlling the amount of ozone. 
Capt. C. K. M. Douglas has kindly sent us estimates of the amounts of ozone 
to be expected on this basis. The agreement with the actual results is generally 
very close. Naturally Capt. Douglas’s estimates follow very closely the changes 
of temperature in the troposphere, and at present it is not possible to say whether 
(I) the origin of the air current, (2) the temperature in the t roposphere, or (3) 
the pressure at about 10 to 15 km. has the closest connection with the ozone 
values. Against the view that the origin of the air current is the controlling 
factor it may be urged that there is no evidence for a higher average ozone 
value at Lerwick (X 00° N.) than at Arosa (X 47° N.). (The slightly higher values 
at Lerwick in July to August are quite explained by the more cyclonic weather 
at Lerwick.)* 

It seems most desirable to have further measurements of the height of the 
ozone layer made as soon as possible both in cyclonic and in anticyclonic weather, 
for until more definite information about its height is available it will probably 
be impossible to advance much further even after a continuous series of observa¬ 
tions have been made at a number of stations, such as we hope to obtain in 
1927. 

As pointed out in Part I, it is very difficult to obtain any evidence of a diurnal 
variation of the amount of ozone by means of observations on the sun, and it 

* The first results from Chile give ozone values of about 0*21 cm. in November, but the 
character of the annual variation is os yet not known. 
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should be noted that a decrease in the amount of ozone near sunset, or an 
increase near sunrise will make the height of the ozone layer appear too great 
The only way in which it seems possible to find evidence of a diurnal variation 
of the amount of ozone would be by means of spectrograms of the brighter 
stars taken at different tunes through the night. It is to be hoped that some 
observatory with suitable equipment may take up this question. 

Fn conclusion we wish to thank nil our numerous friends who have taken 
much trouble to help us in this work. To Prof. Lindemann. F.R.S., and the 
Clarendon Laboratory our thanks are especially due for continual help and 
material assistance in innumerable ways. The Director of the Meteorological 
Office has also given us great assistance both in arranging for the work at 
foreign stations and by having observations made for us at Lerwick and Valencia, 
while the following have most kindly undertaken the actual work of carrying 
out the observations, viz., Dr. F. W. L\ Gotz, at Arosa ; Dr. Hergesell and Dr. 
Duekert, at Lmdenberg ; Dr. Wallen and Dr. Auren, in Sweden, together with 
Mr. Lee at Lerwick and Mr. Stewart at Valencia. Our thanks ure also due 
to the Royal Society for a grant for the instrumental equipment, and to the 
Department of Scientific and Industrial Research for a personal grant to one of 
us while engaged on this work, without which grants this work could not have 
been carried out. 

Stnmnun/. 

A method of measuring the amount of ozone in the upper atmosphere having 
been described in a previous paper, results of simultaneous measurements 
made at various places in N.W. Europe are given. As previously found, there 
is a marked connection between the amount of ozone ami the meteorological 
upper-air conditions. The possible reasons for this connection are briefly 
discussed. Connections with terrestrial magnetism and possibly with sunspots 
are also indicated. 
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An X-liay Investigation of Certain Long-Chain Compounds . 

By Alex Muller. 

(Communicated by Sir William Bragg, F.R.S.—Received January 27,1927.) 

| Pistes 37-40.] 

1. Introduction . 

The substances which are investigated in this paper have the following 
chemical formula: CH 3 .(CH 2 ) W A or CH 3 (CH 2 ) W CH \ CH(CH 2 ) P A. These 
molecules consist of two parts. One which is called the chain or hydrocarbon- 
chain contains a relatively large number of CH 2 groups. All these groups are 
chemically identical (n-compounds) except those near the unsaturated bond or 
near the ends of the chain. The other part A ” is a comparatively small 
radical such as — CII 3 or — OOOH or —CH . Br . COOH and is called the end 
group. 

Substances with hydrocarbon chains occur very frequently in the organic 
world. An X-ray investigation of a few typical representatives is likely to 
supply the key for the crystal structure of a large number of chemically similar 
substances. Such an investigation is not only interesting from the point of view 
of stereo-chemistry but also in connection with monomolecular films. Consider¬ 
able work has been done in recent years on very thin films which these long-chain 
compounds form on a water surface. Langmuir (1) and later Adam (2) have 
measured the area occupied by a single molecule in such a film. A corresponding 
area has been obtained from measurements on a solid crystal by means of 
X-rays. A comparison of the two data leads to several interesting conclusions. 

This work was started more than three years ago. It is far from being com¬ 
plete now, but it has reached a stage where a publication does not seem to bo 
premature. 

2. Summary of Previous Results . 

A series of papers dealing with X-ray analysis of long-chain compounds 
have been published already. Most of them appeared in the ‘Journal 
of the Chemical Society ’ (see references on p. 561). In order to conserve the 
unity of this paper some of the more important results will be repeated here. 
In the first publication on fatty acids the writer (3) made the following state¬ 
ment : 

An X-ray investigation of a series of normal fatty acids with carbon contents 
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ranging from 10 to 22 revealed the existence of three characteristic spocings. 
A long spacing d x which, in a first approximation, showed a linear increase with 
the number of carbon atoms, and two side spacings tf 2 and d z which were inde¬ 
pendent of the carbon content of the substance. d x ranged from 23*2 to 
47-8 AU. d 2 = 4-08 and d 3 = 3-67 AU. 

This suggested : The unit cell is a long prism, the length of which depends 
upon the number of carbon atoms in the substance;. The cross-section of this 
prism is the same for all the crystals in the series. Taking now the number 
of C atoms as given by the; chemical formula and the diameter of the C atom 
as 1 *54 AU (diamond) it follows that a straight chain of carbon atoms touching 
each other is not long enough to account for the length of d v The right length 
can be obtained by putting two molecules with a spiral or zig-zag carbon chain 
together. 

A large number of similar substances have been investigated since (refs. 1 
to 8). They all showed the same type of spacings. I)r. Shearer (10) found an 
explanation for the peculiar intensity distribution among the various orders of 
the long spacing. His argument was as follows: Once the existence of a 
chain-like structure is established it is easy to find an approximate mass-dis¬ 
tribution between the long-spacing planes. From a given distribution the 
relative intensities of the various orders of the long spacing reflections can be 
calculated from first principles. In doing this, Dr. Shearer was able to account 
at least in a first approximation for the observed intensity distribution among 
the various orders of the long spacing.* 

These were the results which were available when the present investigation 
started. All this more or less preliminary X-ray work was done on substances 
in powder form. It was very difficult to go any further without the use of well- 
developed crystals. 

3. General Description of the Materials and Methods of Crystallisation . 

Unless special precautions are taken, all these substances crystallise in the 
form of fine grained flaky powders. The single grain is as a rule built uj of a 
large number of very thin and distorted flakes. It is sometimes possible to 
isolate from such a powder a crystal big enough to be used on the X-ray spectro¬ 
meter. These crystals are, however, not very satisfactory for a first investiga¬ 
tion. Owing to their minute size they require very long exposures and there 
is a great danger of missing the weaker reflections. A study of the cleavage 
is impracticable without the use of very special apparatus. 

* For further development of this problem see ref. (12). 
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Attempts were, therefore, made to grow larger crystals. Very soon it became 
obviouB that this wbb not an easy problem. Mr. W. B. Savilla had the extreme 
kindness not only to prepare and to purify the substances, but also to find 
conditions—other than the well-known slow evaporation of the solvent—under 
which large crystals could be prod need. The result of his long and patient efforts 
can be summed up as follows - 

(1) It is pructically impossible to establish detailed rules for producing large 
crystals. Even substances belonging to the same series seem to require what 
one might term a key-solvent. 

(2) The use of a solvent of high specific gravity facilitates the growth of large 
crystals. 

Mr. Saville supplied the writer with well-developed crystals of stearic, 
Br-stcaric, stearolic and behenolic acid. The first two belong to the n-saturated 
series, the others are of tho n-unsaturated type. A more detailed description 
of the habit and cleavage will be given later on. 

4. X-Ray Technique and the, Setting of the Crystals. 

Tho X-ray reflections from the crystals were recorded on photographic films 
and on plates. A small spectrometer with a cylindrical camera of 2-8 cm. 
radius was first used for a general survey. More accurate measurements were 
obtained with a larger instrument, quarter plates being used (Plates 38 and 39). 

All the crystals were thin plates 2/10 to 3/10 of a mm. thick. They had two 
parallel faces which gavo optically good reflections. To avoid handling the 
crystals more than was necessary they were attached to thin glass fibres by 
means of a trace of shellac. The free end of the fibre was easily fixed on the 
goniometer head. 

Preliminary photographs had shown that two of the principal crystallographic 
axes were lying in the large face of the crystal. The setting of the crystal on 
the spectrometer with regard to these axes was easily done. The crystal surface 
was first Bet at right angles to the collimator axis by optical methods. In order 
to bring one of these principal axes into coincidence with the spectrometer 
axis, the crystal had to be rotated round a normal to its surface. This was 
done with tho aid of the goniometer. The angle of rotation was obtained from 
a Laue photograph. Iron radiation was used for the rotation photographs and 
a molybdenum anticathode for the Laue diagrams. 
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5. General Results. 

All the four crystals are monoclinic prismatic. The symmetry plane is per¬ 
pendicular to the large face. Laue photographs taken with the incident beam 
at right angles to this face show the symmetry plane very distinctly. Plate 37, 
a determination of the density of stearic acid gives 1-04. The calculation 
shows that there are four molecules in the unit cell. It can be fairly assumed 
that this holds for tho other three substances. No general halvings are found, 
the lattice belongs to the simple F typo. A careful examination of the photo¬ 
graphs shows that tho hOl planes are halved when h is odd. All reflections 
which gave rise to any doubt were checked by the oscillation method. 

The four crystals have to be assigned to the space-group C 2ft . See Astbury 
and Yardloy, 4 Phil. Trans., Roy. Soc.,’ A, vol. 224, pp. 221-257 (1924). 

A source of error which is common to all investigations of this type is the 
failure to detect very weak reflections. This source of error can, of course, 
never be completely eliminated but it can be minimised by prolonged exposures. 

No trace of intermediate layer lines could bo found on any of tho photographs 
obtained by long exposures and by using the small camera; nor were any 
signs of intermediate spots on the lemniscates which are produced by the 
reflection of the white radiation from the stronger planes. The following 
tables gives the numerical data. The agreement between observed and 
calculated values is as good as could bo expected. 


2 p 2 



546 


A. Muller. 


Table I.—Stearic Acid CH S (CH a ) lfl COOH. 

Monoclinic prismatic; 4 molecules in unit cell; 40/ plane halved if 4 odd; 
T lattice; space group ; a = 5-546; b ~ 7*381 ; c — 48*84 AU; 
p = 63° 38'; c sin 0 = 43*76 AU. 

1/d 4 = 0*040496 x 4 2 + 0*018355 X 4* + 0*0005222 x I s - 0*0040847 X hi. 


Indices. 

Intensity 

obs. 

Spacing 

obs. 

Sparing 

rale. 

A — d 
obs. ealc. 

Remarks. 

h k l 

1 J 2 

Weak 

4 404 

4-352 

+0-052 


1 1 I 

Strong 

4-255 

4-252 

+ 0-003 


1 1 O 

»» 

4-122 

4-122 

0-000 


111 

i» 

3 995 

3-970 

-0-005 


1 1 2 

Weak 

3-789 

3-804 

-0-016 


i 1 3 

M 

3-625 

3-032 

0 007 


1 1 4 

M 

3-474 

3 459 

+0-015 


11 n 

1 ! 

3-298 

3-291 

+0-007 


I l B 

11 

3-110 

3-129 

-0 019 


1 2 2 

Medium 

3-069 

3-046 

I 0-023 


1 2 1 

M 

3-016 

3 010 

+0 006 


1 2 O 

M 

2 m 

2-963 

0-000 


1 2 I 

M 

2 899 

2 905 

--0 006 


1 2 2 

t» 

2 833 

2 837 

-0 004 


1 2 3 

H 

2-762 

2 764 

- 0 002 


1 24 

Weak 

2 587 

2 680 

! 0-007 


1 25 

H 

2 598 

2 605 

-0-007 


0 2 0 

Strong 

3 689 

3 690 

-0 001 


2 0 I 

Medium 

2 422 

2 420 

-| 0 002 


0 0 3 

Weak 

14-55 

1 14 55 

0 00 


0 0 5 

* • 

K-H93 

8-752 

—0-059 


0 0 7 

1 »* 

6 223 

fl 251 

0 -02N 


0 0 9 

V. weak 

4-810 

, 4-862 

--() 052 


0 0 10 

M 

4 322 

4-376 

-0-054 


0 0 12 

Weak 

3-648 

3 647 

i 0 001 


0 0 14 

>» 

3 116 

3-126 

0-010 


0 0 16 

♦ # 

1 2-740 

2-735 

+ 0 005 


2 0 1 

M. weak 

2-33 

2 545 

- 0 015 

Film. 

2 0 0 

11 

1 2-50 

2*484 

+0-02 


2 0 IB 

Medium 

1 41 

1 406 

0 00 


2 0 38 

»> 

1 28 

1*285 

-0-005 


0 1 20 

»» 

213 

2-098 

-10-03 


0 2 19 

Weak 

1-91 

1*954 

- 0-04 

tf 

0 3 19 

t* 

1-68 

1-681 

0 OO 


0 0 18 

Medium 

2-45 

2-431 

I 0 02 

it 

0 0 20 

»» 

2 22 

2-186 

-1 0-03 

ti 

2 2 2 


2 13 

2 126 

0 00 

ii 

2 2 0 

t* 

2 05 

2 061 

-O-01 

it 

2 2 2 

Weak 

1-97 

1-985 

-0-015 

it 

3 1 0 

M 

1 62 

1 610 

0 00 

it 
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Table IT.—llromo-Stearic Acid CH 3 (CH 2 ) la CHBrCOOH. 

Monoclinic prismatic ; 4 molecules in unit cell; AO/ plane halved if A odd; 
T lattice; space group C 2A ; a — 11 • 039; b — 4-904; c = 52-84 AU; 
P = 43° 17'; csin p = 36-23 AU. 

1/d 2 = 0-017458 x A 2 + 0-041582 x A 2 -f 0-00076183 x i 2 - 0-0053098 X hi. 



(I — (l 
ubs. calc. 


- 0 005 
0 00 

+ 0*004 
~ 0-003 
+ 0 003 

- 0 03 
+ 0 005 

- 0 011 
0 005 

- 0-003 
+ 0*007 
+ 0*001 

- 0 020 
- 0-021 

- 0 007 

- 0 IXM) 

- 0 015 

- 0-000 
- 0 010 
+ 0-03 
- 0*008 
- 0-001 
- 0*006 

- 0-023 
+ 0*003 
+ 0*007 

- 0-009 

- 0 016 

- 0-007 

- 0*011 
- 0*001 

- 0-015 

- 0*069 

- 0-002 
+ 0*002 
+ 0*002 
+ 0-003 
H - 0*002 
+ 0*013 
+ 0*002 


Remark*. 
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Table III.—Stearolic Acid CH 3 (CH 2 ) 7 C : C(CH 2 ) 7 COOH. 

Monoclinic prismatic ; 4 molecules in unit cell; hOl plane halved if h odd ; 
r lattice; space group C 2(k ; a = 9-551; b = 4*686 ; c = 49*16 AU ; 
p = 53° 4'; c sin p = 39*28 AU. 

1/d* = 0*017168 X h 2 + 0*045541 xl» + 0*00064813 X l 2 — 0*0040076 X hi. 


Indices. 

Intensity 

obe. 

Spacing 

obs. 

Spacing 

calc. 

d-d 
obs. oalo. 

Remarks. 

h k l 

0 12 

Strong 

4-668 

| 

! 4-568 

0-000 


0 1 4 

V. weak 

4-22 

4-229 

- 0-01 


0 1 6 

M. weak 

3-816 

3-811 



1 1 0 

Strong 


3-993 



2 1 5 

Weak 

I 3-334 

3*327 



2 1 2 

Strong 

I 3*147 

3-142 



2 1 1 

V. weak 

3-061 

3*060 

t Hplplp 


n&s 

M 

! 2-066 

2*050 



Mum 


2-854 

2*854 

0-000 



>1 

2-747 

2*738 

+ 0-000 

! 

! 


M. weak 

4-04 

4*615 

|-0 025 

Diffuse spot. 

mtifiM 

Strong 

3-817 

3*817 

0-000 

Bn 

M. weak 

3*596 

3*506 

0-000 


0 0 3 

»» 

13-003 

13-01 

J-0-08 


0 0 6 

*• 

7-840 

7-856 

— 0-016 


0 0 7 

it 

6-613 

5-611 

^0 002 



Table IV.—Behcnolic Acid CH 5 (CH 2 ) 7 C • C(CH 2 ) u COOII. 
Monoclinic prismatic; 4 molecules in unit cell; hOl plane halved if A odd; 
T lattice; space group Cg*; a = 9*551; b = 4*686; c = 59*10 AU; 
P = 63° 30'; c sin p = 47*51 AU. 

1/<P = 0*016964 X h 2 + 0*045641 X k 2 + 0*00044302 X l 2 - 0*0032614 X hi. 


Indices. 

Intensity 

obs. 

Spacing 

obs. 

Spacing 

calc. 

d-d 
obs. calc. 

Remarks. 

h k l 

2 0 5 

Weak . . 

4-620 

4-646 

- 0-017 


2 0 4 


4-547 

4*525 

+ 0-022 

Diffuse on one 

2 0 1 

V. weak ... 

4-015 

4*023 

- 0-008 

plate. 

2 0 0 

Strong 

3-814 

3*830 

- 0-002 

2 0 1 

V. weak 

3-645 

3-656 

- 0011 


2 0 3 

• 9 ■ • 

3-316 

3-308 

+ 0*008 


2 0 4 

»» 

3-157 

3-147 

+ 0*010 


0 1 2 

Strong 

4-590 

4-597 

- 0*007 


0 13 

Medium 

4-482 

4-402 

- 0-010 


0 14 

»» 

4-370 

4-359 

+ 0-011 


0 1 5 

Weak 

4-207 

4-203 

+ 0-004 


1 1 0 

Strong 

4-003 

4-000 

+ 0-003 


2 1 2 

»* 

3*127 

3-120 

- 0-002 


2 1 I 

Weak 

3-044 

3-048 

- 0 004 


0 0 3 

M. weak 

15*76 

15-84 

- 0-08 


0 0 0 

•i 

0*553 

0-502 

+ 0-05 


0 0 7 

M 

6-707 

6-787 

+ 0-01 
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6. The Unit Cell and Calculation of (1. 

The experimental data show that the unit cell of all the substances is a very 
elongated prism. This is generally speaking in agreement with the conclusions 
drawn from previous experiments on powders. The symmetry axis “ b ” 
and another crystallographic axis “ a ” lie in the large face of the crystal. 
(Basal plane) p is the angle between the “ c ” axis and the basal plane. This 
angle has as it stands no physical meaning, and is to a certain extent arbitrary. 
The following figure will illustrate this. 



Ki«. I. 

A X A 2 A 3 ... and B A B 2 B 3 ... B rt are equivalent points in the symmetry plane 
of the crystal lattice. A cell with its corners in A 1 A a B 1 B 2 has the same 
symmetry properties as another A 1 A 2 B a B 3 ... and so on. [3 can be any of 

the angles B„A|A 2 and is therefore arbitrary to a certain extent. 

The question now arises : Has p a physical meaning, and if so. is there a rnie 
by which it can be chosen in an unequivocal way from the series of possible 
values ? Crystallographers have the following well-known rule : p is calculated 
such as to give the lowest possible indices to the observed faces on the crystal. 
Most of the specimens which are treated here show only one strongly developed 
face. Other faces can be observed but they are small and often not well f'efined. 
A calculation of p from the habit of the crystal is very inaccurate if not 
impossible. 

A far better method for calculating p can be evolved from a study of the 
intensity distribution on the photographs. All these photographs show only 
a few very strong reflections, the majority of the spots being relatively faint. 
The strong spots are either isolated or closely grouped together (see Plate 38). 
It is found that p can be chosen such as to give small indices to all the strongly 
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reflecting planes. This holds for all the four substances without a single 
exception, and is one of the most significant facts in this work. The following 
table gives (3 and the indices. 


Table V. 


Substance. 

0 

Indices of strong planes. 

Stearic acid 

l)3 c 38' 

Ill; 110; 111; 020 

Br-stoaiic acid 

43° 17' 

111; 111; 200 

Stearolic acid 

53° 4' 

0 12; 212; 200; 110 

Behenolic acid 

r»3° 30' 

0 12; 212; 200; 110 


7. Outlines of the Structure. 

An attempt will now be made to give an explanation for this peculiar intensity 
distribution and for the physical meaning of (3. The results obtained from earlier 
measurements suggest an arrangement of the carbon atoms in sets of equidistant 
layers, the distances between these layers being considerably smaller than the 
diameter of the carbon atom. Fig. 2 shows the distribution of these layers in 
the normal fatty acid series. 

A 1 A 2 B 1 B 2 are the projections of the corners of the unit cell on to the 


B, B 2 



symmetry plane (plane of the paper). The parallel lines are the traces of the 
two sets of equidistant layers. The co-ordinates of the atomic centres in these 
layers cannot be deduced from the earlier measurements. 

The problem now arises to design a model which has this layer structure and 
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which explains the facts laid down in Table V. A structure which has these 
properties is onu where long straight chains are loosely packed with their chain 
axes all parallel. The atoms are placed in equidistant sets along the chain 
axis and touch each other. 

In this model the strong reflecting planes can only be found among those 
which contain the chain axis or are at least close to it. From a comparison 
with Table V it follows that the monoclinic angle [i is the angle between the 
chain axis and the basal plane of the crystal (9). There is, however, one point 
which has to be considered. If these chains were tightly packed, such as to 
touch each other sideways, the chain character of the structure vanishes, and 
with it the peculiar intensity distribution. The explanation is, therefore, not 
valid unless it is found that the crystals have an open structure. The following 
figures show that the structure is open. 

The volume of the unit cell of stearic acid as calculated from Table I is 1792 X 
10 ' 24 e.e. A cubic packing of the carbons and oxygens of the four molecules 
gives approximately 272 X 10 -24 c.c. The actual space occupied by these 
atoms is therefore only about 1 /C to 1 /7 of the volume of the cell. The same 
holds for the other three substances. 

Some of the chain models have been discussed in an earlier paper (5). One 
type of chain is found to fit the structure of all the four crystals investigated 
here. The numerical data are given later. The following is a summary of 
this section:— 

(1) Chains of carbon atoms exist in all of the four crystals. The carbon atoms 
arc arranged in sets which are equally spaced along straight (or nearly straight) 
lines (chain axes). 

(2) These chains are packed in the crystal with their axes parallel or nearly 
parallel to each other. 

(3) The distance between two successive carbon atoms in the chain is con¬ 
siderably smaller than the distance between one chain and its neighbours. 
In other words, the mass density along a chain axis is higher than the density 
along any other straight line in the crystal. 

(4) The monoclinic angle (3 is a measure of the tilt of these chains relative to 
the basal plane of the crystal. 

(5) The crystal molecule has a chain of carbon atoms. Their number is 
equal to the one in the chemical molecule. 



552 


A. Muller. 


8. The Structure Factor of Stearic Add. 

The statements in the foregoing section can be put in a mathematical form, 
the detailed analysis of which will be given in a paper on the structuro of 
stearic acid. The present paper will confine itself to a discussion only. The 
structure factor of stearic acid or similar substances can be written in the 
following form 

8, = 8xcoe2it^£xcMn (A s —A,)x fo«»(A | +A , +(«-l)B,)x»inx»B t 
6 sin 7 tB 0 

i th + k even. 

a ow • o w • /a A xw sin7r(A 1 +A..+('M—l)B 0 )Xsin7cnB 0 

S 2 = 8 X sin 2n -£ k X sm n (A 2 — A x ) x - L - LJ —- 0 

o sin 7C J3 0 

if h + k odd. 

A 2 A 2 and B 0 are defined by the following equations 

a c 

a., = fa - f. si+M ) XA+ ^ + i r(H« + Ap) \ x , 

v a 2 a sm p . cos a / \e 2c sin p. cos <x > 

Bo _ _ l x SBj£ x h + 5 x x ,, 

a sin p c sm p 

2 n = number of carbon atoms in the molecule. 

The meaning of the constants a 0 ; b 0 ; c 0 ; s; a ; Ap are shown in fig. 3. 



Fig. 3. 
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Several restrictions have been made with regard to the positions of the 
molecules in the cell.* The features of the model are nevertheless sufficiently 
general to account for some of the more subtle details in the intensity distribu¬ 
tion. The chain axes are supposed to lie in the symmetry plane. This is a 
restriction which will most likely not hold for stearolic and behenolic acid. 

The contribution of the end group and of the hydrogens to the total intensity 
have not been taken into account in the above formula. In stearic acid where 
the end group consists of two oxygens only, such a neglect is not affecting the 
results seriously. As long as the discussion is confined to relative intensities, 
the same will hold for the hydrogen scattering. 

The structure factor can be written in the following form 


K •=-- 8 X S c X S,,, 

g — sin n nB q w j]j ^ called the “ chain factor.” S- is the product of the 
sin 7 cB 0 v 

three remaining cosines or sines and will be referred to as the “ phase factor.” 
The absolute numerical values of these two factors are now discussed below. 

S„ can be any figure between zero and one. S c reaches its maximum for 
B 0 — 0; 1; 2; 3; .... The maximal value of S 6 is equal to n. S c can there¬ 
fore assume any value between zero and n. Both S c and are functions of the 
indices. 

It is well known that the observed intensities depend upon other factors 
as well as the structure factor. Tfc is nevertheless possible to predict certain 
general features of the intensity distribution from the structure factor alone. 
Owing to the fact that n is largo compared with one, this factor shows well 
marked maxima. Certain isolated groups of spots should therefore be present 
on the photographs. This prediction is found to be true. It does not follow 
that all the maximal values of S c should show. There is the possibility of 
the phase factor becoming simultaneously very small. This is, however, 
found to be an exception. 

A discussion of the numerical value of the phase factor will be given in the 
paper already announced at the beginning of this section. The following will 
deal with the chain factor which is the most important of the two. 

First of all a further restriction is made with regard to the position of the 

* One pair of molecules—molecule 1 and its rotation molecule 2—has its centre of 
symmetry in one comer of the unit cell, the second pair—molecules 3 and 4—has its centre 
in the middle of the base of the cell. 
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chain axis in the unit cell. It is assumed that this axis is parallel to the “ c 99 
axis, i.e A(3 == 0. B 0 is in this case only a function of the index L 

B 0 = 8 -xl. 

c 

The diameter of the carbon atom is 1 • 54 AU and a = 35° 15'. This gives s = 
2*51 AU and 

tcB 0 = 9*27° Xl; n nB 0 = 83-4° X / 

in degrees of arc. The following table gives the numerical values of S c in 
function of the index L 

Table VI. 


1 . 

Sc . 

/. 

K r . 

0 

9-00 

34 

0-97 

1 

IM7 

35 

1 11 

2 

0-71 

3ft 

1-88 

3 

2-02 

37 

1-55 

4 

0*73 

38 

ft 98 

5 

1 1ft 

39 

8*88 

17 

0-97 

40 

5-29 

18 

3-88 

41 

0 03 

10 

8-40 

42 

2 03 

2ft 

7-97 

43 

0-35 

21 

2-93 




A very considerable increase of S c is noticeable for those values of l which 
are near to 0 ; ± 19 ; ± 39 ... If all the assumptions are correct then the 
photographs should show very definite maxima of the reflections from the 
planes hkQ ; A&19 ; A&19; AA39 ... The following table gives the indices 
of some of these isolated reflections which are actually observed. 


Table VII. 


Indices of 
isolated spots 
observed. 

Spacing* 

observed. 

0 0 18 

2 ‘45 

0 0 20 

2*22 

0 1 20 

2-13 

0 2 0 

3*89 

0 2 19 

191 

0 3 19 

1*08 

1 1 0 

4*12 

2 0 1 

2*42 

2 0 10 

1*41 

2 0 38 

1*28 

1 1 10 

1*75 
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Most of the high-index reflections have been checked by the oscillation 
method. 

The chain theory receives a very strong support by these observations; 
wherever a maximum of intensity is observed it is also predicted by the formula. 

9. The Habit and Cleavage of the Crystals . 

The crystals of stearic acid were obtained in the following way. The very 
pure substance (melting point over 73° C.) was dissolved in CS a . The solvent 
was allowed to evaporate very slowly and crystallisation took place in the 
saturated solution. 

The crystals are thin flakes (thickness up to 2/10 of a mm.). The smaller 
specimens are very often rhomb-shaped, fig. 4. 

The basal plane of the crystal is found to lie in the flake surface. The bi¬ 
sectrix of the acute angle ^ coincides with the “ b ” axis. 

The edges of the flake are parallel to the II direction in the 
basal plane. A calculation of ^ from “a” and “ b ” gives 
73° 50', which is in sufficiently good agreement with a series of 
goniometric measurements where = 74° 26' ± 24' is found. 

The crystals show very good cleavage parallel to the basal 
plane. Indistinct cleavage can bo observed along other lines lying between 
the 13 and 25 direction. 

Stearolic-, behenolic- and bromo-stearic acid were obtained by slow crystal¬ 
lisation from alcoholic solutions. 

These crystals have a different habit from stearic acid. They grow in rect¬ 
angular thin plates (fig. 5). 

Their “ a ” and “ b ” axes coincide with the edges of the rectangle. Good 
cleavage is observed parallel to the basal plane and also along the 
“ a ” and “ 6 ” axes. 1“"" 

Other cleavage planes than the 001 were found when examining 
some of the thicker crystals of stearolic acid. The following 
angles between these planes and the basal plane were measured :— 

“ a ” zone, approx. 90°. _ 

“ b ” zone, angles ranging from 52° to 69°. Fiu. 5. 

An X-ray examination showed that the cleavage planes in the u b ’* zone were 
close to the 100 plane. 

These goniometric measurements are very inaccurate, but they speak never¬ 
theless in favour of a chain theory. 



Fiu. 4. 
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10. Imperfect Crystallisation . 

Certain difficulties arose during the progress of this work through the tendency 
of these substances to form pseudo-crystals. A discussion of those difficulties 
has little bearing on the main subject, but they had to be taken into considera¬ 
tion in order to avoid a wrong conception of the crystal structure. 

One typical example of a pseudo-crystal was found among a batch of crystals 
of behenolic acid. These crystals were apparently perfectly normal. They 
were transparent and showed a habit as described in the previous section. A 
revolving crystal photograph was taken, the “ h ” axis being parallel to the 
axis of rotation. The spots on the photograph were well defined, the only 
conspicuous thing was the extreme faintness of the long-spacing reflections. 
A second photograph was made, the crystal being rotated round a random 
axis. All the spots were drawn out in circles (see Plate 39) which showed that 
the sample was not a true crystal. Similar phenomena were later observed 
with crystals of stearolic acid (see also ref. 11). 

An explanation is easily found. The apparent crystal is built up of smaller 
aggregates which all have the 44 b ” axis in common but have a random orienta¬ 
tion round this axis. 

An apparently well-developed crystal of stearic acid which Mr. H. S. Piper, 
of Bristol University, was kind enough to give me, was found to be a very 
peculiar type of a pseudo-crystal. This particular sample was crystallised 
from an ether solution. Its habit was exactly the same as described previously. 
The acute angle of the rhomb was 74° 29'. a = 5*59, 6 — 7*35, c sin p = 
43-8 AU. 

The spots on the revolving crystal photographs were not so well defined as 
usual. The long-spacing reflections showed very strongly. A Laue photograph 
made with the incident beam perpendicular to the flake surface gave a picture 
which suggested two planes of symmetry in the crystal. The spots were drawn 
out into a large number of streaks (Plate 40). 

It seems that here again the apparent crystal is composed of smaller units 
which have their 44 b ” axes in common. Instead of being oriented at random 
round this axis they are placed symmetrically to a normal to the basal plane 
and in such a way that their 44 a ” axes are very nearly in a common plane. 
The following figure which represents a projection of two of these units on to 
the symmetry plane will illustrate this. 

The fact that these substances tend to form imperfect crystals suggests that 
the cohesive forces are small compared with those in many other crystals; a 
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slight disturbance will upset the process of crystallisation. It has been observed 
that changes in their crystal structure occur when the temperature is slightly 



Fig. 0. 


altered. A recent investigation of Piper, Malkin and Austin (13) shows how 
different structures result from different crystallisation methods (sec also 
ref. 14). 

This instability of the structure makes an investigation rather difficult, but 
it suggests an interesting field for a study of the forces which control the process 
of crystallisation. 


11. Final Conclusions . 

The following table contains the data of all the substances and of a number 
of constants derived from these figures by calculation. 

Table VIII. 



i 

a . 

6. 


a sin $, 

a b 

Stearic acid 

5*540 

7*381 

63- 16' 

4-963 

40*94 

Br-stearic acid 

11-089 

4-904 

43“ 16' 

7*505 

54*13 

Ktearolio acid 

9*551 

4*680 

53° 4' 

7*634 

WmSmm 

Behonolic acid 

0*551 

4-686 

63° 30' 

7*078 


-Octadecane 

5*00 

7*50 

90* 

5*00 

Bfl 


a b am 3. 

r win S. 

c. 

length calc. 

f. 

Stealic acid 

30*50 

43*76 

48*84 

40*1 

0*671 

Br-stoanc acid 

37*10 

36*23 

52*88 

40*1 

0*048 

Stcaroho acid 

35*77 

30*28 

40*14 

40*1 

0-614 

Behnnolic acid 

35*08 

47*51 

59*10 

50*3 

0*6)2 

Octadecane 

37*8 

23*6 

25*6 

22*8 

0-662 


The last line of the table gives the corresponding numerical values for a 
hydrocarbon (octadecane). These data have been published in one of the earlier 
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papers (8) and were obtained from a series of powder photographs. A Laue 
photograph from an imperfect hydrocarbon crystal gave a value for the ratio 
o/b whioh suggested that (3 is in the neighbourhood of 90° for this particular 
substance. 

Column 5 shows the calculated data for the area of the base, column 6 the 
area of the cross section of the unit cell measured in a plane perpendicular to 
the “ c ” axis. The next column gives the length of this axiB and the following 
the calculated length of a chain of carbon atoms of the following type. 



Fro. 7. 

o = 180—2a = 109° 30' tetrahedral angle. 
Sj = 1-54 AU diameter of the carbon atom. 


In drawing conclusions from this table emphasis is laid upon the fact that 
the cross sections (column 6) are very nearly the same for all the substances. 
In addition to this there is a striking similarity between the geometrical propor¬ 
tions of these cross sections. This section is a rectangle the sides of which are 
“ b ” and a sin (3 respectively. The ratio e = short side/long side is given in 
the last column of Table VIII. It is very nearly the same for all the substances 
(average 0*64). 

It is interesting to compare e with another ratio which can be calculated 
from the model of the chain (fig. 7). SjS a is found to be 0*63, i.e., very nearly 
equal to c. 

The following conclusions can be drawn with regard to the general structure 
of the substances. 

The chain can be represented as a rod of elliptical cross section. The axial 
ratio of the ellipse is approximately 0 * 64. In the crystal these rods are packed 
in parallel or nearly parallel bundles and in such a way that they occupy an 
average cross section of 18*3 X 10 16 aq. cm. 

These conclusions are additional to those already drawn in section 7. 

Considering now the calculated lengths of the carbon chains, it will be seen 
from Table VIII that they are shorter than the corresponding “ c ” axes. This 
difference has to be accounted for by the space occupied by the end groups. 



Midler. 
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Stcarolic Acid. 
Rotation Photographs (a Axis). 



t»w 


Midler. 


Hoy. Six'. Proc., A, vol. 114. PI. 39. 



I 1 0 3ti 

* u iu 

Steal ic Ar id. Rotation Photograph (b A,via). 



Hehenolie Acid. Rotation Photograph (b Axis\ 


4 



Bchcnolu* Acid. Rotation Photograph (random getting). 



Muller. 


Roy. Soc. Proc. t A, vol. 114, PI. 40. 



Stoaric Acid. 

Imperfect Crystallisation. Lane Photograph 
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It is the same for the hydrocarbon and the stearic acid, although there are 
two molecules along the c axis in stearic, acid and only one molecule in the 
hydrocarbon. This suggests that the carboxyl group occupies a smaller 
space along the c axis than the ni a group. Ft seems not unlikely that there 
is a certain concentration of carbon atoms round the carboxyl group. If all 
the assumptions are correct it would follow that the length of the CH 3 group 
in the c ” direction is approximately 1-4 AU. It has to be borne in mind* 
however, that the calculation of the length of the end group depends upon the 
assumed structure of the carbon chain. A slight, deviation from the tetrahedral 
angle in this structure produces a big effect upon the calculated length of the 
end group. 

In the introduction it was pointed out that this paper is not meant to give 
the finer details of the structure of these long-chain compounds. This has to 
be done by studying each substance individually. It is certain that most, of 
these substances have more than one crystalline form. The long spacing of 
stearic acid which is given in Table I is approximately 10 per cent, larger 
than the one observed in the earlier measurements on powders. Similar differ¬ 
ences have been noticed by Piper. Malkin and Austin and other observers 
(111) (14). There is no doubt about differences existing between the structures 
of the various modifications. It seems unlikely, however, that they should 
be fundamentally different from the one given in this paper. 

I. Langmuir (1) and later N. K. Adam (2) have measured the molecular cross 
sections of a large number of long-chain compounds when these substances 
were in a state of a compressed film on the surface of water. Adam gives 
21-0 X 10“ 16 sq. cm. cross section per molecule for the stearic acid series and 
27-2 X 10“ 16 sq. cm. per molecule for br-stearic acid. 

a . 6/2, which is the area per one molecule (this area is measured in the basal 
plane and not in a plane perpendicular to the c axis !), is 20*5 x 10 16 sq. ems. 
for stearic acid, and 27*6 X 10' 16 sq. cm. for br-stearic acid. Adam’s figures 
and these are identical within the limits of experimental error. He interprets 
his figures as being the cross sections of the chains, whereas in this paper the 
figures refer to the area of the base of the crystallographic cell, which can be 
described as the area of the end group or the “ heads ” of the molecules in 
Adam’s terminology. The cross sections of the “ heads ” which Adam gives 
are considerably larger (25*1 X 10" 16 sq. cm. for stearic acid). 

In plotting areas of his films against pressures Adam obtains a curve of the 
following type:— 

He calls OA' the area of the chains, OB' the area of the " heads.” In the 

2 Q 
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part CA of the surface/pressure curve, the surface ia practically independent 
of the pressure. The interpretation which he gives for the value OA' as being 



a characteristic surface ia perfectly legitimate ; it becomes rather douhtfu 
when applied to OB'. There seems to be no theoretical reason for the very 
high compressibility of the film in a region where the molecules come in actual 
contact with each other. 

The pressure per unit area which can be applied to a surface film is extremely 
high, and it seems not unreasonable to assume that the donsity of the com¬ 
pressed film is the same as it is for the solid. Assuming that this view is correct 
and taking into account that Adam’s determination of the area of the “ heads ” 
is somewhat doubtful, it seems as if the cross section of what Adam calls the 
“ chain ” is actually the area a . 6/2, i.e., equal to the cross section of the end 
group. 

If, therefore, the structures of both the film and the crystal arc the same, it 
would follow that the chains are tilted instead of being perpendicular to the 
water surface. Without further investigations it is impossible to decide 
Whether this hypothesis is correct or not. 

In conclusion, the author wishes to express his sincere thanks to Sir William 
Bragg for his encouragement and interest in the progress of this work, also to 
Mr. W. B. Seville, without those incessant efforts this investigation could not 
have been carried out. He also wishes to acknowledge the support given to 
him by the Department of Scientific and Industrial Research. 
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On the Capture of Electrons by Swiftly Moving Electrified 

Particles , 

By L. H. Thomas, Trinity College, Cambridge. 

(Communicated by R. II. Fowler, F R.S. —Received January 27, 1927.) 

When an a-partiele passes through matter it may capture an electron and 
continue on its way as a singly ionised helium atom. It is of interest to calcu¬ 
late the chance of such a capture on a classical basis and comparo the results 
with the experimental data of Rutherford, Henderson, and Jacobsen * Fowlerf 
has calculated this chance by applying equilibrium statistical theory although 
the conditions do not very closely resemble equilibrium conditions. In the 
following paper the process of capture is considered in detail, and two cases 
are treated in which the three-body collision which is involved can be broken 
up into two successive two-body collisions. 


* Rutherford, 4 Phil. Mag./ vol. 47, p. 270; Henderson, 4 Roy. Soc. Proc./ vol. 109, 
p. 157 (1925); Jacobson, 4 Nature/ June 19, 1920, p. 858. 
t R. H. Fowler, 4 Phil. Mag./ vol. 47, p. 257 ; * Proc. Camb. Phil. Soc./ vol. 22, p. 253. 

a q 2 



562 


L. H. Thomas. 


I .—On the Capture of Electrons from Lifjht Atoms by very Swift Particles , 

Suppose a particle of charge E moves with velocity V through matter con¬ 
taining N atoms per unit volume, each atom consisting of a nucleus of charge 
Z surrounded by electrons of charge e and moss m at distances r, and that V 
is large compared with the velocities of the electrons. The sequence of events 
in a capture must bo like that indicated in diagram 1; corresponding numbers 
on the two paths represent simultaneous positions of the particle and the 
electron. First there, is a close “ collision ” of the particle and the electron at 



A, in which the electron has its small velocity altered nearly to V and so must 
go off at nearly 60° to the direction of motion of the particle ; then the electron 
must pass near the nucleus at B and be deflected through nearly 60° to bring 
its direction of motion nearly parallel to that of the particle : at the same time 
the particle will have reached 0, where. ABC is nearly enough an equilateral 
triangle. 

u' 


.Diagram 2. 

In travelling distance dl the particle has a chance 

dW^'inpdpTSdl 
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of passing an electron, at distance r from a nucleus, at a distance between p 
and p f dp> when the velocity of the electron relative to the particle will be 
deflected through angle 8 given by 

cot gS — mV 2 p/eE.* (1.0) 

If U is the velocity of the electron afterwards, U — 2V sin J8 (diagram 2) so 
p dp h cosec 3 £ 8 . c 2 E 2 /m 2 V 5 . rfU. 

In order that IT - V,f 8 -J and cosec 48 r 2, so that 
d\Vj -r 2 ttN dl. 4c 2 E«/m a V s . dti. 


The chance that the electron, initially at distance r from the nucleus, will 
now pass it at a distance between p' and p ' + dp* and be deflected through 
angle 8' so as afterwards to move in a direction within a cone of angle da> is 
(diagram 2) 


where 


d W 2 - p' dp’ d<f>/4nr 2 


target area 
area of whole sphere 


dco — sin 8' <Z8' d</> , cot J S' ~ p'mU 2 /eZ. 

so that 

p* dp ' c 2 Z 2 /w 2 U 4 . i cot J 8' msec 2 J S' d8 f . 


In order that the electron may afterwards travel in the direction of the particle, 
8' ^7r and loot i8' cosec 2 | S' 4 sin 8' while U ^ V, so that 


dW 2 


4c 2 Z 2 

m 8 V 4 47rr 2 ' 


Further, if U' is the final velocity of the electron. U' = V and dU' -= rfIT. so 
that the chance of both collisions is 


dW -- d\V 1 dW 2 


■- 2nNdl 


4c 2 K 2 d[y 4fi a Z 2 rfw 
w 2 V' m 2 V 4 trer 2 


Just after this the electron is at distance r from the particle, moving in nearly 
the same direction and with nearly the same velocity as the particle ; in order 
that it should be captured, that is, should afterwards revolve about the particle, 
its velocity relative to the particle must be less than u, where 

£mw 2 “ cE/r, 

?.c. f u — (2eE jmr)K 


* Gf, J. J. Thomson, ‘ Conduction of Electricity through Oases,’ 2nd Ed., p. 370. 
f In this paper the symbol “ ~ ” is used to mean “ is approximately equal to.’* 
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Thus the extremity of the vector U' must lie within a sphere of radius « about 
the extremity of V, 

C'Wrfto = 4 ,ir (2eE/m*f. 


Hence the chance of a capture in path-distance ill of the particle 

1 4 / 2 bE \* 
v- > mr 


W 2rN dl - — 

w*V B mW 4 4iei* V s 


etVa .x TJ ,/Z\ s / e \' >\ : /« 

~—-o*Nrf/|- - - - . 

3 el \c ' r/ \V; 


(i.D 


say 


where at; 2 

o — 5*3. 10“° uni. the ,J rnlius of the normal orbit of a hydrogen 
atom/* 


v - : 2*19.10 s cm./sen., the velocity ” of the electron in that orbit. 

( 1 . 11 ) 

This formula gives the chance of capture of an electron in the above way by 
a very fast particle. If the matter is gaseous, it should be summed over each 
electron together with each nucleus in a molecule; if solid, over each 
electron in an atom together with each neighbouring nucleus. It is really only 
applicable to a-particles moving in hydrogen or helium, and gives a very small 
chance of capture at the lowest speeds, say, V = iv - 8*5 . 10” cm./sec. at 
which it could be expected to hold. The experimental evidence, however, 
does not require that the chance should be any larger at these high velocities 
of the particle * 

Note .—The expression corresponding to (1.1) when the second collision is 
with another electron is 


U« 2 Nctt(E/e) J (a/if (tf/V) l \ (1.2) 

and there is then also an equal chance of capturing the second electron. This 
can be found in the same way as (1.1), noting that the deflections of relative 
velocity in both collisions must now be approximately 


II .—On the Capture of Electrons from Heavy Atoms by Swift Particles. 

A result was obtained in Part I by splitting up the three-body collision 
into two two-body collisions. This could be done because the speed of the 
particle was large compared with the initial speed of the electron. If the 
potential of the atomic field at the electron is large compared with the potential 

* Rutherford, Jacobsen, lor . rit . Jacobsen has shown that this chance Is much smaller 
in hydrogen than in air. 
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due to the particle at the same distance, this splitting up is possible even when 
the electronic speed is not small. Then also the particle must lirst pass close 
to the electron, compared with the latter’s distance from the nucleus, to give the 
electron sufficient energy to escape from the nuclear field with speed near that 
of the particle ; immediately after this close encounter, the relative velocity 
of the particle and the electron is large, and, since the atomic field is large com¬ 
pared with that of the particle, the effect of the particle on the motion of tho 
electron may be neglected till both have left the neighbourhood of the 
nucleus. 

An exact procedure would then be to use atomic fields and orbits such as 
those obtained by Hartree,* and to calculate on the above basis the chance of 
capturing each of tho electrons in tho atom for various velocities of the particle. 
For any particular electron, the chance would be small for a very swiftly moving 
particle, would increase as the particle’s speed approached that of the electron, 
and would finally decrease when the particle’s speed was so small that it could 
only with difficulty detach the electron from the atom at all. Thus, as the speed 
of the particle decreased, electrons would chiefly be captured from levels of 
lower and lower ionisation potential. 

The calculation suggested would be little altered in result by replacing the 
discontinuous distribution of electrons in velocity, position, and ionisation 
potential, by a continuous distribution. An examination of Hartree’s fields 
shows that the atomic fields are nearly inverse cube fields in the region relevant 
to the capture of electrons by a-particles of speed between 2.10° and 4.10 8 
cm./sec. The correct distribution of electrons is two for each A 3 of volume of 
six-dimensional phase-space, for that part of phase-space with energy insufficient 
to carry the electron out of the atom.t This distribution does not correspond 
with reality at the outside of the atom, but the calculation in Part I shows that 
there the chance of capture is very small, and closer to the nucleus, where the 
field is no longer an inverse cube field, there are few electrons that can oven be 
removed. 

For comparison with experiment the chance of losing a captured electron is 
also required. It will appear that most electrons are not captured into closely 
bound orbits, and the time during which they remain with the particle is so 
short that they can hardly be supposed to fall into more closely bound orbits. 
Whether the electrons in the atoms must be regarded as having separate effects 

* D. It. Hartroc, ‘ Proc. Camb. Phil. Soo.,’ vol 21, p. 825. I am indebted to Mr. Hiirtree 
for the use of some unpublished fields. 

t 0/. ‘ Proo. Camb. Phil. Soc./ vol. 23, p. 542. 
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ia detaching the captured electron from the particle, or whether the atoms can 
be supposed to act as wholes, will appear during the calculation. 

Suppose a particle of charge E moves with velocity V through matter con¬ 
taining N atoms per unit volume. Each atom is represented by a central field 
in which an electron of charge e and mass m at distance r has potential energy 
mX/r*. The chance that there is an electron in volume dr of the phase-space 
of that central field is 2dr/A 3 , where h is Planck's constant, so that the chance 
of an electron at distance between r and r -f- dr and with velocity between v 2 
and v % + dv 2 is 

2.16TC*^r s rfrr i *rfv 3 , (2.1) 

provided that 

v 2 i <2X/r*, (2.11) 

the electron is not in an orbit that leaves the atom. AH directions for v 2 
and r are independently equally likely. 

When the particle has captured an electron, suppose it moves through matter 
containing M centres per unit volume, each centre being a field in which an 
electron has potential energy mv/r" at distance r ; n — 2, v — X, M — N, or 
n = 1, v = e 2 /m, M some multiple of N, are to be taken according os the whole 
atom or separate electrons have a dominating effect, or possibly a combination 
of both. 

•Let eE/w — p, so that an electron at distance r from a particle has potential 
energy «|i/c. 



Suppose a particle collides with an electron of the group (2.1). All directions 
for v a are equally likely, and, v 2 fixed, the nucleus is equally likely to lie in any 

f " /\ 

direction from the point of collision. Thus the chance that the angle v a V lies 
in a range dy about y is Jdcos y and the orientation of the (v 2 V)-plane about V 
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makes no difference, jr, v 2 , and V determine the relative velocity v of the 
particle and electron before the collision and the angle Vt? (= 0). The relative 
orbit is then determined by the* orientation of its plane about v , which may be 
measured from the (V^)-plane and by the initial distance of the particle from 
the line of relative motion of the electron. If these lie in ranges dt and dp 
about e and p respectively, the number of such collisions (diagram 3) in time 
dt will be 

2.16 7 r 2 ~ r a dr v» 2 dv. y Jrfcos y N pdp dz v dt* (2.2) 

n 

If « is the critical velocity of escape from the nucleus at distance r, 

?<* - 2 X/r 2 , ( 2 . 21 ) 

and 

r 2 dr — (2X) 5 u * 4 dw, 

further 

dt = dl/V, 

where dl is distance travelled by the particle, so ( 2 . 2 ) becomes 

2. 167 t 2 ^ (2 X ) 3 —* dv-> ^rfcos / N p dp dz % dl. (2.3) 

h w * V 


The relative velocity after the collision, r'. has the same magnitude as v but 
is deflected through angle 8 given by 

1 + pV/n 2 =- 2/(1 - cos 8 ) (c/. (L.l)) (2.31) 

s 

in the plane making angle e with the (Vt’)-plane. Then tlie angle Vv' (= O'), 
the angle between the (Vr) and (Vr')-planes (= ^), the velocity of the electron 

after the collision v 3 ' } and the angle r/V (— /') are all determined. The inde¬ 
pendent variables p , x and e in (2.3) can be replaced by v 2 /' and 



d cos 8 
(1 — cos 8 ) 2 * 


from (2.31) 


Since 8 , 8 , 0' form a spherical triangle with e, <j* as angles opposite 0' and 8 
respectively, for fixed x> i.c., fixed 0 . r. and v', 
d cos 8 ds — d cos 0 ' 



(since v 2 2 \v 2 V 2 — 2v\ cos 0 '). 


Then for fixed and t]>, since ~ r 2 2 + V 2 — 2v 2 V cos / - " v' 2 — V 2 
— 2v 2 V cos y\ 

d cos x ~ d cos x # * 


* Of. Joans, 1 Dynamical Theory of Oases/ p. 209. 
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Substituting these expressions, (2.3) becomes 




da 


.y¥ d) 


• cos 8) a 


r i dv i v -dl. 

vV V 


(2.4) 


For fixed u 9 v 2 y x',and v 2i ^ may have any value from 0 to 2n. For fixed u, 
v 2 , and and therefore fixed v, v 2 must satisfy the conditions 

v — V|<y a <v + V 

0 < v 2 < u. from (2.11) and (2.21) 


If (2.4) is integrated over these values of ^ and v 2 the result will be the number 
of electrons that, in length dl of its path, a particle starts with velocity in range 
dv 2 about v 2 at an angle in range d% about x with the direction of motion of 
the particle at distances from nuclei corresponding to velocities of escape in 
range du about u. The nucleus is still equally likely to lie in any direction, 

1 — cos S — 1 — cos 0 cos O' — sin 6 sin 0' cos tj>, 


so 


f* dfy 2 tc(1 - cos 6 cos O') 
Jo (1 — cosS) a | cos 0 — cos 0' | a 


'In l 




+ V 2 -ty)(^ + V 2 -- V.' z ) \ / 

2V« 2V» I / 


<*—V , 4 


2Vv 


In order that capture may finally tuko place, 

i>/ 2 V* f u“ 

HO II < v 2 ' < V V, 

and the range of »; 2 2 is (o — V) 4 < u 2 s < m 4 . 
Replacing tt 4 by i? 2 ' 2 — V 2 , 
f2 ' 


(2.41) 


r i 

Jit-V| J 


o (1 - coh 8) 2 ^ “ 

- _ r' , " v n, ("• 4 v 2 -x)(v* + V 2 —c 2 ' 2 ) ) / r 4 ' 2 —x\*"| 

~ 71 [, v, Li 2v«- w ;— f/vavr) r 


-- rr ^[4V 2 (y,'--V-) -(v-/ 4 -^) 4 ]. 


The number of electrons so started is therefore 


2.16tc‘ 2j|(2X)*^ N|i 2 'lS2UL v *dvJill J-,[4V 2 (»> 2 ' 2 -V 2 )-^' 2 -^) 4 ](2.5) 


where e 8 = V 2 -f v 2 % — 2Vu 2 ' cos y_', 

provided that «* ~ o 2 ' 2 — V*> (v — V) 4 . 
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The orbit of the electron starting with velocity t' 2 ' at distance r from the 
nucleus is determined by the direction in which the nucleus lies. The number of 



electrons moving in orbits for which the angle rv 2 lies in range da about a, 
and the (r «7 a ')-plctne makes angle in range d<f> about <f> with the (v a 'V)-planc is 
obtained by multiplying (2.5) by 

■j- dca&add. (2.51) 

471 

Le.t the angle between r and the asymptotic velocity of the electron, t’ 2 ", 
say, bo {1 (diagram 4). Then for fixed v 2 and a, [5 is fixed, and, varying /' 
and (f>, the solid angle traced out by the direction of v 2 " is 

sin (a + ?) dtfr cos ^ df. (2.52) 

Now 

ff 3 ---• r.,'2 - n\ 

so, varying v 2 , 

v.,” dv 2 - -- v 2 dv 2 . (2.53) 

Combining (2.52) and (2.53), for varying v 2 , 0, and y’ the extremity of the vector 
r a " traces out volume 

sin (a 1 - ft) d<f> cos <f> dyj v 2 ' i: 2 dc 2 . 

Let the final velocity of the electron relative to the particle have direction in 
solid angle do and magnitude in range dw about w. Changing independent 
variables fom v 2 , <f>, and yf to w and the direction of w, 

sin (a + p) dif> cos <f> dy’ v 2 ” v 2 dv 2 — w i dw do. (2.54) 

In order that the electron may be captured, c 2 " must be nearly the same as 
V in magnitude and direction, i.e., 

c 2 " x V 

* f-”? ~ X' 

<f> x 0. 
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Using these approximations, from (2.5), (2.51) and (2.54), the number of 
electrons started where the velocity of escape is in range du about u in a direction 
making angle in range da about a with the direction of the nucleus so as finally 
to have velocity relative to the particle in solid angle do and range dw about 
w is, for path length dl of the particle. 

4Tt a ^(2X) 5 ^ Np 2 rf cos x ^ [4V 2 « 2 -V 2 ) - « 2 -i' 2 ) 2 ] w*dw rfe>,(2.6) 
h v v V 


provided that 

a 2 > (v — V) 8 . 

If x is the distance between the electron and the particle after leaving the 
nuclear field, the condition of capture is 


«> a <2(i /x. 

so the last part of (2.6) integrated for all captured electrons gives 

jtiPdwdw = . (2.61) 

x and x must now be expressed in terms of a. If p, 6 are polar co-ordinates 
in the orbit of the electron past the nucleus, 0 measured from the apse, and p' 
is the distance of the asymptote from the nucleus, 

p 2 0 — p'Y — rv 2 ' sin a 
p 8^ + p2_2X/p 8 + V 8 , 


so 



0 -- 1 

« 

17 1 _ 1 /. )\ ,rf p 

lip'* p® p' 2 T 2 n p * 




, 2X \' 5 _,®7- 2X \ { 

p' 2 \V cos pi 1 p' 2 VV 



1 

f{v 2 (p' 2 V 2 -2X)}"‘dp 

I v p ) 


and 




Thus 

* = 1 


(2.62) 

w + p “ ( 
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where on the right-liand side the inverse sine is greater than for «less than 
and vice versa. 

From (2.62) 


V‘ = »+0(i) 


as p -*ao, 



so that 
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®» = (p' + r sin p) 2 | ({>--p'a(1 _ 2X/p' 2 V 2 )} 1 - r cos p) 2 
= p' 2 4*r 2 sin 2 p | 2pV sin p + r 2 cos 2 p b r 2 —p'*4-2X/V* 

- - 2 cos pr (r 2 + 2X/V* - p' 2 )‘ 

2r* + 2X/V 2 4 2p7 sin p - 2rV/V • (1 - p'*V 2 /r*t>,' 2 ) J cos p 
— 2r 2 -(- 2X/V 2 '2r*v t '(V. sin p sin a — 2r*u 2 , /V . cos p cos x 

-= r*/V 2 . |2V 2 -| 2 X /> -2 - 2Vv 2 ' cos y] 

= /“/V 2 .^ 


a: 



v \/2X 

v « • 


(2.64) 


Using (2.64) in (2.61) and the result in (2.6), the number of electrons captured 
by the particle in path distance dl is 

dl f f -n 1 Np 2 (2p); (2 X)» ( “- + - ^X [tV 2 « 2 - (u 3 4 V 2 - i 2 ) 2 J d cos a du, 
Jo J<„) d hr U'V‘V‘ 

(2.7) 


where 


c 2 - 2V 2 f u* - 2V (V* + u»)» cos (« -f p) 


y/-V 2 - 2X/it 8 . (u 2 + V 2 ) sin 2 a, 


- -a-m 

p' 2 V 2 /J f 


and tho integration with respect to x is over values of x between 0 and iz for 
which o is real and u 2 less than (v — V) 2 . 

The number of electrons captured per unit path length is, therefore, 

C './Vm 3 //! 3 . N (2|i)’ r (2X)* V~V, (2.8) 


where C is a numerical constant. 

(b 2 4- l) 1 


where 


and 


J- I f VO 'T. - X -[6 s - 1 (V I' 1 ~ e") 2 ] Idoos x |d&, 

JoJ(«) be* 

e 2 = 6 2 4- 2 - 2 Vb* + l cos (a + p) 

« f P = (1 -/VHW2 ± cos' 1 {6VW 2 //}] 


(2.81) 


/ — 6 cosec */V14-6*. 


the positive sign is to be taken for «less than n/2, the negativo sign for a greater 
than 7 c/ 2. The integration with respect to a is for such values of a between 0 



572 


L. H. Thomas. 


and 7C that the integrand is real (i.e.. ay/ 1 —/*//< 1) and positive 
(e —l)*<a*). 

The chance the particle loses an electron depends on how closely it has cap¬ 
tured it. The proportion of the length a particle travels that it retains a cap¬ 
tured electron is the same as the proportion of particles that have electrons at 
any moment. So long as this is small it can be obtained by integrating the 
product of (2.6) and the mean distance a purtielo retains an electron of speed 
iv at distance x. 

The deflection of an electron moving at speed V at distance p from « centre 
of force mav/r* 11 is 

of I lj _ 1 - 

pW* ? r»J r 2 

where r 0 is the root of the quantity underneath the radical.* 

For large V this deflection is asymptotically 

gv ra» + tiru) 
vy ra«) 

so that the mean energy, referred to the particle, gained by the electron on 
passing at distance p from a centre is 

12 i 2v rqw-f rq) i- 
2 ivy rqn) • ■ 

The particle loses the electron if this is greater than 

— H’ 2 }, 

The mean distance the particle retains its electron is then 


«''l. 


y = — w ~f I tcM | 


2v rqnj- i) rq))" 


v rqn) 

When (2.6) is multiplied by this the integration with regard to w takes the 

form, 

I. _ vr(j.) f 

Jo y tcmU / 5 '2vrqn+i)rq)/ r(®+-) 

\2 n/ 

If V = 2.10“ cm./sec., and (2[i/x) — w 1 = (2.10® om./seo.y*. 

* Cf. J. J. Thomson, ‘ Conduction of Electricity through Gases,’ 2nd Ed., p. 371. 


s r (!) r (i i h 
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then for an electron (n - 1, v =-*-• « 2 /m) the maximum value of p in (2.85) is 
l-27.10 _w cm., while for n fairly heavy atom (h -=■ 2, v ~ 10ae a /m), it is 
1*08.10 -s cm. Thus for V = 2.10°, the atom as a whole will dominate the 
loss of electrons. For lower speeds of the particle, separate atomic electrons 
will have appreciable effects. 

Using the same effective field as for capture (v = 2, v - - X. M -= N) in (2.86), 



yw 2 dw ~ ( —) 

7t ^ '• 


2j*, J I 

x 


16 X 


Substituting in (2.6), replacing x by v \/2X/Vw, and reducing as before, the 
proportion of particles that at any moment have electrons is 

r27c 2 w 3 /A 3 .(a|x) 4 (2X)" i V \ (2.9) 

whore C' is a numerical constant. 


C'=ff ^7rr* S 1 (2.91) 

JO J(n) 0 C 

over the same range in a as for C above. 

Now let a be the “radius of the normal orbit of a hydrogen atom,” v the 
“ velocity ” of the electron in that orbit, as in (1.11), so that 

h — 2rcm 1 a 1 

v ~ ejmW-. 

Let 

X = vae 2 /m, 

so that y is tlie ratio of the potential at distance a in the atomic field to that at 
distance a in a hydrogen atom. Then, since, as defined, p — eE/m, the results 
(2.8), (JJ.9) may be expressed as follows. 

A particle of charge E moves with velocity V through matter containing N 
atoms per unit volume. The potential in the effective field of an atom at 
distance r is yoe/r 8 , and there are two electrons for each A 3 of volume in the 
phase-space of the motion of an electron in that field. 

Then the chance that in distance dl the particle captures an electron is 

C? (2E/«)* (2y)* (V/v)~" N a*dl, (3.1) 

while the proportion of particles which at any moment have an electron is 

C' (2E/«) 4 (2y) —1 (V/»)~ 4 , (3.2) 


where C = 3*4, C' ~ 4-6. 
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The values of C and C' were found by a rough numerical integration. The 
inner integral, with respect to a, took the following values : 


b 

0-5 

0-7 

0-75 

1 

2 

c 

0-35 

5-84 

11-28 

3-52 

0-02 

c' 

0-45 

7-08 

15-25 

4-55 

0-02 


in both cases there is a sharp maximum for 6 — 0-734, where the condition 
limiting a changes its form. 

Now 


b 



/— a v 


so that for 2y 9, say, and V fv varying from 10 to 3 the important part of 
the range of rja is from 0*2 to 1*2. By comparison with Hartrce’s fields, the 
assumption as to the field is roughly justified, and for Na, K, Rb, Cs, 2y has the 
values 6-2, 8-6, 10-6, 14-0. 

The above formulae agree with experiment as well as can be expected from 
the roughness of the assumptions on which they are based. The experimental 
data for these high-speed a-particles are roughly us follows. Rutherford found 
that the proportion of particles with an electron after passing through mica 
was 1 /200 for V = 1 -81.10° cm./sec. and varied roughly as V“ 4 ’°. Replacing 
mica by other solids made little difference. He measured also the rate of loss 
in air (and other gases). Assuming that the proportion is the same for air as 
for mica, the chance of capture in air (at N.T.P.) was 4-6 dl for V = 1-81.10° 
cm./sec. and varied roughly as V Henderson found that for many solids 
ranging from mica to gold the proportion of particles was nearly the same and 
varied with velocity as V“" where n decreased from 4-3 to 3-4 as V increased 
from 1-0,10 u to 1-35.10°cm./sec. His actual value agrees with Rutherford’s 
for about V ~ 1*5 . L0 U cm./sec. 

Expression (3.2) makes the proportion of particles with an electron vary as 
V“ 4 and from substance to substance as (2y)“ s , i.c., very little. For V = 1 *81.10 9 
cm./sec., taking 2y -= 8*6, E — 2e, the proportion calculated is 0*0064, Ruther¬ 
ford’s observed value being 0*005. 

Expression (3.1) makes the chance of capture vary as Taking V = 

1 • 807.10° and 2v = 8 * 6, as above, and N = 2.2 • 705.10 19 , the chance of capture 
in, say, air at N.T.F. calculated is 20*2 dl, about four times as large as Ruther¬ 
ford’s observed value. However, air is already so light that the assumptions 
are not very accurate. 
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Note .—The forms of results (1 . 1) (3 . 1) can be obtained, except for the 
numerical factor, by a dimensional argument, in the more general case of an 
atom attracting as an inverse nth power field. 

A.—The chance W that an oc-particle with velocity V attracting electrons 
with acceleration p/r 2 will in distance dl capture an electron from atoms N per 
unit volume consisting of electrons at distance R from centres attracting with 
acceleration X/r* must be, by an argument similar to that given above, as a 
limiting form for large V, 

W = const. N|x s dl R-* X-’V-‘, 

where 

[N] = L 3 


i.e. t 


[X] = L nH T~ 2 

fix] = L 3 T 2 


t 


= 7 + 


4 

n — 1 * 


B.—If instead of electrons at distance R from the atomic centres there are 
electrons distributed at p per unit phase-space (mass of electron == unit mass), 

W = const. NpidlpX-V-* 

where 

[p] = T 8 L“ fl 

so 

s = - 3/2 (n - 1), 


t = 4 + 3/(n-l). 

These results require for their validity that the conditions (magnitude of 
V, etc.) should allow the three-body collision to be split up into two two-body 
collisions as above, thus enabling the form of dependence of W on p and R to 
be determined. 


Finally I wish to express my appreciation of the encouragement and help 
of Prof. Bohr and Prof. Kramers while I was doing this work. 

Summary , 

The chance that a fast a-particle will capture an electron is calculated in 
two cases; for particles with velocity greater than 8.10 8 cm./sec. moving 
VOL. CXIV—A. 2 R 
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through hydrogen or helium, and for particles with velocity between 4.10 s 
and 2.10° cm./sec. moving through heavy matter. The method is to split 
up the process into a close collision of the particle with an electron and a close 
collision of this electron with an atomic nucleus. The results obtained are 
compared with the available experimental results and the agreement is satis¬ 
factory. 


A further Contribution to the Study of the Phenomena 
of Intertraction . 

By Sir Almroth E. Wright, M.D., F.R.S. 

(Received January 13, 1927.) 

[Platks 41, 42.] 

Seeing that a phenomenon of lateral streaming which I recently described 
and put forward as convincing evidence of horizontal intertraction is construed 
otherwise by N. K. Adam,* I have, with a view to testing his interpretation 
of the phenomenon, made some further quite simple investigations. It will 
not be amiss, as a preliminary to detailing these, to place the real issue in 
debate—the issue as to whether there is such a vis operans as intertraction— 
before us in its proper perspective. I would propose to do this by recounting 
what led up to the investigation of intertraction. 

The study of this vis operans began with observations on the effect of applying 
to furuncles requiring evacuation a plaster consisting of soap and sugar which 
is used in folk-medicine for “ drawing ” such boils. It was found that soap and 
sugar applied to open boils did, in point of fact, induce a copious welling up of 
lymph from the subjacent tissues. In pondering this effect it suggested itself 
that the sugar constituent of the plaster might be attracting, or to use the 
household word, “ drawing,” fluid from the open lymph spaces; and that 
the soap constituent'might be decalcifying and preventing the coagulation of 
the out-flowing lymph by staving off the sealing of the wound by scab. 

Acting upon this idea—and, of course, mindful of the fact that Heidenhain 
had found that sodium chloride and other crystalline substances introduced 
into the blood call forth an increased lymph flow—I substituted sodium 
chloride for the sugar, and citrate of soda for the soap; and proceeded to treat 

* 4 Roy. Soc. Proc./ A, vol. 113, p. 478 (1926). 
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wounds which required “drawing” with a 5 per cent, solution of sodium 
chloride combined with 0*5 per cent, of citrate of soda. This was found to 
be a very effective “drawing agent.” 

Later when I realised how voluminous was the outflow of lymph achieved, 
and recognised that this of itself would prevent the wound becoming lymph- 
bound, I omitted the citrate of soda, and employed as a “drawing agent,” 
or if the term is preferred, as a “ local lymphagogue,” a simple hypertonic 
(2*5 to 5 per cent.) sodium chloride solution. 

It is, I think, widely known that the simple hypertonic salt solution which 
had thus been arrived at was very extensively and effectively employed in the 
war in the treatment of those putrid lymph-bound conditions which result 
whenever surgical treatment of lacerated wounds is postponed. 

Hand-in-hand with the therapeutic application of the hypertonic salt 
solution, its effect was studied both in the wards and in the laboratory. The 
ward experiments consisted in measuring the volume and the time relations 
of the induced lymph flow. In the case where scooped-out cavities in bone 
presented themselves, these were turned to use as collecting cisterns, 1 * and 
where only flat superficial wounds were available artificial cisterns were made 
by strapping down upon the wound the upper ends of test tubes which had 
been cut across in the middle (we called these lymph-cups). In each case it 
was found that the filling-in of hypertonic salt solution into these cisterns 
produced an immediate in-draught of lymph, and that the in-draught 
diminished and finally staunched as the salt solution became more and more 
attenuated. These happenings in the wound correspond, as we shall presently 
see, with those witnessed when hypertonic salt solutions are brought in contact 
with serum in vitro . 

Concurrently with the aforesaid in vivo experiments, laboratory experiments 
were made to find out whether the (let us call it now) tractor action of salt 
solutions was exerted upon water as such, or upon albuminous solutions as 
such. The experiments in question (they are fully set out in the second 
edition of my Treatise on the Technique of the Teat and Capillary Tubef) 
brought out two things. The first was that when two receptacles which contain 
the one a strong salt solution, and the other water, are connected up in such 
a way that the water can pass, while the passage of salt is even by the lightest 
differential barrier impeded, then the level of the fluid gradually rises in the 

* Fleming, 1 Brit. Jour. Exper. Surgery,’ vol. 7, p. 999 (1919). 

t Wright and Colebrook, “Technique of the Teat and Capillary Tube/' 2nd edition 
(1921), Constable, London, pp. 327-342. 
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receptacle which contains the salt solution. This shows that the salt, provided 
it be ever so lightly confined, can draw up water against the opposition of 
gravity. The second fact brought out was: that where, instead of water, an 
albuminous fluid and a confining barrier which is permeable to albumen are 
employed, there is obtained a much more rapid and voluminous in-draught of 
fluid into the salt solution. 

It will be noted that in the experiments which have juBt been summarised, 
cognisance was taken only of tractor forces exerted by the salt solution. 

As a next step in the study of the vis operans, steps were taken to 
render visible the movements which occur upon the frontier when a lighter 
albuminous fluid is imposed upon a heavier salt solution. And here, inasmuch 
as traction exerted in a particular direction by an element A upon an element 
B must have as its counterpart traction exerted in the opposite direction by 
the element B upon the element A, the experiments were so planned as to 
render manifest not only a down draught of the lighter albuminous fluid into 
the heavier salt solution, but also an updraught of the heavier salt solution into 
the lighter albuminous fluid. To this end, first the one, and then the other, 
of the solutions was artificially coloured. The experiments here in question 
are those which were described by me in my first communication on 
intcrtraction.* These were put forward as demonstrating the operations of 
intertraction, and they furnish what is, in my judgment, conclusive proof 
of the existence of such a vis operans. For ordinary convection movements are 
here definitely ruled out, and diffusion can furnish no explanation of the 
configuration I have called “ pseudopodial invagination ” or of the rapidity 
of the movements of interpenetration. 

But none the less, in bringing forward the experiments in question as ocular 
demonstration of the operations of intertraction, I did not fail to point out 
that there are in the experiment (let us call it for the sake of brevity the experi¬ 
ment of vertical intertraction) superposed upon the effects of intertraction also 
effects of other derivation. 

In the first place, we have here effects due to changes in specific gravity 
which affect the invading serum and salt solution respectively, after they have 
interpenetrated deeply. What woidd seem to happen is that the invading 
serum, becoming condensed by loss of water, becomes heavier than the “intracting ” 
saline solution and so falls to the bottom of the vessel. And contrariwise, 

* * Roy. Soo. Proo.,’ B, vol. 02, p. 118, figs. 1 and 2 (a and 6) (1021). Fide also Plato 41, 
figs. 1 and 2 infra. 
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the invading saline solution having parted with some of its salt content, becomes 
lighter than the “ intracting ” serum, and so ascends to the surface. 

Superadded to the gravitational movements just indicated, there is also a 
diffusion effect. Diffusion (co-operating with intertraction) finally brings 
about an equable dispersal of the salt and albumen and establishes uniformity 
between the subjacent and superjacent fluids. 

These acknowledged (but I should have thought quite minor) blemishes 
in the vertical intertraction experiment have furnished Dr. Jessop* and 
Mr. N. K. Adam with the majority of the arguments by which they jointly, 
and the latter author also separately, have sought to make good that the 
phenomenon of “ pseudopodial invagination ” wherever obtained can be 
explained with any invoking of the concept of intertraction. With respect 
to that residue of arguments which those authors draw from their own 
experiments (I speak here only of those experiments which relate to salt and 
serum), these I must perforce (the reasons for this will appear later) ascribe 
to insufficiently thoughtful consideration. 

To return to what is directly material to the subject matter in discussion, it 
was clearly of import for the general acceptation of intertraction as a vis 
operative, that an experiment should be devised which would display inter¬ 
traction effects uncomplicated by effects due to alterations of specific gravity 
in the intertracting fluids. It was to this end that I planned the experiment 
(described and figured in * Roy. Soc. Proc.,* A, vol. 124 (1926)), in which a 
paper disc impregnated with coloured serum and affixed to a cover-glass is 
floated face downwards upon the surface of a heavier salt solution. The radial 
streamers obtained in this experiment are essentially the same as those shown 
in Plate 42, fig. 7, infra . 

This experiment also has been censured by Mr. N. K. Adam as non-probative— 
the gravamen of his criticism being that, just as in the experiment on vertical 
intertraction, so here, those parcels of the saline solution which come in 
contact with the albumen would by the disbursal of salt to it, become 
specifically lighter, with the result that they would ascend through the serum 
and be deflected by the under surface of the coverglass in such a way as to 
produce the horizontal streamers which come out radially from the margin of 
the filter paper. 

With respect to the interpretation of the radial streamers I submit that it 
is inconceivable that rising currents, even if they started at separate foci, as 
Mr. Adam’s theory would require, should, after passing through the texture 
* ‘ Boy. Soc. Proo., 1 A, vol. 108, p. 324 (1925). 
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of the filter paper, emerge from it in the form of discrete and Bharply-outlined 
streamers. The very utmost that an upstreaming of salt solution (and it would 
be a general upstreaming) could be expected to effect would be an expulsion 
of coloured albumen in the configuration of a halo surrounding the disc. 

Again a priori principles, and also direct inference from what is seen in the 
vertical intertraction experiment, combine to teach that ascending uncoloured 
streams of salt solution would be correlated with descending streams of coloured 
albumen. Now a distinctive feature of the experiment on horizontal inter¬ 
traction in question is that there is here absolutely no visible downstreaming. 
Instead of that there can, under favourable circumstances, be discerned just 
within the periphery of the coloured paper disc a system of paler coloured 
centripetal striae—strice which would, of course, be the natural counterpart 
of the coloured centrifugal streamers. 

But in point of fact, the issue as to whether the horizontal centrifugal streaming 
is produced by ascending currents impinging upon the filter paper disc is one 
which can very easily be set at rest by direct experiment. The following—for 
example—are elucidating experiments :— 

(1) To begin with we can, instead of floating our albumen impregnated disc 
upon the surface of a heavier salt solution, take some three or four of such 
discs, lay them down one upon the other, dispose them between two glass slides, 
and then immerse the slides, after they have been firmly clamped together, 
into a vessel filled with saline solution. Here, in spite of the fact that ascending 
currents cannot come into operation, horizontal streamers exactly similar to 
those developed when the disc is afloat on the salt solution, come out from 
the periphery of the paper. (These are very delicate and difficult to photograph 
satisfactorily.) 

(2) Again, we can, taking an albumen impregnated paper disc, paint its 
upper and lower surfaces except only the periphery with paraffin wax, and then 
set the disc afloat upon the saline solution. Here again, despite of upward 
currents being shut off, the familiar pattern of horizontal streamers is developed. 

(3) Further, abandoning for the moment the paper disc, we can make a 
mixture of equal parts of coloured serum and of a 1 per cent, melted water agar, 
and then transfer a drop of this jelly to the surface of a slide upon either extremity 
on which we have placed thin Blabs of glass as supports. We now bring 
down a covering slide upon our jelly in such a way as to flatten it out into 
a disc, and then we fill in all round it our saline solution. Here, again, 
despite the fact that no up-streaming currents can impinge upon the Burface of 
the disc, horizontal streamers come out from its periphery (Plate 41, fig. 5). 
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(4) We take a square coverglass and paint paraffin wax upon its upper surface, 
leaving bare only a narrow strip along one edge. We then take a very little 
coloured serum, dispose it along the length of this ledge, and then float the 
coverglass, paraffined side uppermost, upon a 5, or, better, upon a 7*5 per cent, 
solution of salt, taking care in setting it afloat to bring down the margin that 
carries the serum last, and as gently as possible upon the salt solution. From 
the launching raft thus provided the serum is automatically drawn off by the 
salt solution, and is, as the photograph shows, now dispersed over the surface 
of the salt solution in tho form of a palisade of horizontal streams (Plate 42, 
fig. 6). Here again it is clear—for the serum is reposing upon a ledge 
protected from below—that the horizontal streaming cannot be caused by any 
impact of ascending currents. 

(5) Another also very simple experiment is the following—which was 
specially devised to dispose of Mr. Adam's general criticism that the water 
employed as a solvent for the salt will, as soon as it has been sufficiently 
lightened by the disbursal of its solute, ascend through the superincumbent 
serum. This potential source of fallacy will be removed if we substitute in 
our paper disc experiment for the solution of salt in water a solution of salt in 
serum. When having made that modification we set a serum impregnated 
disc afloat upon a salted serum, we bring out, just as in previous experiments, 
horizontal centrifugal streamers (Plate 42, fig. 7). Those now obtained differ, 
howevei, in two respects from those obtained with the watery saline solution. 
In the first place, they develop much more slowly ; and again they are much 
less rapidly dispersed by diffusion. The slower development is no doubt 
correlated with the greater viscidity of the serum, and the Blower dispersal with 
the fact that here diffusion is limited to a diffusion of salt out of one albuminous 
fluid into another sample of the same albuminous fluid, whereas where albumen 
is superposed upon a watery salt solution, three several elements—to wit, 
albumen, water and salt—are transporting themselves by diffusion the one 
into the other. 

Reflexion having now placed at disposal for use in intertractional experiments 
a saline fluid which does not lie open to the imputation of being convertible 
into a fluid lighter than the superincumbent serum, the next thing that 
required doing was to substitute in the vertical intertraction experiment, as 
had just been done in the disc experiment, salted serum for the plain saline 
solution. For clearly there was now prospect of converting by this device 
that combined, intertractional, gravitational and diffusional experiment into 
one that should be purely intertractional. 
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A comparison of figs. 1 and 2 which are photographs of down-traction 
exerted by watery saline solution upon serum, and up-traction by serum upon 
watery salt solution, with figs. 3 and 4 which are photographs of down-trac¬ 
tion exercised by salt serum upon serum and up-traction by serum upon salted 
serum, will show that the anticipation in question is in point of fact 
realised. 

In figs. 1 and 2 we have intertraction complicated (we may deal with this 
first) by gravitational phenomena due to alterations which supervene in the 
down or up-going streamers &3 soon as these have invaginated themselves 
sufficiently deeply into the invaded fluids. The bulbous tips of the streamers 
are, doubtless, the results of downward and upward convectional movements 
occurring in the streamers when the- invading fluid becomes, as the case may 
be, denser or lighter—the solid ends of the downward directed bulbs being 
perhaps comparable to what is seen when soap solution gravitates to the bottom 
of soap bubbles. Further all over the field, in figs. 1 and 2, we have conspicuous 
evidence of dispersion produced by diffusion. 

In figs. 3 and 4, on the contrary, we have practically uncomplicated inter¬ 
traction. That the disturbing influences of gravity and diffusion have been 
eliminated is seen in the undistorted shapes of both the down- and up-going 
streamers and in the definiteness of their outlines. Further—but this point is 
not brought to cognisance in the photographs—the invading streamers, in lieu 
of going rapidly to the bottom or, as the case may be, ascending rapidly to the 
surface, remain for a long time, as it were, suspended in mid-air. It is a case 
here of the tractor forces of the salted serum being impotent to draw the now 
salt satisfied, intxacted serum any further down hill; and of the tractor action 
of the unsalted serum being impotent to draw the salt impoverished intracted 
serum any further up hill. 

A few words may now be said upon the technique of bringing into view 
intertraction figures. Reflexion will show that in every case two conditions must 
be satisfied. The first is that all direct mechanical commingling of the fluids 
employed must be avoided. These must be disposed accurately the one on 
the one side, and the other on the other Bide, of a sharply-defined frontier. 
Secondly, when we want to witness intertraction movements across a particular 
frontier, we must arrange for the mechanical forces which oppose such trans- 
gressional movements to be less powerful than those that oppose intertraotion 
along the frontier. In other words, we must, when minded to witness inter- 
traction in the vertical plane take care that our intention is not defeated by 
our fluids intertracting horizontally. And similarly, when minded to witness 
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horizontal incursion we must put impediments in the way of vertical inter¬ 
penetration. 

Both these conditions are satisfied in all the experiments described above, and 
also in those which still await description. In the case where serum is imposed 
upon salt solution in a plane walled vertical cell, the required frontier is provided 
by the lighter serum taking up a position superficial to the heavier salt solution ; 
while the second requirement is satisfied by the fact that both fluids occupy 
the entire breadth of the cell, with the result that neither fluid can get round the 
flanks of the other to set up horizontal intertraction. In Bhort, the circum¬ 
stances are such that in the vertical intertraction experiment there is bound to 
be either vertical intertraction or none. 

Again, in the experiment in which a serum impregnated paper disc is floated 
upon the surface of salt solution, the required frontier is obtained by the device 
of confining (that is the reason why we blot off all excess) our serum within the 
texture of the filter paper: Further in the same experiment the required 
obstacle to vertical intertraction is provided by our employing a salt solution 
of greater specific gravity than the serum. As soon as we grasp the principle 
that intertraction is bound to follow the line of least resistance, we appreciate 
why when we float an albumen impregnated disc on an appreciably heavier 
salt solution we are bound to get horizontal intertraction. 

In the further experiments—that in which paper discs are clamped between 
two glass slides ; that in which we employ a disc or serum agar applied to an 
upper and a lower slide ; that in which we employ a paraffin-coated disc ; 
that where we place our serum upon the ledge of a cover glass ; and, lastly, 
that in which we impose our serum impregnated disc upon salted serum; we 
again in each case establish a definite frontier between the serum and salt 
solution, and we employ also in each cose a definite mechanical obstacle to 
block out vertical, and so compel horizontal, intertraction. 

The following experiments further illustrate the principles formulated above : 

Experiment 1.—We take two shallow glass vessels with vertical walls—such, 
for example, as the doublets which constitute a Petri dish—and we coat the 
inner face of the walls of the one dish with paraffin wax—leaving the walls of 
the other uncoated. We then, having filled into each dish a saturated salt 
solution three or four times diluted, draw up some coloured serum into a pipette, 
and transport a small quantum of this first to the one and then to the other dish 
—letting the serum in each case run down perfectly quietly from the vertical 
wall of the vessel on to the surface of the salt solution. 

In the dish with unparaffined walls the serum will, as soon as it has run 
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down on to the salt solution, be thrust up against the wall by capillary 
attraction, and will consequently instead of running off into the centre of the 
vessel run round its periphery in the form of a coloured crescent. There will 
now all along the horns of this crescent be a display of vertical intertraction; 
but, in as much as capillary attraction is here pressing the serum up against 
the walls, there will be no horizontal intertraction. At the same time, if it so 
happens that the serum runs down from the wall into the salt solution more 
rapidly than it can be absorbed into the meniscus, there will in the sinus of 
the crescent come into view also horizontal intertraction. Here radial streamers 
will pass off from the walls. 

In the vessel with paraffined wallR—and the same will, of course, happen in 
any vessel which is filled brimful with salt solution—there will, for the reason 
that there will be here no thrusting up of serum against the walls, be no vertical 
intertraction contiguous to these. Instead of that the serum will flow off from 
the walls either in the form of diverging horizontal streamers, or, when an excess 
of sentm has been employed, in the form of a superficial pellicle from which 
afterwards horizontal streamers will flow off in all directions. But here, also, 
vertical intertraction may come into view—descending streams coming off the 
under surface of any pellicle that has appreciable depth, and also from the under 
surface of any derivative streamers which may be heavy enough to indent the 
surface of the salt solution. 

In summary, if we employ in these experiments only very minute quantities 
of serum there will come into view in the vessel with unparaffined walls only 
vertical, and in the vessel with paraffined walls only horizontal, intertraction. 
If, on the other hand, we employ somewhat larger quanta of serum there will 
besuperadded,intheonecase, to the vertical, horizontal, and, in the other case, 
to the horizontal, vertical intertraction. 

Experiment 2.—Wo take, again, a vessel with vertical walls, and fill it, let us 
say, half full with our 4 to 5 times diluted saturated saline solution, and tilt 
it so that its walls may make on the upper side, an acute, and on the lower 
side an obtuse angle with the surface of the contained fluid. We now, taking 
up into a pipette two equal portions of coloured serum, let the one run down 
very gently from the upper, and the other in a similar manner from the lower 
wall upon the surface of the saline solution. 

The first of these quanta will give only vertical intertraction—for here the 
circumstance that the free margin of the meniscus descends steeply to the 
surface of the salt solution constitutes an obstacle to horizontal intertraction. 

The quantum of serum which has been expelled upon the lower wall of the 
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vessel will, on the contrary, in conformity with the fact that the free border 
of its meniscus slopes of! very gradually into the general plane of the surface 
of the salt solution, give horizontal intertraction. This portion of serum will, 
of course, in addition to furnishing horizontal streamers from its free border, 
furnish also descending streamers from its inner margin which is applied to 
the walls of the vessel. 

Experiment 3.—We roll out a pellet of plasticine into a very thin cylinder, 
flatten this out, and then lay down two strips of it transversely upon an ordinary 
microscopic slide, disposing them at such distance that the interval can be 
spanned by a coverglass. We now press a coverglass firmly down upon 
these supports until only a narrow chink is left between our glass surfaces. 
Into the cell thus formed we fill in a saline solution which is only just heavier 
than our coloured serum. Then—turning up our slide so that it shall lie in the 
vertical plane—we run in midway along the upper border of the coverglass a 
drop of our coloured scrum. This will, of course, float upon the salt solution, 
but will hang down in it in the form of a plano-convex figure with its convexity 
downwards. The conditions will here be comparable to those which present 
themselves when dealing with superficial streamers which are heavy enough to 
indent the surface of the salt solution. Descending streamers will now come 
off from the under surface of the serum, and at the same time the serum will be 
carried out right and left in a thin line along the surface, until arrested by the 
lateral confines of the cell. 

When, filling in the cell now with a somewhat lighter salt solution, we 
introduce a drop of serum midway along the lower border of the cover-glass, 
that drop, after first disposing itself in the form of a plano-convex figure with 
convexity uppermost, flattens itself down under the influence of gravity, 
disposing itself as a layer at the bottom of the cell. No sooner is this gravi¬ 
tational movement completed than intertraction phenomena begin to manifest 
themselves. Inasmuch as horizontal intertraction is barred by the fact that 
the serum cannot go any further right or left, we have here an upward streaming. 
Further, it may be noted that the upstreaming begins first in the median line 
of the cell, where the serum is still a little indented upwards—thus illustrating 
the general principle that eminently favourable conditions for the occurrence 
of intertraction are provided when the one fluid is lying in a sulcus provided 
by the other. 

Experiment 4.—We get ready a shallow dish containing a fourfold diluted 
saturated salt solution, and then make an implanting spatula by taking a 
square coverglass and coating it with paraffin wax front and back, except for 
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a narrow strip left upon one side along one margin. We then take any kind 
of a rod to serve as a handle, and fix it with plasticine to the edge of the cover- 
glass which lies opposite to that upon which we have formed the implanting 
ledge. We now spread a small drop of coloured serum upon a microscopic 
slide ; and having done so, charge our spatula by carrying it, with its ledge 
down-turned, along the face of that slide. Then, holding the cover-glass 
perpendicular and steadying our hand, we touch off the scrum upon the surface 
of the salt solution and withdraw the spatula. This operation, if accurately 
carried out, gives us a narrow longitudinal implantation; and from this we 
obtain—inasmuch as our implantation has appreciable depth as well as length— 
uncomplicated vertical intertraction. It takes the form of a very picturesque 
palisade of descending streamers. If, on the other hand, our technique has 
been imperfect, and we have (a) either taken up too much serum upon our 
spatula, or (6) have dipped too deeply, or (c) have in implanting not held the 
coverglass absolutely perpendicular, we get in addition to vertical intertraction 
a certain amount of horizontal dispersion, and, again, from this there may be 
developed horizontal intertraction figures. 

As a second procedure, we take as our spatula a coverglass of which one 
surface only has been coated with paraffin and tho other moistened with water. 
We place a charge of coloured serum upon the moistened face of the cover- 
glass and then bring this down at an obtuse angle upon the surface of the 
Balt solution. The serum will now, in conformity with the fact that we have 
formed a convex meniscus, stream off upon the salt solution in the form of a 
delicate pellicle, ami this will, if we hold our hand perfectly steady, give 
intertraction figures such as are obtained with a launching raft. 

We now, with a view to furnishing ourselves with a vertical receiving screen 
which we can set up in our salt solution, take a coverglass and set it upright 
in a pellet of plasticine—flattened out so as to provide a stand or foot. 

When this has been put into position in the salt solution, we recharge the 
boro face of our coverglass with coloured serum, and, sloping this spatula as 
before, bring it down very gently upon the salt solution a little distance in 
front of our vertical receiving screen. The serum will now, as before, stream 
off upon the surface of the salt solution, will impinge upon the coverglass, 
will pack itself up against this, and will then descend along this obstacle in a 
palisade of streamers. 

A final word now requires to be said in justification of the position taken up 
by me above with respect to Dr. Jessop and Mr. Adam's discountenancing of 
intertraction, and their impugning of its claim to rank as am operans which 
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brings about the commixture of certain pairs of fluids. I have ventured to 
say that all the arguments which were newly adduced in their paper were 
deductions from experiments which were insufficiently thought out. 

The first in order of these arguments is Dr. Jessop and Mr. Adam’s joint 
contention that no intertraction streamers appear when shallow pools of fluid 
are placed side by side upon a glass slide. Photographs 8 and 9 show that 
all that is required for the bringing into view intertraction figures, in the case 
of fluids disposed side by side in shallow pools, is to exercise care to prevent 
any preliminary commingling of the fluids. 

The intertraction figures depicted in Photo. 8 were obtained by laying down 
four superposed narrow strips of filter paper transversely upon a microscopic 
slide, clamping down another slide firmly upon these, and then filling in on one 
side coloured serum, and then, as soon as a frontier had been established by the 
inhibition of the filter paper with serum, filling in the other cell with saline 
solution. 

In the experiment depicted in Photograph 9 another quite simple device 
was employed. Here a non-tapering capillary tube was coated with paraffin, 
and then this was scraped of! upon one side in such a way as to form a 
longitudinal groove. This done the paraffined capillary tube was inserted 
(with the longitudinal groove directed laterally) between two slides which were 
supported at their ends upon thin glass slabs. Communication between the 
two sides of the slide having been in this manner cut of!, coloured serum was 
filled into one compartment, and salt solution into the other. And finally 
when the fluids were in position the capillary tube was rotated in such a manner 
as to bring the groove aforementioned into the vertical plane, and so open up 
a narrow channel of communication between the fluids. The opening of this 
tap is immediately followed by the development of horizontal streamers. 

I pass now from the consideration of Dr. Jessop and Mr. Adam’s experiment 
with shallow pools to Mr. Adam’s experiments with albumen impregnated discs. 

These have furnished three observations which he brings forward as discoun¬ 
tenancing the theory of intertraction. The first is that when an albumen 
impregnated disc which is floating upon a heavier salt solution is tilted, the 
streamers instead of coming out all round, come out only from the upper edge of 
tire disc. The second is that radial streamers fail to make their appearance 
when the disc is placed in (the italics are mine) a shallow pool of salt solution. 
The third is that when a disc soaked in coloured salt solution is floated upon a 
heavier albuminous solution “ the colour is washed out in descending instead of 
in radial streamers.” 
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To the animadversions founded upon the two first of these observations 
perfectly obvious replies can be given. 

With regard to the first, it has been shown above that intertraction always 
follows the lines of least resistance. When, therefore, gravity is brought in 
operation differentially by tilting the disc it is only to be expected that upward 
streaming should (since it will be reinforced by gravity) continue (and be 
increased); and that downward streaming, since it would be opposed by gravity, 
should be suppressed. 

With regard to the objection that horizontal streamers fail to appear when 
the albumen impregnated disc is immersed (for I take it that the descriptive 
term*ndenotesimmcrsion),itwillbe plain that, for as much as the entire upturned 
face provides a much wider portal of outlet than the edge of this disc, and since 
up-traction through this face would be aided by gravity, it is to be expected 
that vertical should in the circumstances replace horizontal intertraction. 

I come now to Mr. Adam’s third animadversion—that founded upon the 
observation that a disc of filter paper soaked in coloured salt solution gives, 
when floated upon a heavier albuminous solution, descending instead of radial 
streamers. I had neglected to make this experiment, but have now verified 
Mr. Adam’s finding. 

Mr. Adam’s point, however, has, as will be appreciated, last all serious theo¬ 
retical importance by its having been demonstrated above that intertraction is 
a vera causa of radial streaming. 

There would, despite of that, be a blot upon the theory of intertraction, if 
a lighter salt solution floated upon a heavier albuminous solution did not 
give a radial streaming. 

I therefore, going over in my mind the principles of the technique for obtain* 
ing intertraction figures as set out above, took counsel with myself after the 
following fashion: “ It must be possible to obtain radial streamers from the salt 
solution impregnated diso, if by compressing the disc between two sheets of 
glass, I block all exit of salt solution from the upper and lower faces of the disc." 

When this is done typical radial streamers are obtained, but the streamers 
are too delicate to give a satisfactory photograph. 

“ Again," bo I reflected, “ it should be possible to get horizontal inter¬ 
traction figures by taking a slab of salted and coloured agar, and interposing 
this between two slides, and then surrounding it with an albuminous fluid." 

Photograph 10 shows that we can in this manner obtain very good 
intertraction figures. 

“ Lastly,” so I reasoned further, “ the obtaining of radial streamers 
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from a disc of any lighter fluid, floated upon any heavier fluid, must 
depend upon there being between the fluids a difference of specific gravity 
which shall be sufficient to offer effective opposition to vertical intertraction.” 

Giving effect to this reflection I took a particular albuminous fluid upon which 
a disc soaked in 3 per cent, coloured salt solution had given notable downward 
streaming, and inspissated it by evaporating it down in an incubator to three- 
fourths of its original volume. When that had been done, and again a disc 
soaked in 3 per cent, coloured salt solution was superimposed, the tardily 
developed horizontal intertraction figures which are shown in Photograph 11 
were obtained. 

Further points with regard to the orientation of intertraefcion now suggested 
themselves. In the first place it became evident that, whether we float a disc 
impregnated with salt solution upon an albuminous fluid, or a disc impreg¬ 
nated with albuminous fluid upon salt solution, there is bound to be at one 
end of the scale a difference of specific gravity such as will give only horizontal 
intertraction, and at the other end of the scale a difference which will give only 
vertical intertraction, ami somewhere in the middle of the scale a difference of 
specific gravity which will give cither vertical and horizontal intertraction 
(the second supervening upon the first) or else diagonal intertraction. In 
point of fact all these orientations and varieties of intertraction can be 
obtained. For example when a disc soaked in 3 per cent, coloured salt 
solution was imposed, instead of upon the inspissated albuminous fluid before 
spoken of, upon the uninspissated fluid, there was developed, instead of 
purely horizontal intertraction, vertical intertraction, followed (after ten or 
more minutes when, no doubt, the hydrocele fluid had become denser by 
inflow of salt) by definite horizontal intertraction. And again while a disc 
of filter paper impregnated with human serum (the coloured human serum 
employed had a specific gravity corresponding to that of a 3 to 3*5 per cent, 
salt solution) was imposed upon a salt solution of 3 per cent, or over gives in 
every case only horizontal intertraction; such a disc imposed upon 2 per cent, 
salt solution gives vertical followed by horizontal intertraction; or according to 
circumstances “ diagonal intertraction ”—the streamers descending at an angle 
of perhaps 45° to the vertical, producing a figure very similar to that of a 
wicker hen coop. 

Finally, the consideration of the facts just detailed suggests that in flotation 
experiments such as are here in question, factors other than differences in specific 
gravity may influence the results. It would seem probable—regarding for 
example the fact that 3 per cent, salt solution offers adequate resistance to the 
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downward streaming of serum from a filter paper disc—that the adhesion of 
the serum to the filter paper, and, in correlation with that, the closer or looser 
texture of the filter paper may, when the orientation of intertraction hangs in 
the balance, determine its direction. And in view of the fact that there is not 
an exact parallelism between the results obtained when a serum impregnated 
disc is floated upon salt solution, and those obtained when a salt impregnated 
disc is floated upon serum, it may perhaps be suggested that while a loosely 
textured filter paper may give a sufficiently close frontier for serum, a more 
closely textured filter paper may be required for salt solution. 

In conclusion I beg to express my gratitude to Mr. R. M. Fry for valuable 
help in my experiments and for the photographs which illustrate this paper. 

[Postscript with additional figure (fig. 12) added March 9th, 1927.—In the 
course of proof correction it suggested itself to me that a pattern of centripetal 
streamers would infallibly be developed if a crystallising dish or similar vessel 
was filled with saturated Balt solution, and a meniscus of coloured serum was 
then run round its periphery. Further it suggested itself that if a cylindrical 
pillar was set up in the centre and was ringed round with coloured serum there 
would be obtained from the meniscus a pattern of centrifugal streaming. And 
finally, consideration indicated that a pattern of combined centripetal and 
centrifugal streaming would be obtained if there were placed upon the floor 
of the dish a glass ring (such a glass ring as is used for the construction of a 
live-cell), and saturated salt solution were then poured without and within 
nearly up to the top of the ring, and then coloured serum was painted on each 
side with a small camel’s hair brush. 

In all the three variants of the experiment here outlined singularly beautiful 
horizontal and perfectly regular intertraction figures are obtained:—the pink 
(eosin-coloured) centripetal streams in variants 1 and 3 of the experiment 
reminding one remotely of the Japanese flag; while the centrifugal streams 
obtained in variants 1 and 3 call to mind quite vividly the corona of tentacles 
coming off from the disc of a fully expanded sea-anemone. 

The photograph (fig. 12) exhibits the pattern of combined centripetal and 
centrifugal horizontal intertraction obtained in the third variant of the experi¬ 
ment. It is inadequate in the respect that it does not bring out the fact that 
there is upon the walls of the central pillary also a little vertical intertraction.] 
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EXPLANATION OF PLATER. 

* Plate 41. 

Fig. 1 .—Downward Traction ,—Coloured serum imposed upon uneolourod 5 per cent, salt 
solution. 

Fig. 2 (a) and (6 ).—Upward Traction ,—Uneolourod serum imposed upon coloured 10 per 
cent, salt solution. 

Flo. 3 (a) and (6 ).—ihnmwatd Traction .—Coloured serum imposed upon uneolourod 
2*5 per cent, salted scrum. 

Fig. 4 {a) and (6 ).—Upward Traction ,—Uncolourcd serum imposed upon coloured 3 per 
cent, salted serum. 

Fm. 5 .—Horizontal Traction A disc of agar impregnated with coloured serum has been 
interposed between two slides, and the coll thus made has been filled in with 5 per 
cent, salt solution. 


Plate 42. 

Flo. 6.— Horizontal Traction. —Ooverglasses which have been coated with paraffin oxoept 
for a bare lodge on the right-hand margin have boon charged with coloured serum 
along this ledge, and have been set afloat upon 5 per cent, salt solution. 

Fig. 7.— Horizontal Traction. —A disc of filter paper which has been impregnated with 
coloured serum lias been set afloat upon an unooloured serum containing 5 per cont. 
of salt. 

Fig. 8.— Horizontal Traction .—A cell formed of two superposed slides has been divided into 
two compartments by clamping the slides together upon a number of superposed 
strips of filter paper. Coloured serum was now filled into the left-hand compartment, 
and when this had soaked into the filter paper harrier, unooloured 5 per cent, salted 
serum into the right-hand compartment. 

Fig. 9.— Horizontal Traction .—The arrangement is the same as in fig. 8, except that here 
the oell was divided into two compartments by a capillary tube coated with paraffin 
exoept along a narrow longitudinal groove, which furnished a narrow channel of 
communication. 

Fig. 10.— Horizontal Traction. —Here a coloured slab of agar, which had a salt content equi¬ 
valent to 2*5 per cent, salt solution, was interposed between two slides and was then 
surrounded by an uncoloured hydrocele fluid, 

Flo. II.— Horizontal Traction. —A disc of filter paper soaked in 3 per oent. coloured salt 
solution was floated upon an unooloured inspissated hydrocele fluid. 

Flo. 12.— Horizontal Centrifugal and Centripetal Intertraction proceeding from a twin 
meniscus disposed on either side of a glass ring standing in saturated salt solution. 
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The Refractive Indices of Nicotine. 

By Colonel J. W. Gifford, F.R.A.S., and Prof. T. M. Lowry, V.R.S. 

(Received January 17, 1927.) 

Measurements of the refractive indices of nicotine have been made by Glad- 
atone and Dale and by Brlihl. Their numbers are lower throughout than those 
now submitted. The instruments and hollow quartz prism used were the same 
that were employed for the measurement of the refractive indices of water,* 
and had more recently been used for measuring the refractive indices of 
benzene and cyclo-hexane.f 

At the outset a difficulty was encountered. When the hollow quartz prism 
was filled with water, its sides having previously been held in position by rubber 
bands, all air bubbles got rid of and the stopper sealed with mercury, the 
sides were held firmly in position by atmospheric pressure alone and there was 
no further trouble. But with benzene and cyclo-hexane this was not the case, 
and rubber bands of any kind were quickly attacked and made useless. It was, 
therefore, necessary to attach the sides to the body of the prism by some sort 
of aqueous cement. The glycerine jelly used by microscopists for mounting 
was found to meet all requirements. But it was Boon found that nicotine was 
a solvent of all the gelatines, gums, rubber, wax and paraffins of different 
melting points that were tried, and that any cements made of them were quickly 
uttacked. The only thing remaining seemed to be to complete the polishing 
of tho body of the prism, which had until now been left in the grey, and to 
place the sides in optical contact with it, a somewhat risky and delicate 
operation, which was successfully carried out by Messrs. A. Hilger, Ltd. Some 
rather troublesome reflections from the newly-polished surfaces had to be 
masked out and then further trouble from the prism was at an end. 

Material .—The nicotine had been purified through the zinc chloride com¬ 
pound by the method of Ratz (‘ Monatshefte,’ vol. 26, p. 1241, 1905), and was 
distilled in a current of hydrogen under reduced pressure until a colourless 
distillate was obtained. In this way the optical rotatory power of the sample 
was raised to «uai — —205° in a 1-dm. tube, as compared with the ideal value 
o! 206°, which is the highest that we have been able to reach by this method 
of purification. 

* ' Roy. Soc. Proc.,' A, vol. 78, p. 406 (1907). 
f 1 Roy. Soc. Proo.,* A, vol. 104, p. 430 (1924). 
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Method of observation. - -This was that by which all three sides of the prisms 
were brought into use, and the mean of the three deviations taken as described 
in an earlier paper. 41 

Temperature and pressure. -These were determined before and after each 
series of group measurements and corrections were made as already described.*) 1 

Temperature refraction coefficient. —For this purpose several complete measure¬ 
ments of the iron line 5270 A.U. (line E of the solar spectrum) at different 
temperatures were made. The mean result gave a coefficient of —0*0004027 
for 1° C. 

Range of the spectrum.- -Absorption of all rays took place beyond the hydrogen 
line 4341 A.U. (generally known as G')> the mercury arc line at 4041 being 
already too faint for measurement. There was, therefore, no ultra-violet, 
even though the brownish tint which the material took on later bad at this 
time not yet appeared. 


Refractive Indices of Nicotine at 15° C. 


Wave-length. 

Refractive index. 

Wave-length. 

Refractive index. 

A'. 

7886 Ku 

1 52001, 

E 

5270 Fe 

1-53514, 

B'. 

7085 Ho 

1-52294, 

K. 

4881 H e 

1*54035, 


8708 l.i 

1-52452, 

* 

4078 Cd 

1-54317, 

C\ 

8683 H. 

l-52520 o 


4471 He 

l*54099, 

O. 

6803 N» 

1-52939, 


4413 Cd, 

1 * 54808 o 

A. 

5808 Pb 

1-53177, 

U. 

4341 Hy 

1-54935, 


5481 Hu 

1-53201, 





These indices have been carried to seven figures, but greater accuracy than 
an error of 1 or 2 units in the sixth is not claimed. 


* * Roy. Soc. Proc.,’ A, vol. 70, p. 329 (1902). 
f * Roy. Soc. Proc.,' A, vol. 100, p. 021 (1922). 
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The Stability of an Infinite System of Circular Vortices. 

By Prof. H. Levy, M.A., D.Sc., and A. G. Forsdyke, A.R.C.Sc., B.Sc. 

(Communicated by S. Chapman, F.R.S.—Received December 10, 1926—Revised 

February 12,1927.) 

A system of equal circular vortex filaments have their centres evenly spaced 
along a straight line, and their planes at right angles to this line. The present 
investigation is concerned with the stability or instability of such an arrange¬ 
ment. The corresponding problem in two dimensions has been dealt with by 
K&rman* who considered the case of two infinite trails of parallel rectilinear 
vortices, with the object of applying his results to the resistance of an infinite 
cylinder moving in a fluid and to the state of motion in the rear of the cylinder. 
The infinite system of circular vortex filaments, on the other hand, may be sup¬ 
posed, in certain circumstances to be discussed in a later paper, to be generated 
in the rear of a three-dimensional body in motion in a fluid. The present 
investigation may therefore be regarded as a first step towards an examina¬ 
tion of the three-dimensional problem analogous to that treated by Kdrm&n 
for two dimensions. 

A special difficulty arises in an investigation of this type from the fact that 
the system of vortex rings, possessing an infinite number of degrees of freedom, 
are capable of adopting an infinite number of possible configurations about the 
position of equilibrium. 

The method followed here is to seek for possible normal modes of vibration 
of the system. These may be separated into two kinds :— 

(a) Those which involve an oscillatory motion of each ring as a whole along 

the axis of symmetry with corresponding oscillations in the radius of 
each ring. 

(b) Those which involve a periodic oscillation of the central filament of the 

ring about the steady circular position. 

For the a purpose of the present paper it will suffice to deal with (a). 

Motion of the Undisturbed System. 

§1. The vortex rings being infinite in number, any one of them may be regarded 
as the central ring with respect to which the system is symmetrical; and so 


* ' Phy«. Zeit.,' XIII (1912). 
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the equations oi motion found for any particular ring will apply to each of the 
others. It follows that the radius of each ring remains constant; also that 
each ring, and therefore the whole system, moves forward in the direction of 
its axis with a definite axial velocity, which for convenience of treatment iR 
considered in two parts, viz.: - 

(а) A velocity U, equal to the axial velocity of a single vortex ring due to 
its own influence only. 

(б) A velocity V due to the influence of the remaining rings of the system. 

Denote the radius of the vortex rings by 6 and the strength by k. Suppose 
their centres spaced at equal intervals a along the common axis of the rings. 
The section of each vortex is considered to be circular in form and of radius e, 
which is small compared with a and b . Then 



To find V, take a system of rectangular axes xyz with origin at the centre of 
the central vortex ring and the y axis in the positive direction of the axis 
of the rings. Let A be the point where the x axis meets the central vortex 
ring. On the ring “ na” n being any integer and this ring having its 
centre at the point (0, na , 0), let B be a point whose azimuth, measured from the 
direction of the x axis, is <f>. We consider the motion at A due to an element of 
vortex (fa at B. The whole velocity at A is obtained by integrating this element 
of velocity round the ring “ na ” and summing for all the rings of the system. 



Denote by 8 the unit vector in the direction of the vorticity at B, and by r 
the unit vector along BA, the length of BA being r. The element of velocity 
at A is then in the direction [s, r], which has direction cosine 

- W. (v» - V.}. ivw - W’ 
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where x is the angle between r and s and r x , r v , r„ s v , «, are the direction 
cosines of r and a respectively. 

Further, the magnitude of the element of velocity at A is JL > 80 

that the axial component of this is 

* V= S (2) 

Now co-ordinates of A = 6, 0, 0, 

co-ordinates of B — 6 cos <f>, na, b sin <j>, 

«». *« = sin 4 >. 0, — cos 4>> 

r„ r„, r, = * {6 (1 — cos 4>)< — na, —b sin 4>}- 

T 

Therefore 

sv “4 

ho that 

»-+- r» (1 - cos 4)^ 

»m—» Jo {26* (1 — cos 4>) + n*a*} s/i * 

the S' indicating that the value n = 0 is to be excluded from the summation. 
This gives 

V = — v f' W (1 — cmjm ' /«\ 

27i (l =iJo {26*(1 — cos 4>) + nWf 1 ' 1 * 

This series is convergent, behaving at infinity like £ 1 /»*. 

Motion op the Disturbed System. 

§ 2. Consider a disturbance in which the rings retain their circular form, the 
ring at “ na ” undergoing a small axial displacement a. and a small radial 
increment (3„, subject to the relations 

«„ = (- 1 )» 

P* = (} 0 if «is even. 

= {}, if n is odd. 

This includes the possibility of displacements «„ in opposite directions along the 
axis, causing different increases in the respective radii of the rings. 

Referring to the diagram, we now have 
Co-ordinates of A = b + p 0 , a 0 , 0. 

Co-ordinates of B =s (6 4- (i # ) cos na + (6 -f P«) sin f 
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Therefore r* = {(6 -+- JS 0 ) — (6 4- [J„) cos $* + {a 0 — (no + a*)}* 

+ & + &.)*"«»** 

= 26* (1— cos <f>) -f 26 (1— cos (% -f p„) + n*d 1 
+ 2 na (a rt — a 0 ) to first order, 

-- J + y» where 

J - {26*(1 - cos <j>) + hV} 

Y ” {26 (1 — cos <£)(|1 0 + p„) + 2 m (a„ — ot 0 )}. 

Hence l// 8 -= J” a ' 2 — :J J‘ V2 . y to first order. 

Again r T9 r z = 1/r {(b + |J 0 ) — (f> + P«) cos fa tx 0 - {m + ot M ), 

— (& + %) «in fa) 

s x1 s s — sin <f> 9 0, — cos fa 

The radial component of the element of velocity at A is therefore 

£*(v.-v,> 

— k . cos fa i. 'l'k | — na b -j_ h (a,, — a„) — wafi,,} to first order, 

‘17C r 


= ^cos*.<ty[- na6{J'^ - + {6(a 0 - a.) - m%) J-WJ. 


We therefore obtain for the radial velocity at A 
k_ * {*'["_ — nab cos ^ 

4*,, = -. J« |_{2&*0 - cos *) + »*»*}* /2 

, •! wo6 coe ^{26 (1 — cos <f>)($ n }- [3,) -f' 2«a(at, — atp)} 
* {26* (1 — cos <f>) -1- »*«*} 5/2 


+ 


6 cos <(> (ap — a w ) 

{26* (1 — cos 4) 4 nVf* 


_ w[S M cos <j> 

{26* (1 — cos tf>) + n*a*} 



The first term, representing the radial velocity in the undisturbed state, 
vanishes on summation, as also do the terms involving f3 0 , (3„, since (3. = (3_,,. 
Thus 


= -I 2 {3n*o*6 f 2 

dt 2lt ttml 


f 2 " cob ^ (a,—op) d<f> 


Jo {26* (1 —cos 4) + n*o*} s/i 

_|_ ft [** CQB<ft(«o—ttjtty 

Jo {26*(1—cos^) 1- n*a*} s/a ’ 
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This vanishes lot n even, and when n is odd a„ — — * 0 , so it becomes 
dgo _ y f«o fo u (**_ coh <f> . d<f> _ 

(h n Jl 2it I J« {26* (1—-cos 4) + »V} sa 



cos (f >. d<f> 

{2ft 8 (1—cos -j- n*o*} 5/2 



where S 0 indicates that only the odd values of /t are to be included in tho 
summation. 

To investigate tho axial motion, consider first only that part of the velocity 
of the central ring due to itself. We have from (1) 


U = 



_1) 

4 i ’ 


The change in this consequent upon a small radial increment fi 0 is 



= IIpo (say). 


(5) 


Secondly, considering the axial velocity of the central ring due to the remain* 
ing rings of the system, we have for the element of velocity due to As at B 


k da 
4ir r* 


{a,r*- 9 x r x } 


= ^ [6*(l-cos <f>) {J-w - 2 J~ 5 '*y} + {26 p.-6cos <j> (p 0 + P,)} J' 8 '*]. 


This gives for the whole axial velocity 


± S' fY' 6 s (1 - cos 

47T„- — LJ 0 {26*(1 -cos $) + nV} 3/ - 

_ a f 6* (1 — cos (26 (1 — cos 0) (po + P») + (g, — «q )}dj> 

3 Jo {26* (1 — W) + »W)'^ 

+ aP "j! (IWd - CO« *) + 
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The first term we neglect, since, being the corresponding part of the general 
velocity of advance V, it is independent of the disturbance. Further, the terms 
involving a 0 , a* vanish on summation, leaving 


£- S {- 36 s (Po + Pn) f — 

2k n - 1 1 Jo {26* (1 — cos <f>) + 


+ ftVP 


+ »Pa£ 


dd 


{26* (l - cos <f>) + n a o 2 } H/ - 


~ KPo + p«) f 7 ■ ; 7T - — -7 T 

Jo { 26 * (1 — cos ^>) 


£ _) 

+ »V} :V2 J * 


§ 3. We have now to reduce the integrals occurring in (4) and (6) to standard 
forms. By putting 0 = <f>j2 and c — no/26 we obtain 


p_cos _ 1 f"(l -2sin*0)dO 

Jo {26* (1 - cos ft + n*«*} 8/ * 86 3 J 0 (sin* 0 + c*) 3/2 


-i{T, 


- 2. dO 


r + 


p* (1 + 2c a ) d0 , 
Jo (sin*6 + c*H* 


(7) 


(sin* 0 + cV* 

f* r cos ^. d<f> _ 1 fp* — 2d0 p*(l + 2c*)d0j . . 

Jo {26»(l-cos^)+»V} v *' 86 5 \J 0 (sin* 0+c*) 3,2 ^ Jo (sin* 0+c*)«*J ’ 


Now 


£ 

r 


p*_ 

Jo (sin* 


(l-cos^W _ 1 p' 2 sin 4 0. d0 

26 5 Jo (sin* 1 


o {26* (1 — cos <f>) n*a*} B/ * 


0 + c*P' 


(9) 


d ± „ _l r... do) 

{26* (1 - cos ^) + »*o*P 26“ J„ (sin* 0 + c*)**' V ’ 


dO 

0 + c*)^* 


is immediately reducible to a complete elliptic 


integral. The other integrals (7) ... (10) require further reduction before this 
is possible. 

(«) 

Consider 


I 

jt 


o (sin* 0 + c*) 8/i ‘ 

• a _ d f | sin 29 _) _ 1 — 2 sin* 0 , sin 4 0 — sin* 0 

1 dO l (sin* 0 + c*) 1 ^/ (sin* 0 + c*) 1 * ^ (sin* 0 + c*) 8 '* * 
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Now by writing 1—2 sin* 0 = X (sin* 0 + c*) -f-1* and equating coefficients 
of the powers of sin 6, we lin«l 

+ = “ 2 (8in * 0 + C%)V * + (1 + 2c ‘ )( “ nt 6 + c?) ~ ir '- 

Similarly 

sin* 0 - sin* 0 ( • , 0 ... ^ _ 1 + 2c» , (c* + c*) 

(sin* 6 + c*)*' 2 1 1 ' (sin* 0 + c*)'/* h (sin* 0 + c*P * 

Therefore 


e, — -¥**+**+ "Jtfjft . 

Integrating from 0 to tc/2, the integral 0 1 vanishes at both limits and so 

f" 2 d0 1 r' 2 ,^.* , _«■« „„ 


pr/r 

Jo (si 


(sin* 0 + e*)*'* (c* + & 


-£ (sm*0 + e*)*/*., 


(6) By considering in a similar way 0 2 — an< ^ U8 * n 8 0 *)• 


we find 


r dB - 2 (i+^) r a (mn* 0 +c»F, 

J„ (sin* 0 + c*p 3(c* + o*)*J„ ( ‘ 


'* d0 


_ 1 ( w ‘- _ 

3(c* + c 4 )’J 0 (sin* 


O + c*)’/* 


(c) By using (11) and (12) we find 


’ w ‘‘ 1 sin* 0.dO. _ 2c*+ 3 f'* dO 


r j 

Jo (si 


rrt* 

) o (sin* 0 + c*p 3 (c* + 1) Jo (Hn* 0 + c*) 1 '* 

-mrvnfl-* 

sio’+irJo 

Finally the integrals 

f*/2 rffl •»/a 

I rro and («m*e + c *r.d0 

Jo (sm*0 + c*)” Jo 

reduce to 

vTn'*(v?+i) V?T " El re * I ’“ tiveb ’ 


j'*(8m* 0 + c*) 1/2 d0. (13) 


Throughout the remainder of the paper these complete elliptic integrals will 
be denoted by F t and Bj respectively. 
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§4. Formulae (7) ... (14) enable us now to express (4) and (6) in complete 
elliptic functions to the modulus — 1 

Vr*+i 

By (8), (11), (12) and (14) 


r Jw cos <f>d$ _ 1 

( 2c* 4-2c 2 + 2 r 

14-2C 8 p 1 

Jo {26*(1 - cos <f>) 4- » 2 o 2 } 5 ' 2 ~ 86 J 

l3c*(c 2 4-l) s/2 J1 

3c* (c 2 4-1)*' 2 “ 


By (9), (13) and (14) 

* (l-cos^)».<^ 1 f 2c* + 3 2c-+1 „ 1 . 

0 {26* (1 - cos 4) + nV} V2 ~ 26 s U (c 2 +1)* /2 ' 3 (c 2 + if* 1 j * V ’ 

By (7), (11) and (14) 

iw cos __ 1 ( 1 + 2<r „ 2 v \ M ,\ 

o {26 1 (l-cos0) + n a o 2 }^ 26* \7y/7 + 1 V 2 + l" T 

By (10) and (14) 

_ df _1 1 (18 x 

0 {26* (1 — C08^) + mV} 3 - 2 ' 21 ** C 2 Vc 2 -f 1 ^ 


§ 5. Substituting in (4) we have 


dt 


V «*o 
I 2 tt6* 


l6*\c*v'c 2 -l-l 


Bi- 



2» 2 o 2 12c* + 2c 2 + 2„ 
" 86*6* (. c*(c 2 + 1) 8/2 1 

_ y *«0 [~ El —Fi _ » 1 _ 

i 2nb* L(c*+1) 3 ' 2 1 c* (c 2 + 1 ) 3/ * 


= C«o, 


l± 2c 2 t? ) 1 
C S( C » + 1)8/2 ‘JJ 


09) 


C being negative for all values of e since E 1 < F 1# 

Since any of the vortex rings may be regarded as the central one of the system, 
the same equation will hold for any other ring of the row. Consequently 
d$ x /dt = Ca t . 

Again, substituting from (15) ... (18) in (6) and having regard to (5) wo find 





6 (ftp 4* ft.) 
26* 


(c 2 4-l)* /l “ li 

f 14-2c* ^_J_ 

\c*\/c 2 4 _ l Hr 
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Now p*= p 0 if n is even and {3„ = ^ t! n is odd. Hence 


+ 


1 + 2c 3 v 2 „ 

c*Vc*+l ‘ Vc*+1 


k s [ a | V + 8 „ 2c* + 4 „ ) , 3 0 E! 

a»H Po U JTW* 1 W+W i l f + 7v*Ti 

“Po| 

, « a r_ go l' ag + 8 p 2c*+ 4 v ) 

+ 2n6* i°L 2 l(c* + if* 1 (c* + If* Kl ) 

3«l 1 + 2c* „ 

JL.V r p, 1 2c*+3 P 2c 2 + 4 ^ ) 

2tc 6*^ 0 L 2 I (c* + if* 1 * (c* + if* E ‘ ] 

-j-_ & j ^ + 2c* p 

C*V«* + 1 2 lc*-y/c*-t-l 


+ 


= H(Jo 

i *3o v r 2 p 

+ 2fet‘ l(c* + l) w * El 


] 


(c* + If* 


F 4 


+ fe"(s 


C*-] 


2c* (c* + If 


i E ‘ 


2(c* 


3c* -M t, 1 


E i 


13c* (o* + 1 f* 

= HPo + Gpo + Bpi (say). 

It follows that dcnjdt — Hp x + Gp x + Bp 0 . 

Write A *= H + G. 

§ 6. We then have the system of linear equations 


I_ P 1 

HI) 8 ' 2 */ 

4 


2 (c* + l)*' 2 


dak, 

dt 


-Coo 


— Apo — Bpi — 0 

— Bp« — APi = 0 


+ 522 

dt 


V. 


— Cat 


— 0 
+ f -0 


4 ] 


v<? +1 


rrr p 4 J 


Vc*+ 1 


'41 


( 20 ) 


( 21 ) 
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of which the solution is given by 



D 

0 

-A 

- B 

0 

D 

-B 

-A 

-u 

0 

D 

0 

0 

~v 

0 

D 


where 0 represents any one of the four variables a 0 , a t , p 0 , [i, and D denotes the 
operator d/dt>. 


Expanding the determinant 

{D* - U (A - B)} {D 2 - C (A + B)} 0 = 0, 

♦ 

which has its solution of the form 2 A^ 1 . 

r * 1 


Since 0 is essentially negative, it follows that if either (A + B) or (A — B) 
is negative, at least two of the quantities X, will have real values, equal and 
opposite in sign, and the arrangement will therefore ho unstable. 

Consider A — B = H \- O — B. 

Now from (20) it follows that there is an upper limit to the value of (6 — B), 
since the series for G and B behave at infinity like 2 l/» a and are therefore 
convergent. 

Moreover, since H is equal to log e, by taking c sufficiently small, | H | may be 
made as large as we please, the sign of H being negative. For an indefinitely 
thin vortex, therefore, H + G — B will certainly be negative and the arrange¬ 
ment therefore unstable. 

Now although the equations of motion determined by this method are only 
applicable when & is small in comparison with a and 6, it might happen that the 
upper limit for values of e which make this analysis valid is such as to make 
| H | less than the value of G — B. This being so, the stability would depend 
upon c, although c were subject to the restriction mentioned. Accordingly, we 
investigate the behaviour of the quantity G — B irrespective of H, 

From (20), omitting the factor we find 



j p 1 i y 3 -pi 

(o* + l) 3 ' 2 ** f + i°2c a <c* + IF 1 

Ei ) __v Ei _ v Ei 

(c* + 1)W 7° (c* + l) 3 '- 1 0 C*(c* + l) a/ ** 

(23) 
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Consider the first three terms of (23). The first is negative for all values of 
c and so if 

9 Ei y. §• Ei 

i (c a + l) 8 ' s> * (c* + IP 

the whole expression is negative. This is so if 

= (JTjTips 

is a steadily decreasing function of c. 

The graph of/(c) is of the form shown and values of /(c) are given for small 
values of c. 



Fig. 2. 


c = 0 0 017 0-035 0-052 0-070 0-0875 0-105 

/(c) = 1 1-00023 1-00075 1-00087 100129 1-00102 0-999 


/(c) is therefore a steadily decreasing function of c if c > 0 • 1 and G — B is there¬ 
fore negative for such values of c. For values of c > 0-1 we see from (23) that 


the most important term in G — B is — 


E 


l 


<?(* + 1 ) 


3 2 , again negative. 


G-B 


is therefore negative for all values of c. 

We conclude, therefore, that the arrangement is definitely unstable for all 
values of the ratio of the distances apart of the rings to their radii. 
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The L Emission Spectra of Lead and Bismuth. 

By C. E. Eddy, M.Sc., Fred Knight and University Research Scholur, and 
A. H. Turner, B.Sc., Natural Philosophy Laboratory, University of 
Melbourne. 

(Communicated by Sir Ernest Rutherford, P.R.S. -Received January 31, 1927.) 

Introduction . 

In a previous paper published by the authors* which dealt with the L emission 
series of mercury, the wave-lengths of four lines were given the v/R values of 
which corresponded with transitions between energy levels disallowed by the 
Bohr Selection Principle. In a further investigation, to discover if corre¬ 
sponding lines could be found in the L spectra of elements close to mercury in 
the Periodic Classification, the spectra of lead and bismuth were examined. 
In each case the corresponding four lines were found, and in addition several 
other " non-diagram ” lines. The present paper gives a brief account of the 
results obtained. 

Several other investigators have found lines which correspond with transitions 
contrary to the Selection Principle. Dauvilliorf found many such in the L 
emission series of the heavy elements from ytterbium to gold, and RogersJ in 
the spectra of tungsten and platinum. Crofutt also found several for tungsten, 
and the existence of a tungsten line Yu (L 3 N 4 ) has been confirmed by Dershem 
and by Overn. 

That the lines found are due to impurities in the metals used seems highly 
improbable, as none of the wave-lengths for these lines correspond with those 
of any other element either in the K, L or M series or in the second or higher 
orders spectra. Also the voltage employed throughout this investigation, as 
determined by a careful sphere gap calibration, was at no time greater than 25 
kilovolt, that is, was insufficient to excite the second degree spectrum of the 
elements lead and bismuth. 

Apparatus and Experiment . 

The metal X-ray tube and spectrometer which have been previously described 
were again used. The lead spectrum was obtained from a copper target coated 

* - Roy. Soc. Proc./ A, vol. Ill, p. 117 (1926). 

f 1 J. de Physique/ vol. 3, p. 221 (1922). 

J * Proc. Camb. Phil. Soc./ vol. 21, p. 430 (1922-3). 
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with an alloy of lead and solder, containing a high percentage of lead. The 
bismuth lines were at first produced from a target surface consisting of a lead 
and bismuth alloy. Both spectra were thus obtained at the one exposure. 
Since, however, some of the fainter bismuth lines lay in close proximity to strong 
lead lines, later a pure bismuth surface was prepared by casting a bismuth button 
in a cavity in the copper surface. The wave-lengths of the strong lead lines 
(At> Ai> Pi> Pt and y,) were determined relative to the same lines of tungsten 
photographed on the one film. The tungsten lines were readily obtained from 
the deposition of that element upon the target surface from the filament. The 
weaker lead lines, and all the bismuth lines, were then determined relative to 
the strong lead lines. 

The tube was excited by a potential of about 23 kilovolt, with currents of 
about 15 milliampcres, and exposures of about 2J hours were required to photo¬ 
graph the whole spectrum. “ Superspeed ” Kodak Duplitised X-ray film was 
used with a rear intensifying screen. The slit width was less than 0*075 mm. 
for the stronger lines, and about 0*1 mm. when the very weak lines were being 
photographed. The crystal was of calcite, and was rotated continuously during 
an exposure by means of a small motor. 

The films were measured by means of the projection method previously 
described. The values assumed as standards for the tungsten lines were the 
meanB of those obtained by Siegbahn and Dolejsek* and by Duane and Patter- 
son.f Two measurements of each film were made, and their means taken. 
The probable errors in the wave-lengths for the stronger lines are shown in the 
tables. For the weak lines the error Bhould in no case exceed 0*6 XU. 

Results and Discussion. 

The values obtained for the stronger lead lines, whioh were taken as standards 
for our further measurements, are shown in detail in Table I. The lines 
and p a are given as being coincident; even the use of a very narrow slit gave 
no indication of a doublet. The values obtained by Coster, using an absolute 
method, are shown underneath for comparison. 


* ‘ Z. f. Physik,’ vol. 10, p. 150 (1022). 
t “ Phys. Rot.,’ vol. 16, p. 525 (1020). 
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Table I.—Lead Strong Lines. 
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Film. 

*v 

«!■ 

p«. Pi- 

Yi- 

3 

11.18.3 

11.9.10 

9.18.27 

7.58.58 

5 

u.ku 

11.9.9 

9.18.31 

7.56.53 

6 

11.10.1 

1 11.9.14 

9.18.20 

7.50.55 

7 

11.15.39 

11.9.14 

9.18.31 

7.06.51 

8 

11.10.3 

11.9.14 

9.18.30 

7.50.52 

Means 

11.10.2 a *4 

11.9.12 L l-9 

9.18.30 ll -2 1 

7.50.54 £1-9 

XU. 

1183*00 £0-04 

1171-85 £0-00 

979*88 £0-03 

837-71+0-00 

Coster 

11.15.54 

11.9.14 

9.18.30 

7.56.35 


11.10.0 

11.9.18 

9 18.31 

7.56.42 

Means 

11.15.57 

11.9.10 

9.18.31 

7.56.30 

XU. 

1183-52 

1171-02 

979-90 

837-08 


In Table II are shown the results for the stronger bismuth lines. The results 
of Caster are shown underneath. In this case the disagreement for each of the 
lines is much greater than the sum of the probable errors, and is difficult to 
account for. Although Coster obtained his values from measurements of at 
most 2 films, very good agreement exists between his individual readings. Since 
Coster determined these 5 lines by an absolute method, and then the fainter 
lines relative to these, the disagreement persists for all the bismuth results. 
From the graph of V v/R against N (see figure) it appears that our values lie 
nearer to the Moseley curve than do those of Coster. 


Table II.—Bismuth Strong Lines. 


Film. 


<Xf 

i 

p.- 

Pi- 

Yi- 

4 

10.57.51 

10.50.59 

9.2.32 

9.0.31 

7.41.31 

0 

10.57.60 

10.61.1 

9.2.38 

e.0.37 

7.41.37 


10.57.48 

10.61.3 

9.2.33 

0.0.36 

7.31.34 

11 

10.67.54 

10.51.6 

9.2.34 

9.0.35 

7.41.30 

12 

Vi.5T.62 

10.51.5 

9.2.34 

9.0.34 

7.41.30 


10.57.53 

10.51.2 

0.2.33 

9.0.36 

7.41.34 

Means 

10.57,51+1-6 

10.61.3 £1-9 

9 2.34+1-4 

9.0.35 + 1*5 

7.41.33 £2*0 

XU. 

1152*22 ±0-05 

1140*45 + 0-06 

952-16+0-04 

948*70+0*04 

810-9 1 £0*07 

Coster 

10.58.27 

10.51.27 



7.41 25 



10.51.28 



7.41.23 

Means 

10.58.27 

10.51.28 



7.41.24 

XU. 

1153*3 

1141*15 

952-03 


810-65 


Table III contains the results of all the lines found for both lead and bismuth. 
The first column in each case shows the wave-lengths, calculated from measure- 

2 T 


von. oxiv.— a. 
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Moseley Diagram for Bismuth Strong Lines. 

ments of at least 3 films. The fainter lines, wherein errors of more than 0*1 
XU may occur, are given only to the first decimal place. In some cases where 
two lines were believed to coincide, or where a faint line lay so close to a strong 
line that it was masked by the lateral spreading of the latter on the film, the 
two lines are bracketed together. Coster’s values of the wave-lengths are 
given in the second column, while the third column in each case contains the 
values of v/R as calculated from our results. 

The existence of the four unnamed non-diagram lines tentatively allotted by 
the writers to the mercury spectrum has been confirmed. Two of these lines 
were found to correspond to the lines y 7 and of Dauvillier. In addition, 
several other lines noted by Dauvillier have been measured and are included 
under the symbols used by him. The line « s , which was measured by both 
Dauvillier and Rogers, was searched for, but no line corresponding to such a 
transition could be found. Dauvillier has denoted this line as possessing an 
intensity of the same order as a z , but a line of this intensity, if present, could 
readily be recognised. In addition, three lines—p»', Ps" and p*"—were not 
obtained for either element. Dauvillier found p 6 ' for two elements, and p B " 
for only one; Rogers did not obtain either for platinum or tungsten. The 
line p t " occurred in Dauvillier’s results for 9 elements, in Roger’s for 2; in 
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Table III. 





Lead. 

Bismuth. 



Line. 

Wave-length in XU. 


Wave-length in XU. 







N/»/»- 



s/vjR. 











Authors. 

Coster. 


Authors. 

| Coster. 


1 

Liu 

Mj . . 

1340-46 

1340*62 

26-016 

1312*98 

1312*05 

26*345 

— 

Lru 
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the case of lead this line would be nearly coincident with (3g, and for bismuth 
it would be very close to the strong line. 

In Table IV, the v/R units obtained from the observed wave-lengths of the 
lines are compared with the difference between the v/R values of the levels 
associated with each. The latter values were obtained from the table com¬ 
piled by Bohr and Coster. The first column shows the levels concerned in the 
transition, the second and fourth respectively contain the value of v/R calculated 
from our wave-length determinations for lead and bismuth respectively, and 
the third and fifth columns show the value of v/R calculated from the energy 
level data of Bohr and Coster. In most cases very fair agreement exists between 
the two values. 
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L Emission Spectra of Lead and Bismuth. 

Table IV. 
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Two lines (3,' and (V, which were measured for lead, were not obtained 
for bismuth; the former line lies very close to (3 2 , the latter to p 3 ; since 
both (3 a and (3 S are strong lines, the two faint lines may have been screened by 
them. 


In conclusion, we wish to express our gratitude to Prof. T. H. Laby for 
his helpful interest in this investigation and for his assistance in writing this 
report. 
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The Transverse Magneto-Resistance Effect in Single Ciystals 

of Iron . 

By W. L. Webster, Ph.D., Cavendish Laboratory, Cambridge. (Senior 1851 

Student.) 

(Communicated by Sir Ernest Rutherford, P.lt.S.—Received February 15, 1927.) 

1, Introduction. 

The experiments to be described in this paper, deal with the change of 
resistance of single crystals of iron caused by a magnetic field perpendicular 
to thte direction of the current. In two earlier papers, it has been shown that 
both the phenomena of magneto-striction* and change of resistance in a longi¬ 
tudinal magnetic fieldf were very different when measured in different direc¬ 
tions in the crystal. And the results led to the conclusion that the change 
of resistance in the latter case was due to the change of orientation of the 
atoms accompanying magnetization, any direct influence of the field on the 
resistance being negligible. With these results in mind it seemed important 
to determine how the change of resistance in a transverse magnetic field 
depended on the crystal structure, and whether this more complicated effect, 
dealing with two directions in the crystal instead of one, would fit in with the 
results previously obtained. 

Many measurements of this phenomenon have been made for soft iron, and 
it has generally been accepted^ that there is only a decrease of resistance, slow 
at first, then rapid, finally approaching a saturation value. Occasionally an 
initial increase has been found, but this has not been considered genuine, being 
accounted for by the presence of a longitudinal component of magnetization 
due to imperfect orientation of the rod in the magnetic field. 

The present experiments have confirmed the importance of the crystal 
structure in these phenomena. It is found that altering either the direction 
of the magnetic field or of the current produces a very marked change in the 
results observed, but it may be noted that the change is gradual and con¬ 
tinuous. Below 5,000 gauss and above 12,000 gauss, there is always a gradual 
decrease in resistance which is approximately proportional to the magnetic 
field. In between, there takes place a rapid change in resistance, which may 

• ‘Roy.eSc. Proo.,’ A, vol. 109, p. 570 (1925). 

t 'Roy. Boo. Proc.,* A, vol. 113, p. 106 (1926). 

X Campbell, * Galvanomagnetic and Thermomagnetic Effects,* p. 16$. 
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have either sign according to the direction of the current and whose magnitude 
depends on the direction of the field, being in some caseB entirely absent. 

It seems possible to explain these results by assuming a double origin of the 
phenomenon. The initial and final gradual decreases are probably due to 
some direct action of the magnetic field on the conducting electrons; and it is 
natural to connect the intermediate rapid change, which is very similar to the 
longitudinal resistance effect, with the change of orientation of the atoms,, 
which was used to account for that effect. 

2. Measurements. 

The measurements were made on rods cut from single crystals of iron with 
their axes parallel to a (100), (110), or (111) crystal axis. Several examples of 
each type were measured, in some cases, for the rods used in the previous 
work. The rods were about 1-8 cms. in length, and had an approximately 
square cross-section with a side of about |mm. The rod was held with its 
axis perpendicular to the direction of the magnetic field, and a steady current- 
of about 1*5 amps, per sq. mm. passed through it. The magnetic field was 
applied and the resulting change of resistance measured. By rotating the 
rod about its axis, the direction of the field could be changed relative to the 
crystal structure, and so the change of resistance could be measured as a 
function of the field, with the field in a series of positions in the crystal. 

The change of resistance was measured by a differential method. The 
potential drop along about 1*2 mm. of the crystal rod was tapped off by 
two hard-copper knife edges pressed firmly against the rod, and was balanced 
against a fixed external potential of 1*4 X 10~ 3 volts. The balance was 
obtained by adjusting the current in the rod by means of a carbon resistance 
in series with the iron rod, and was made in the absence of the magnetic field. 
The deflexion of the galvanometer used to record the balance, when the 
magnetic field was applied, gave a direct measure of the change of resistance, 
calibration being effected by changing the balancing voltage by a known, 
amount. The Gambrell low-resistance galvanometer used previously waa 
again employed; it would record changes in resistance of one part in 5 X 10 4 . 

For each point, nine readings of the galvanometer were taken with the field 
successively off and on, and with the direction of the field ravened, the mean of 
the successive differences being used. The variation of the value of dR/R 
obtained in this way was about 5 X 10~ 6 . As in the case of the longitudinal 
effect, the change of resistance was not quite independent of the direction of 
the field and current, but systematically showed a change of about 5 per cent. 
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if either were reversed. This was probably due to the iron-oopper contacts 
and was ignored throughout. The rod was shielded from air currents, and 
there was practically no change of resistance due to change of temperature 
except over long periods, probably on account of the proximity of the heavy 
pole pieces of the magnet. 

The magnetic field was obtained with a large electro-magnet and was cali- 
brated by the Gauss method. The pole faces were about 2 ■ 5 cms. in diameter 
and 0*4 cms. apart and with a magnetizing current of 5 amps, a field strength 
of 27,000 gauss could be reached. As it was not possible to make tho leads 
from the knife-edges quite non-inductive, it was necessary, in order to prevent 
large induced deflexions of the galvanometer at the make and brake of the 
field, to introduce between the poles a small compensating coil connected in 
series with these leads, by adjustment of which this disturbance could be 
eliminated. 

It may be pointed out here that as the rods were not round, the magnetization 
could not be really uniform except with very large fields. Several attempts 
were made to cut circular rods, but in each case the crystal structure was 
disturbed, and the attempt was abandoned. The errors introduced do not 
appear to have been very serious. Comparison of the results for rods with the 
crystal axes in different positions relative to tho normals to the sides of the rod, 
gave quite similar results; and measurements on a (111) rod before and after 
the edges had been rounded off by grinding with fine emery, were almost 
identical except for an increased sharpness in the bends in the curves. Certainly 
in the highest fields used, about 15,000 gauss above that giving magnetic 
saturation, there should be very little error due to this cause. 

To find the correct position of the rod in the magnetic field, it was arranged 
that the rod could be moved through about five degrees about an axis perpen¬ 
dicular to its own axis and to the direction of the field. With a constant 
magnetic field, generally 5,000 gauss, the change of resistance was determined 
lor a series of positions apart, and the rod finally set in the position giving 
the largest decrease in resistance. As the longitudinal magnetization produces 
an increase in resistance, it must then have been practically eliminated. 

The position of the field relative to the normal to one of the faoes of the rod 
was measured by a small circular scale, graduated in 10° divisions, attached to 
the rod; and as the position of the crystal axes were known relative to this 
normal, the position of the field, in the crystal, could at any time be determined. 
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3. Results. 

As has been mentioned above, the effect was measured in rods cut parallel 
to a (100), (110), or (111) crystal axis, in several examples of each type. As 
the results for any one typo were quite similar, curves are given for only one 
of each. 

For a (100) rod where the current is along a cubic axis, the results are shown 
in figs. 1 and 2. In fig. 1, tho change of resistance is shown as a function 


H (gauss) 



of the magnetic field in the two extreme cases : (a) where the field is along a 
(100) axis, and (6) along a (110) axis. For the former, dR/R is negative and 
roughly proportional to the magnetic field; for the latter, this relation holds, 
below 6,000 gauss and above 12,000 gauss, but in between there occurs a 
rapid positive change in resistance, which is sufficient to cause a net increase 
in resistance. That this is not due to bad orientation of the rod can be 
seen by comparison with the curves (c) and (d) where the effect of an error 
of orientation of 2° is shown such an error gives rise to* an increase of 
resistance quite different in nature. In fig. 2, curves (a) and (6) give the 
variation in dR/R as the position of the magnetic field is altered for fields 
of 12,500 and 27,500 gauss respectively; the value of dR/R at 6,000 gauss 
is almost constant. These curves really measure the variation in the 
magnitude of the intermediate rapid increase in resistance, and would be 
parallel were it not that there is a variation in the final slope of the 
(dR/R — H) curves, shown in curve (c). The position of the field when 
parallel to a (100) or (110) ««ris are indicated, and it is important to notice 
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that the curves show the symmetry associated with the cubic axis along 
which the current flows. 


Orientation of Rod 



The results for a (110) rod are shown in figs. 3 and 4. In fig. 3, (a) is 
the case with the field parallel to a (100) axis, and, as in the corresponding 
case for the (100) rod, shows a gradual negative change in dR/R roughly 
proportional to the field; for (6), the field is parallel to a (110) axis, and shows a 
gradual decrease in resistance below 5,000 and above 14,000 gauss, but in the 
intermediate region there is now a negative change of resistance which is much 
larger than the corresponding positive change for the (100) rod. The curves 
in fig. 4 again show the symmetry associated with the direction of the current. 

For the (111) rod the results were not so satisfactory. Curve (c) of fig. 3 
is one of the curves obtained for a rod more or less rounded; it shows the 
initial and final negative change proportional to the field, and in between a 
rapid decrease in resistance of the same order as that occurring with the (110) 
rod. The curves of fig. 5, however, give only slight indications of the 
appropriate symmetry. It may be pointed out that in this case the variation 
is comparatively small, so that the influence of the errors due to strains in the 
crystal, small inclusions not properly orientated, and inhomogeneous magneti* 
zation may be rather important. 

vol. oxrv.— a. 2 u 
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' Curve (d) of fig. 3 gives the result lor a soft iron rod. As might be expected 
it is roughly'a mean^of the curves for the single crystals; that there is no 

H (gauss) 



sign of the positive change of resistance is due to the comparative smallness 
of this effect. 

It may be pointed out that in general there is a marked parallelism between 
the variation in the final slope of the (dRfR — H) curves and the variation in 
the magnitude and sign of the rapid intermediate change of resistance. The 
slope becomes smaller when the change of resistance is positive, and increases 
when the change is negative. 
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4. Discussion. 

These results suggest at once that there are two effects superimposed on one 
another, causing the resistance to change. One of these gives rise to initial 
and final gradual decrease in resistance which is present to much the same degree 
for all directions of the field and current; and since the change of resistance 
in this case seems to be roughly proportional to the field, it seems natural to 
suppose that this effect is due to some direct action of the field on the conducting 
electron. 

The other effect gives rise to the intermediate rapid change of resistance which 
may have either sign, depending on the direction of the current, and whose 
magnitude varies with the direction of the magnetic field. The demagnetizing 
coefficient (=2n, for a circular rod) shows that this effect occurs between an 
intensity of magnetization of about 800 c.g.s. units and magnetic saturation* 
This fact, and that it vanishes entirely for magnetization parallel to a cubic 
axis, indicates that it is of the same nature as the change of resistance occurring 
with a longitudinal magnetization, and is therefore to be ascribed to the change 
of orientation of the atoms accompanying magnetization. 

Concerning the actual mechanism of the resistance change it is impossible 
to say anything very definite. In the previous paper following the ideas of 
Fraenkel and others, it was assumed that the conducting electron must be 
considered always bound to some atom, but that it may pass from one atom to 
another, the resistance being due to the difficulty of this transition. A change of 
orientation of the atom must affect this transition, and so must change the 
resistance. Such an explanation seems to be applicable to the present case 
aB well as to the longitudinal effect, as there seems to be no a priori objection 
to a change of either sign from this cause. 

As to the effect of the field, although it might be expected that the interaction 
between it and the conducting electron would take place during the transition 
between two neighbouring atoms when it was not actually bound to either, 
the time during which the electron may be considered “ free ” must be too small 
to allow any appreciable effect; moreover Buch a treatment would probably 
lead to an increase of resistance in place of a decrease. It seems more probable 
that the origin of the field effect lies in a modification of the orbit of the conduct¬ 
ing electron about the atom. The field might be supposed to produce, in effect, 
a weakening in the bond between the electron and the atom, consequently an 
increase in the probability of transition,.and a decrease in resistance. Then 
a change of orientation of the atom, which, by reducing the contact between 
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the orbits in neighbouring atoms, causes a positive change of resistance of the 
orientation type, must also reduoe the efficiency of the field in altering the resist* 
anoe, and vice versa. A marked parallelism between the efficiency of the field, 
indicated by the final slope of the (dR/R—H) curves, and the magnitude of the 
orientation effect should therefore be, and in fact is, observed. 

5. Summary. 

The change of resistance in a transverse magnetic field has been measured 
in single crystals of iron with the current along a (100), (110), or (111) crystal 
axis, and with the magnetic field in a series of positions in the planes normal to 
these directions. Below 6,000 gauss and above 12,000 gauss there is always a 
gradual decrease in resistance which is approximately proportional to the field 
strength. In the region between, there occurs a rapid change of resistance which 
is positive when the current is along a cubic axis and negative for the other 
two directions; and whose magnitude depends on the direction of the magnetic 
field, vanishing when the field is along a cubic axis. 

It is suggested that the phenomenon is of a double nature; that the gradual 
change of resistance is to be ascribed to some direct action of the field on the 
conducting electrons; and that the intermediate rapid change is due to the 
change of orientation of the atoms accompanying magnetization. 

In conclusion, I should like to thank Sir Ernest Rutherford for his interest 
in this work, Dr. Kapitza for helpful discussion, and especially Miss Elam 
who very kindly re-examined the rods used, to determine the direction of the 
crystal axes in the plane normal to the axis of the rod. 


2 x 
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Studies on the Mercury Band-Spectrum of Long Duration. 

By Lord Rayleigh, F.R.S. 

(Reoeived March 11, 1927.) 

[Plates 43 and 44.] 

§ 1. Introduction. 

In a former paper* 1 described a method of observing the band spectrum in 
luminous mercury vapour distilled away from the arc. The vapour immediately 
on leaving the arc shows line spectrum exclusively, but as it matures the band 
spectrum gradually becomes predominant. It was shown by special experi¬ 
ments that the band spectrum derives its energy from the source which maintains 
the line spectrum. 

It is also possible, as originally shown by Phillips working in my laboratory 
at the Imperial College, to excite the band spectrum by exposure of the vapour 
initially to the right of the resonance line 2537, and to carry it away from the 
place of excitation with the mercury vapour when the latter is caused to distil. 
Neither of these methods is very convenient, however, for obtaining a bright 
spectrum, and an alternative one has been developed which works much better. 
This is to use a discharge from a Wehnalt cathode to excite the vapour. Under 
suitable conditions a comparatively bright band spectrum may be obtained 
initially, with a minimum intensity of line Bpectrum mixed with it.f The 
vapour distilling from such a discharge shows initially at least the same type of 
spectrum as the discharge itself. If line spectrum predominates in the discharge 
it will predominate in the vapour which passes away from it, though, as in the 
case of the arc above mentioned, it ultimately turns to band spectrum. But 
if the band spectrum predominate initially, it does so throughout. 

Free and rapid distillation of the vapour is important. In the experiments 
with the arc (foe. dt.) enough evaporation occurred from the mercury cathode 
under the heat of the discharge. In the present work, where no mercury elec¬ 
trodes are used, and where the energy dissipated in the discharge is small, the 
vapour is supplied from an independent boiler below. The tube above the 
discharge is with advantage kept straight, or, if a bend is necessary, it should 
preferably be an obtuse one. The condenser is kept exhausted by an air pump, 
and the condensed liquid returns to the boiler as in the condensing steam engine. 

* ‘ Roy. Soo. Proo.,’ A, vol. 108, p. 262 (1926). 
t Cf. Grotrisn, ‘ Z. f. Physik,’ vol. 6, p. 148 (1921). 
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§ 2. Experimental Arrangement. 

This is shown in fig. 1. 

The vapour rises from mercury in a silica flask A. The flask is heated in an 
electrical oven (not shown) which maintains a constant rate of evaporation. 
The vapour stream passes the hot cathode B and the anode C. Here it becomes 



Fra. 1.—(One-quarter actual size.) 

2x2 
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luminous, and the luminosity is carried up outside the region of excitation. D is 
a supplementary plate electrode measuring 1 by 7 cm.; its purpose will be 
mentioned presently. Thu vertical part of the tube is kept hot enough, by 
suitable electric heaters, to prevent the mercury from condensing. The tube 
with the heater is in a box with a front opening wide enough to allow of obser¬ 
vation. The condenser for the mercury is constructed as shown, with an 
annular gutter to catch the liquid, and a side tube to return it to the boiling 
flask. The water jacket is made in one piece with the main apparatus. E is 
a coil for strongly heating the tube locally. It will be further referred to later 
on. The apparatus is exhausted from the top. A large glass balloon connected 
to it serves as a vacuum reservoir, and avoids the necessity of keeping the 
pump going continuously during long expostures. Any small leakage through 
the rubber joints could be taken up by pumping from time to time. 

The source of current used was, as a rule, the 110-volt Bupply, controlled by 
high resistances extending to the discharge tube. Much more stable regulation 
was got in this way than by controlling the filament current. 

The filament temperature necessary depends upon the amount of lime upon 
it, and increases as the lime coating flakes off or volatilises by long use at too high 
a temperature. Without lime the filament has to be made nearly as hot as 
it will bear, and it is necessary to add to the usual voltage of 110 volts to get the 
discharge to pass steadily. With a filament freshly coated with lime, a dull 
red heat is enough. 

The distance between anode and cathode has usually been between 1 '5 and 
2 cm. The discharge will pass whether the moving stream of vapour passes 
from cathode to anode or vice verm. But the effects are steadier and more 
certain in the former position. This was shown by a special experiment with 
two similar anodes, one above and the other below the cathode filament; they 
could be used alternatively by means of a two-way switch, with the result 
just mentioned. The anode should not be restricted to a mere point, for in that 
case a patch of glow strong in line spectrum is apt to develop upon it. A wire 
of not less than 1*5 mm. diameter, stretching across a diameter of the dis¬ 
charge tube, is adequate, and does not seriously obstruct the flow of vapour. 

§3. Line and Band Spectrum. Conditions of Excitation. The Band 
Spectrum and the Resonance Lines. 

Let us suppose the distillation to be started, and a current passed between 
the electrode. The luminous vapour passes up from them into the region 
above, and persists, though with diminishing intensity, up to the condensqr. 
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The character of luminosity (line spectrum or band spectrum) depends on the 
strength of the electric current, and on the density of the vapour stream. Rapid 
evaporation, and therefore a dense vapour stream, is favourable to the band 
spectrum. Maintaining the current at about 3 milliamperes, it is possible to 
pass from nearly pure line spectrum to nearly pure band spectrum by increasing 
the evaporation. Usually, however, the rate of evaporation has been main¬ 
tained constant, and attention concentrated on the effect of varying the other 
conditions. Of these the most important is the current strength. Using a 
suitable rate of evaporation, small currents (say 1 milliampere or less) give a 
predominant band spectrum. Larger currents give an increasing predominance 
of line spectrum, both in the discharge and in the vapour which moves away from 
it. With currents of, say, 30 milliamperes or more, the conditions approxi¬ 
mate to those when an arc from a mercury cathode is used, as in the earlier 
experiments.* Little can then be seen of the band spectrum, though it appears 
as the vapour matures by travelling a long distance. The low current excita¬ 
tion, however, gives the band spectrum initially, as does optical excitation by 
the light of X 2537. But the electrical excitation of the band spectrum can be 
got much brighter. 

To illustrate the transition from line to band spectrum, the resistances in the 
external circuit may be arranged so that by use of a switch we can pass from 
a current of, say, 30 milliamperes to 1 or 0 * 1 milliampere. It might be expected, 
perhaps, that this would lead to a great diminution of brightness in the excited 
vapour ; but, strangely enough, this is not the case, and if the conditions are 
right, the small exciting current actually makes the rising vapour much brighter 
than the large exciting current. This is doubtless connected in part with the 
greater duration of the band spectrum luminosity which, it will be shown later, 
lasts for more than l/100th of a second, and could perhaps be made tosurvivt 
perceptibly for l/10th second. Incidentally, the experiment proves that the 
band spectrum is actually less with large currents, and iB not merely made in¬ 
conspicuous by contrast with strong line-spectrum luminosity. 

So far as my experience goes, the line spectrum cannot be wholly got rid of by 
reducing the current, even to values so small as 1 /100th of a milliampere. The 
lines (other than 2537 which is inherently associated with the band spectrum, 
see below) still appear faintly even with these small currents in the discharge, 
and, faintly, in the excited vapour, though in the latter they are very faint. 
Under these conditions the band spectrnm, though overwhelmingly predominant, 
is actually rather faint, and most of the experiments have been made with a 

* 1 Roy. Soo. Proc.,’ loc. tit. 
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current of l/10th milliampere, which gives the band spectrum in fair purity 
and brightness. As in the case of the arc discharge,* * * § residual line spectrum 
can be removed by passing the excited vapour close to an electrode which is 
at a negative potential relative to the anode. In the present case the iron plate 
D, fig. 1, at —110 volts, serves this purpose.f 

As shown in the earlier papery a portion oi the intensity of the line 2537 is 
associated with the band spectrum, and in contrast with the portion which is 
associated with the complete line spectrum it cannot be removed by the electric 
field. 

This conclusion has been criticised by Miss Hayner,§ who has suggested that 
what was observed to survive was the band 2539 (sometimes described as 2540) 
which (she supposes) was not sufficiently distinguished from the adjacent line. 
I had, however, satisfied myself that this was not the explanation before writing 
the paper, using a small size Hilger quartz spectrograph to photograph the 
residual light.|| I have now at command a medium size Hilger spectrograph 
capable of showing it more clearly still. The arrangement was nearly as in fig. 1. 
The current was largo enough to allow of an appreciable amount of ordinary 
lino spectrum to come up, and the visual lines each tapered down to a sharp 
point as before described.^ The height of this sharp point was not so easily 
kept steady with the hot cathode discharge as with the arc formerly used, but 
it could be regulated by the current strength. Several different exposures 
with the larger spectrograph showed that at a point well above the sharp points 
of the visual lines 2537 could be photographed, and with adequate exposure 
2540 came up as well in subordinate intensity. (Plate 44, No. 9.) 

In none of these experiments has the line 2537 failed to show up in great 
intensity compared with all the other features of the band spectrum. Indeed, 
the only case I know of where it fails to do so is when the band spectrum 
is excited by fluorescence under the aluminium, and possibly certain other 
sparks.** The great intensity of the feature (b) in the prismatic camera photo- 

* 4 Roy. Soc. Proc.,’ loc . cit. 

t Some traces of line spectrum still remain a nd are detected by long exposure, but they 
are of a different order of intensity, and are further referred to in § 7. 

$ * Roy. Soc. Proc.,* toe. cit. 

§ 4 Z. f. Physik/ vol. 35, p. 385 (1026). 

|| I find that I did not expressly mention this. In some other kindred experiments a low 
resolving power was used, and it was not sufficiently explained that the conclusion had been 
established independently. 

If Loc. cit . 

** 4 Roy. Soc. Proc.,’ A, vol. Ill, p. 450 (1026). 
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graph to be presently described (Plate 43, Nos. 1 to 4) would alone be enough 
to suggest that it consists in the main of line spectrum; and in all cases examined, 
closer analysis with the large slit spectrograph shows that this is the case. After 
thorough purging from the positive ions which are associated with the complete 
line spectrum this line remains in great intensity, though, as explained before, 
a part of its intensity is removed with the positive ions. One or two other 
much fainter lines are perhaps in the same case with the line 2537. This and 
certain other complications, not here discussed, will, perhaps, be treated in a 
future paper. 

The question naturally suggests itself whether the other important resonance 
line 1 J So — 1 *Pi 1850 appears with the band spectrum. It was carefully looked 
for, with a bright spectrum and long exposure, using the small quartz spectro¬ 
graph and a plate coated with oil, after the method of Duclaux and Jeantet. 
No trace of it was found, though the whole hand spectrum on the less refrangible 
side of 2537 was over-exposed. (Plate 44, No. 7.) 

§4 .A Series of Flutings forming pari of the Band Spectrum . 

In one of these long exposure photographs signs were noticed of a fluted 
structure in the region between 2650 and 3200. The structure in question is 
very indistinct owing to lack of contrast between the maxima and the inter¬ 
vening minima. This is no doubt the reason why it has not been noticed in 
the afterglow before. The maxima were very difficult to locate accurately by 
eye on the original negative. The best method of investigating them would be 
by means of a registering microphotometer, but I have not so far been able to 
get access to one of these instruments. It is hoped to do so before long. In 
the meantime I had resort to a special process of photographic intensification. 
This is in principle the same as one described by my father,* but with some 
modifications of detail which have been found advantageous. 

His method was to take a number of somewhat weak positives on glass, 
and to superpose them so as to increase the contrast. The difficulty of doing 
this is due to the parallax between the successive pictures which is introduced 
by the thickness of the glass. He overcame it by means of a system of lenses 
arranged to ensure that the rays used should traverse the assemblage as a 
parallel beam. 

It is, however, more convenient to diminish the parallax by using celluloid 
films instead of glass plates. The films are, of course, much thinner, and allow 
the actual pictures to be placed in fairly close contact. Films have the further 
* Rayleigh, * Phil. Mag.,' vol. 22, p. 784 (1011) ; 1 Scientific Papers,* vol. 6, p. 85. 
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advantage that they lend themselves well to a simple mechanical device for 
bringing the pictures into register. My procedure is to throw an image of 
the original negative on to the wall, from which project two needle points some¬ 
what further apart than the length of the projected spectrum. A strip of 
celluloid “ process ” film is fastened on the wall by pressing it home on to these 
needle points by means of a flat piece of cork. A short exposure is given, and 
then another strip of film is substituted, which is exposed in turn, and so on, 
up to, say, about five separate strips. The strips are then developed with a 
contrast developer, and after drying can be assembled by putting two needles 
through the original holes. When assembled, the ends are trimmed off to uni¬ 
form length, and united with sealing wax applied over them. The needles 
are then removed. To keep the assemblage of films flat, they are conveniently 
held between glass plates, with india-rubber bands. The cemented ends are 
allowed to project beyond the glass. 

The photograph (Plate 43, No. 5) was made by enlargement from an assem¬ 
blage of films. It is therefore reproduced in negative, which for the present 
purpose is quite suitable. 

The measurements given below were made on a paper print intensified in this 
way. They were interpolated between the mercury lines, and must be con¬ 
sidered as provisional only. The bands doubtless extend further in both 
directions, but they become more and more difficult to make out. In this 
respect and in general aspect they are very similar to the ozone bands investi¬ 
gated by Prof. Fowler and myself.* The wave-lengths have been given exactly 
as measured. It is hoped that the error does not exceed ± 1 A. It would be 
possible to readjust them slightly without doing any violence to observed 
facts, so as to reduce irregularities in the successive differences, but I have 
thought it best to leave it to any future investigator who makes use of the 
results to do this for himself if he thinks it desirable. The wave-lengths in 
brackets are interpolated. The corresponding bands are masked by mercury 
lines, which prevent their being satisfactorily measured. 

The bands in this list do not show any heads, or any definite direction of 
shading. It is therefore very difficult to bring them into relation with the 
quantum theory of band spectra. There seems, however, to be some indication 
of convergence to a definite limit, as for example in the fluorescence spectrum of 
iodine. In the latter case important theoretical conclusions have been drawn 
by Franck from the position of the limit. There can be no doubt of the impor- 


* * Roy. Soc. Proc.,* A, vol. 94, p. 522 (1917). 
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Wave-length. 

2697 

2702 

2709 

2714 

2721 

2727 

2735 

2742 

2740 

2758 

2760 

2775 

2783 

2793 

[2802] 

2812 

2823 


Difference. 


5 

7 

5 
7 

6 
6 
7 

7 
0 

8 
9 
8 

10 

9 

10 

11 

10 


Wave-length. 
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2846 
2859 
2871 
2884 
[ 2895 ] 
2007 
2918 
2932 
2946 
2950 
2978 
2994 
3013 
[3034 | 
3055 


13 

13 

12 

13 
11 
12 
11 

14 
14 


13 


17 

18 
10 


21 

21 


tance of determining it in the present case, though the problem is technically 
very difficult. A further attempt will be made. 

Stark* has given a list of bands which he obtained in dense mercury vapour 
in the positive column of an ordinary discharge tube with a current of 10 to 
30 milliamperes. His list includes some which are doubtless to be identified 
with certain of the above, though the agreement of wave-length is not very 
satisfactory. On the other hand many of the bands in Stark’s list are quite 
extraneous to the spectrum which is under discussion here, and possibly belong 
to the ionised molecule. In particular, the group of bands given by Stark, as 
3448, 3437, 3415, 3405,3396, may be referred to. I have myself obtained them 
strongly under conditions similar to those used by Stark. They are then far 
more conspicuous than the group here tabulated, being much narrower and more 
intense. But a direct comparison of the negatives phows them to be absent in 


• ‘ Phys. 55./ vol. 14, p. 564 (1913). 
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the spectra of the excited vapour obtained with the hot cathode and low current 
intensity. In the latter I have been unable to detect the slightest trace of 
structure in the region of the broad maxima near 3300 and 4400, 

§ 6. The Salient Features of the Band Spectrum, similarity in Rate of Decay. 

Many of the features of the band spectrum can be separated by the use of 
very small resolving power. Almost any resolving power, however small, is 
adequate to separate from one another— 

(а) The rather narrow band at 2346. 

(б) The complex, consisting of the resonance line 2537 and the features near 

it. 

(c) The maximum at about 2650, which seems to be associated with the series 

of flutings described in § 4. 

(d) The broad maximum at about 3300. 

(e) The green visual band, having a visual maximum about 4860, and a 

photographic maximum on ordinary plates about 4550. 

To save circumlocution, the letters used in this list will be used in referring 
to the various features. 

Satisfactorily to separate the items under ( h ), viz., the resonance line 
2537’52, the band 2540 and the continuous band beginning at 2535*9 in 
which both are immersed,* requires a spectrograph of fair resolving power. 
Leaving this on one side for the moment, and limiting the problem to the 
separation of (a), (6), (c), (d) and (e) from one another, it was found con¬ 
venient to use a quartz prismatic camera with a quartz-fluorite achromat to 
photograph the spectrum of the glow at one exposure along the whole course 
of the tube. This simple method gives the wide field of view necessary in the 
vertical direction along the length of the tube, though, of course, the images of 
the bands show considerable curvature, introduced by the prism. The 
method is moreover economical of light, and gives the minimum of trouble in 
adjustment. The quartz-fluorite achromat is of 16 cm. focal length, and the 
quartz prism of 60° angle. The camera was placed 1 metre from the apparatus. 
Immediately in front of the tube was a slit 6 mm. wide, extending over the 
whole length which it was desired to examine. 

The photograph No. 1, Plate 43, shows the spectrum of the vapour rising in 
the tube, as photographed with these arrangements. The bands are not 
labelled on this particular photograph, but can readily be identified from 
* See ‘ Boy. Soo. Proo.,’ A, vol. Ill, p. 456 (1926). 
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the neighbouring photographs, 2 and 4, which show the same features. The 
interruption in the middle is due to the heating coil, which was not in use in 
this particular experiment, but could not readily be removed. The actual 
distances in centimetres up the tube are shown on the scale on the left, which 
applies to all the photographs 1 to 4. The level marked zero on this scale is 
the level of the anode, and the whole distance above this is outside the region of 
electrical excitation . Little can be mode out of the line spectrum. The band 
spectrum is very bright at the lower levels, and gradually fades out, but can be 
traced 25 cm. on these photographs. I have no doubt that if there were any 
particular object in doing so, an experiment could be arranged to show the glow 
several metres away from the region of discharge. 

For some observations the loss of intensity as the vapour rises causes incon¬ 
venience, and it is desirable to compensate it by means of a suitable rotating 
sector. It was found that under the experimental conditions the visual intensity 
fell eight-fold in a distance of 14 cm. The sector was cut from black card, the 
angular aperture of the opening increasing rapidly with radial distance. This 
aperture was contained between a radius on one side and a logarithmic spiral 
curve on the other. At a certain radius it was 360°/8 or 45 degrees, and 
increased progressively to the full 360° at the edge of the disc, 14 cm. out from 
the position last mentioned. The sector was placed immediately in front of 
the tube and rotated by a small electric motor. It compensated the loss of 
intensity very satisfactorily, making the luminosity appear quite uniform over 
a distance of about 16 era. It was used in observing the part of the tube above 
the heating coil. 

No. 2, Plate 43, shows a photograph of the spectrum of this part of the tube 
taken with the sector in use. 

The visual band (e) is, of course, of uniform intensity on the photograph 1 
over the length of 16 cm. which was covered by the sector; for the sector had 
been shaped so as to secure this result. But it is seen in addition that the ultra¬ 
violet members (a), (6), (c), (d) of the above list are also of uniform apparent 
intensity over this range. The sector reduces the intensity more than eight 
times as between its maximum and minimum transmission, and it follows 
therefore that over a full eight-fold range of real intensity, all these parts of the 
spectrum decay sensibly pari passu. It seems probable that if these rates of 
decay were not really the same, the inequality would have been conspicuous 
in this experiment. There seems no special probability that if such a difference 
existed it would be small, or that more than an eight-fold decay would be 
needed to bring it into evidence. 
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This experiment is at first sight difficult to reconcile with the results of 
Houtermans.* His published photographs of the fluorescence of mercury 
vapour stimulated by the 2637 light of the mercury arc, show clearly a great 
difference of relative intensity between the various members at two different 
levels in the tube. 

His method of experimenting differed from mine in that separate photographs 
were taken of the initial and of the final point of the range examined, instead 
of one photograph covering the whole range. This iB, of course, a detail of 
technique, but it may conceal an essential point. In seeking a reconciliation, 
I should be inclined in the first instance to direct attention to the fact that his 
initial photographs were taken in the region where excitation is occurring, 
whereas photograph No. 2, Plate 43, refers entirely to the behaviour of the vapour 
after it has left the region of excitation. But it is useless to speculate on the 
matter, further experiment is required. 

The above observations seem to show that the rates of decay of the various 
members of the band spectrum are nearly or quite the same. It is not certain 
that this rate of decay is independent of other conditions such as the density 
of the vapour stream; but the actual time required to decay to half intensity 
was determined under the experimental conditions used. For this purpose 
we require the velocity of the vapour by which distances along the tube can be 
converted into time intervals. 

The discharge current was interrupted periodically by means of a rapidly 
vibrating contact breaker of known period. The tube was viewed in a cubical 
rotating mirror mounted on an axis that was vertical, and therefore parallel 
to the vapour stream. The appearance was as in fig. 2. In this diagram 
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vertical heights are on a reduced Beale, the level ol the cathode being at A and 
that of the anode at B. Between these stretches the intermittent discharge, 
which is Been in the mirror broken up into-vertical bands of light. Above the 
level of the top electrode we find these bands prolonged; they are still straight, 
but are inclined at an angle to their former vertical direction. The value of 
this angle depends, of course, on the angular velocity of the mirror. 

To interpret this, we may regard the pattern seen as a graphical representa¬ 
tion of events, distances being measured along the vertical axis, and times 
along the horizontal axis. 

As regards the short stretch between the electrodes, every part of this is 
bright during discharge and comparatively dark in the intervals. The cycle of 
light and darkness is therefore in the same phase at every level, and the luminous 
bands appear vertical. 

Suppose now that we follow up a vertical axis, beyond the level of the elec¬ 
trode we encounter regular alternations of light and darkness, corresponding 
to the successive pulses of luminosity which are in fact moving up the tube but 
would be seen stationary at an instantaneous view. Following a horizontal 
line, we find the alternations of light and darkness which correspond to the 
succession in time of the pulses which pass a given level. Finally, following 
along one of the inclined bright bands, we follow the career of a given pulse, as 
it occupies successive positions at successive times. 

The slope of one of these bright bands gives the velocity. The vertical inter¬ 
cept is measured directly in centimetres, the horizontal intercept in periods of 
the interrupter which are counted by the bright discharges. We thus get the 
velocity directly in centimetres per period. By a knowledge of the period it 
can be translated into centimetres per second. 

The interrupter used was one which has been in my possession many years. 
It was from a design by Mr. W. Spottiswoode, P.R.S., and is the same in principle 
as the ordinary vibrating hammer of an induction coil, with substitution of a 
comparatively stiff rod of 70 mm. long and S mm. diameter for the usual flat 
Btrip. It was used either to work a small induction coil, or alternatively to inter¬ 
rupt the 110 volt supply. In the latter case a resistance of 100 ohms 
was used in series, and the discharge electrodes connected across this 
resistance. 

Owing to the appreciable vertical distance between the electrodes, the thick¬ 
ness of a luminous pulse is larger than might be desired, and the pulses tend to 
ftunmunfr on one another. Thus the dark spaces between them are less distinct 
than if the vertical dimension of the discharge had been less. It would be well 
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to use electrodes on the same level, with the electric current perpendicular 
to the vapour stream. 

Under the aotual conditions, and with the rate of distillation which was used 
when the photographs (Plate 43, Nos. 1 to 4) were being taken, it was found that 
for a distance of 8 cm. traversed, the time was 3-5 ± 0-6 periods.* 

The rate of vibration of the contact breaker was independently determined as 
1120 complete periods per second. 

Thus the velocity of the vapour-stream is 2560 cm. per second, and an interval 
of 10~* seconds is represented by 2*56 cm. On the reduced scale of the photo¬ 
graphs it is, of course, less. The time scale marked on the right of Plate 43 is 
based on this determination. 

We have seen that the intensity of the band spectrum is reduced to one-eighth 
of its initial value in 14 cm. distance, equivalent to a time interval of 5*47 X 
10“ 8 seconds. 

Thus the time in which it would decay to half its initial value is 1 *82 x 10~* 
seconds. 

§6. Effect of Heat on the Excited Vapour, Showing Band Spectrum, 

Interesting and significant results have been obtained under thiB head. It 
was observed by R. W. Woodf that the green fluorescence of mercury vapour 
under the aluminium spark was extinguished by local intense heating of the 
silica bulb in which the fluorescence was observed. So far as I am aware, 
nothing further has been done in this direction. I was anxious to discover 
what would be the effect in the ultra-violet region. The anticipation was that the 
whole of the band spectrum would disappear, and that the resonance line 2537 
would alone survive, but this proved very wide of the mark. It was desired also 
to determine whether the effect of heat would be permanent, (Mr whether, in the 
absence of a fresh stimulus,the vapour would recover as it moved away from the 
hot part of the tube. As will be Been the methods of experiment used are well 
adapted to an attack on this question. The arrangement was as in the previous 
section, but the heating coil above mentioned was now brought into use. 

It consisted of about 2 metres of nichrome wire, wound in several layers, 
which were insulated from one another with asbestos paper. The whole was 
well lagged with asbestos. The current was regulated so as to heat the tube 

* Since writing the above I have seen a description of what is practically the same method 
which has just appeared, cf. M. As terbium,' Zeits. f. Phye.,' vol. 41, p. 294 (February, 1927). 

t ‘ Phil. Mag.,' vol. 18, p. 247 (1909). 
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to a pretty bright red heat, but the temperature attained was not measured. 
The coil itself enveloped a length of about 2 cm., but an additional screen covered 
about 2 cm. of the tube above the coil, so that in all 4 cm. were concealed from 
view. This additional screen was to suppress the light from the red hot tube, 
which otherwise complicated the experimental spectra. 

The photograph (Plate 43, No. 3) was taken without the use of the revolving 
sector. It showB a very remarkable difference of behaviour between the green 
visual band (e) and the other features (a), (b), (c), (d). The heat quenches the 
band ( e) altogether, while it has little or no perceptible effect on ( b) and (d). The 
effect on (a) and (c) is intermediate, but much slighter than the effect on the 
visual band (e). 

This photograph shows the remarkable fact (verified also by visual observa¬ 
tion) that the visual green band (e) after quenching by the heat recovers intensity 
as it passes up the cooler part of the tube. This recovery is not only relative 
to the other features of the spectrum, but the intensity actually recovers, 
though not to anything like its original value. The changes of intensity due to 
the change of temperature appear to be superposed on the ( decay of intensity 
which would occur at the lower temperature. The visual band (e) loses so much 
intensity on heating that the recovery on cooling is rapid enough to positively 
gain on the normal decay, and an actual recovery results. In the case of (a) 
and (c) the temperature effects are not large enough to prevail over the normal 
decay, at any rate under the actual experimental conditions. 

As in the previous case (§ 5) it is convenient to compensate the normal effect 
of decay, in order to examine more easily what relative changes of intensity 
occur among the various components of the spectrum as the changes of tempera¬ 
ture develop. The sector used before was originally adjusted to make the visual 
band (e) appear uniform along the tube at constant temperature. Ab we have 
seen, it was found to equalise the other features (o), (6), (c), (d) as well. The 
same sector was again applied to the part of the tube above the heating coil, 
and gave the result shown in Plate 43, No. 4. The features (6) and (d), which 
are little affected by the heat, are still equalised by the sector, as might be 
expected. The gain of the visual band (e) relative to them is now much accen¬ 
tuated ; and it becomes apparent that (a) and (c) which were affected to some 
extent by the heat, show some relative recovery, though it is less marked than 
for the visual band. So far as can be judged by a qualitative examination, it 
seems that after the vapour has passed up 14 cm. from the heated region, the 
various components of the spectrum have made some progress towards recover¬ 
ing their initial relative intensities, which were disturbed by the change of 
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temperature. But the visual maximum is still far inferior to the maximum at 
3300, to which, in the absence of any temperature disturbance, it was com¬ 
parable. 

The experiments on the heating effect described so far were made with small 
spectroscopio resolving power, which allowed many points to be examined 
very advantageously. 

I now pass to experiments in which a much more complete analysis of the 
spectrum was made, by means of a Hilger slit spectrograph of medium size. 
The use of this instrument entailed limitations in other directions, and the work 
was confined to making exposures to the excited vapour showing band spectrum 

(1) at the lowest temperature which would keep the vapour from condensing; 

(2) with the tube kept at a dull red heat throughout the course of the vapour 
stream, with the exception of the discharge space and a short distance above it. 



The tube used is shown in fig. 3. Its design is similar to fig. 1 so far as the 
distillation and return of the mercury are concerned, but the greater port of the 
length is arranged horizontally for an end-on view at A. The exciting discharge 
is perpendicular to the vapour stream, and to the plane of the diagram, the anode 
being an iron plate C placed against the wall of the tube, and the cathode (not 
shown) a hot oxide coated platinum wire placed opposite to it. The circle B 
represents the junction of the side tube carrying the cathode, which is of similar 
design to that shown in fig. 1. D is an auxiliary plate electrode which is at 
—110 volts relative to the anode, and is uBed to clear off line spectrum, corre¬ 
sponding in all respects to the electrode marked D in fig. 1. The tube is covered 
with a heating coil of nichrome wire, asbestos lagged. There is a small window 
at A for spectroscopy. The condenser is of bulb form, and half of it is sur¬ 
rounded by a water jacket made of large rubber tubing, cut from a motor tyre 
tube. 
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The temperature was regulated by a rheostat in the circuit of the heating coil. 
The heater for evaporation was independent, and is not shown. The rubber 
cork at the bottom could be removed for assembling or cleaning out. The 
exposures were made at a current of 1/10 milliamperc, and it was necessary to 
continue them in some cases for 24 hours. A graduated series made at the lower 
temperature was matched against a single exposure made at the higher tempera¬ 
ture. Intensities were taken with sufficient accuracy as being in the inverse 
ratio to the exposure times required to get a given effect. 

In this way the various features of the»spectrum were found to be diminished 
by the heat, in the following ratios- 


(a) Band 2345 


i Resonance Line 2537 
Bond 2540 

Continuous region from 2540 to about 2600 

ximum at 2650 and fluting* apparently associated with this maxi¬ 
mum and reaching to about 3100 
(d ) Broad maximum At 3300 

(e) Broad maximum at 4550, as recorded on ordinary photographic 
plates, but extending visually far into the green 


Intensity ratio 
cold /hot. 

4 

1 

1 
1 

4 

2 

>320 


It will be seen that these more quantitative results confirm generally the 
qualitative data from the prismatic camera photographs Nos. 3 and 4, Plate 43. 

The maximum (e) in the visual region was not visible at all on the high 
temperature photograph taken with a narrow slit, nor would the green light be 
seen by direct visual examination of the tube, though the competing dull red 
luminosity of the tube was unfavourable to the visual test. To make the 
photographic test more severe the spectrograph slit was opened from the 
standard width of 0*05 mm., used in taking the photographs above mentioned, 
to 1 mm., a factor of 20 times, and a 24-hour exposure was given. The resolving 
power remains enough to deal with the broad maxima, though not, of course, 
with the more delicate features. 

There was a slight impression about the neighbourhood of the green hand. 
It did not agree very well with the green band as regards its limits, and I am 
not certain that it was genuine and independent of diffuse light from the 
apparatus, and other accidental causes. But whatever the source, it was not 
more intense than the green band at the lower temperature as obtained with 
l£-hour exposure, and 0*05 mm. slit width. Prom this is deduced the intensity 
ratio > 320, given above, which may be regarded as conservative. 

The data given of course apply only to the actual experimental conditions. 
In particular the ratios found would doubtless depend upon the temperature. 
The particular temperature used was adjusted to the disappearance of the visual 

VOL. CXIV.—A. 2 V 
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green. If the tube were made hotter the ultra-violet bands would be more 
affected. Indeed, in some earlier and cruder experiments, which I do not 
describe, this was the case. But it has not been attempted to go further into 
the matter. 

The pair of photographs, No. 6, Plate 44, are illustrative of this part of the 
work, though, of course, the reproduction cannot give as much information as a 
graduated series of original negatives. The upper photograph is taken at the lower 
temperature, the lower one at the higher temperature. The bands are marked 
above with the same letters as are used to designate them in Plate 43, and a 
few wave-lengths are added below, somo of them belonging to stray traces of 
ordinary line spectrum. No. 8 shows an enlargement of 6 in the region near the 
resonance line, allowing the various features included in (ft) to be distinguished. 
It iB clear from this experiment in which the green glow is extinguished by 
continued heating (Plate 44, No. 6) that the radiations of energy in this region 
is not only delayed but finally prevented by the high temperature. Evidently 
the energy which would normally follow this course must be ultimately degraded 
in some other way. There is no evidence that the radiation at other wave¬ 
lengths is increased, on the contrary it ap^ars to be diminished likewise, 
except in the case of the resonance line 2537 and the bands in its immediate 
neighbourhood, which are not perceptibly affected. Quantitatively, however, 
the behaviour of the green visual band is unique, its temperature sensitivity 
being of a different order of magnitude from that of any of the other bands. 

The phenomenon of recovery on cooling, if the heating is not too much pro¬ 
longed, is significant, and seems difficult to reconcile with the idea that dis¬ 
sociation of the excited inoleculeB can be the cause of disappearance of the 
green light, for such a dissociation of excited molecules could hardly be 
reversible under the conditions. 

§ 7. Relations of the Band Spectrum to the 1 3 P states of the Atom . Occurrence of 
forbidden lines with the Band Spectrum. 

As is well known, the arc spectrum of mercury consists of triplets and singlets. 
The resonance line 2537*52, which has so often been mentioned, interconnects 
these two series, and represents a transition of the atom from the 1 Z T? X excited 
state to the l l S 0 normal state. 

There are two other states 1*F 0 and l 3 P a on either side of W v which complete 
the triplet of states, but the lines corresponding to the transitions from these 
states to the normal state are not met with in the spectroscopic tables. That 
they are not readily observed is, of course, primarily a fact of observation, but 
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it is embodied in, and, to some extent, explained by, the selection principle 
which requires that in a change of state the inner quantum number should 
change by ±1, or by 0, with prohibition of the special case 0 -►O. 

The ideal position of these lines can, however, be obtained by applying to 
the frequency of the resonance line the frequency intervals which occur in, 
e.g., the triplets of the sharp series. In this way we deduce for the wave¬ 
length of the “ forbidden ” lines 2056*60 and 2269*80. 

The connection of the l 3 ?! state of the atom with the band spectrum is very 
definite. To begin with, we have the overwhelming intensity of the resonance 
line l 1 ^—l 3 Pi (2537) itself, associated with the band spectrum. Secondly it was 
shown* that the band emission sets in sharply at a wave-length only 0*5 A less 
than the centre of the resonance line. Thirdly, it is possible to excite the whole 
of the band spectrum on the side of longer wave-length by stimulation with 
the light of the resonance line. 

Next, we come to the 1 3 P 2 state of the atom, which would be represented by 
the “ forbidden ” line 1 1 S 0 — l a Pa (2270). This line is known from the work of 
Hansen, Takamine and Werner,f and Takamine and Fukuda.f It was best 
obtained from a “ branched arc ” in which a small fraction of the current of a 
mercury vacuum arc was taken off from a supplementary anode. The line 
was very faint compared with the resonance line or the other strong lines of 
the mercury spectrum. 

Prof.-Takamine noticed that the conditions favourable for the excitation of 
this forbidden line also tended to bring out the band 2345, called (a) in § 5 
above, and he wrote to me (November 25, 1925) suggesting that on account of 
the presence of this band on my negatives of the excited vapour, I should look 
for the line 2270. I was unable to find any trace of it on the negatives made 
up till then, and replied to that effect. 

Later, I repeated Takamine’s experiments with the branched arc, and 
observed the line 2270 with the band 2345 and one or two of its companion bands 
2338, 2334, etc., which are considerably fainter. 2345, however, was not more 
intense than I had often got it in the stream of excited vapour, and the broad 
ma ximum 3300 referred to as (d) in § 5 was present in fair intensity, which 
seemed to make the result less distinctive. Moreover, 2345 is strong in the 
absorption spectrum of unexcited mercury vapour, while no trace has ever 
been detected of 2270 in absorption. I was, therefore, somewhat discouraged 
in the attempt to trace any connection. 

* 4 Roy. Soc. Proo.,’ A, vol. Ill, p. 467 (1920). 
t For references see Takamine, 4 Z. f. Physik,' vol. 37, p. 70 (1920). 

2 y 2 
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The strong exposure with 1 mm. slit, see above, p. 636, gave suggestive 
indications which reopened the question. A 72-hours* exposure was then 
made with a slit width of 0*25 mm. and a current of 1/10 milliampere, and this 
gave very definite results. 

The “ forbidden ” line 2270 came up well, and associated with it a band 
spectrum beginning abruptly at the line 2270, and extending in the direction of 
long waves as far as the band 2345. Four of the weaker bands known to be 
associated with 2345, namely, 2338, 2334,2329, 2325, are visible and traces of 
more, but proceeding in the direction of short waves this structure became less 
distinct, and the spectrum becomes apparently continuous and of diminishing 
intensity up to 2270, when it abruptly stops. With the wide slit used, the 
limit was seen to agree with the lino with an uncertainty of ± 1 '5 A. See 
Plate 44, No. 10.* A second exposure of 144 hours thoroughly confirmed 
these results. The continuous region on the long wave side of the forbidden 
line 2270 is distinguished from that on the long wave side of the resonance 
line, because the former initially increases in intensity as we go away from 
the line, whereas the latter initially diminishes. 

The absolute intensity of 2270 is very small compared with Prof. Takamine’s 
source, but its intensity relative to the neighbouring mercury lines (belonging 
for the most part to the diffuse triplet series) is much greater. Thu9 
in an excellent photograph which he sent with his letter above mentioned, 
2270 is decidedly inferior to 2259, and much inferior to 2378 and 2379. On my 
photographs it is much superior to all of these.f On the other hand the lines 
which on Takamine’s photograph are about as intense as 2270 are altogether 
invisible on mine. 

Finally, we come to the 1 8 P 0 state of the atom. FranckJ has sought to 
connect the band spectrum luminosity of long duration with a state of the 
molecule corresponding closely to this state of the atom, and Houtermans,§ 
developing Franck’s ideas, has pointed out that the weak maximum about 2650 
is not far from the calculated position of the “ forbidden ” line 2656. 

It must, I think, be admitted that as a matter of observation there is nothing 
very crucial in the assumed connection of this maximum with the wave-length 

* The photographic manipulation was directed to bring out the limit uf the con¬ 
tinuous spectrum at 2270 and the band structure 2345, 2338, &o., visible on the negative 
had to be sacrificed, owing to the limited range of gradation available. 

t 2378 and 2379 ore not resolved with the wide slit used, but 2270 is much superior even 
to the blend. 

t ' Trans. Faraday Soo.,* vol. 21, p. 530 (1926). 

§ Loc. cit. 
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2656. For the intensity maximum is very broad and ill-defined (see e.g. 9 No. 6, 
Plate 44). If there were a sudden increase in the intensity of band spectrum 
setting in at the position of the line, as in the case of 2537 and 2270, the case 
would be altogether different. But this is not so. The maximum is a flat one, 
and 2656 is in the middle of it. 

After detecting the presence of 2270 it was natural to look for 2656 as well. 

As already mentioned, the photographs taken were not absolutely free of 
ordinary line spectrum. This spectrum when bright is apparently removed 
completely by the electric field. The photographs in the former paper* afford 
convincing evidence of this. The auxiliary electric field was employed in the 
present case, but the initial brightness of the line spectrum was not great in the 
discharge itself, and in the excited vapour the visual lines cannot be seen at all. 
If present they are masked by the relatively bright background of band spectrum. 
Nevertheless, some lines come out on long exposure photographs, see e.g ., No. 6, 
Plate 44, of the present paper, when some of the lines are marked by their 
wave-lengths. In general, these lines arc the strongest lines of the arc spectrum, 
but there are some striking exceptions not yet investigated. I do not know how 
it is that they escape quenching by the auxiliary electric field. It may be that 
they are merely due to stray light of the discharge itself, but in any case they 
represent a small residual effect only. To appreciate this fully they should 
be compared with 2537 on such photographs as No. 6, Plate 44. It is to be 
remembered that in the ordinary arc spectrum their intensity is comparable with 
2537. 

Now among these lines there is one whose approximate position is the same 
as the arc line 2665*13 l a Pj — 3 1 D 2 . Near this position are the lines 2653*68 
and 2652*04, of which it is enough to mention that they belong to the diffuse 
triplet series. The three lines together have the appearance of a close triplet 
in the arc spectrum, but this, of course, is spurious. 

It was at first casually supposed that the line near 2655 was the arc line 
mentioned. But when the question of the “ forbidden ” line had been raised, 
it was noticed that this line was too strong to make such an attribution altogether 
satisfactory. Comparing various negatives available, it was found that as the 
curront strength of the exciting discharge was lowered this line became relatively 
stronger, until at 1 /100th milliampere it was the only line visible on the plate 
without the use of a magnifier, always excepting the resonance line 2537. 
Suspicion then became very strong, and a comparison spectrum was taken 
with the ordinary vacuum arc. The current used to excite the vapour was 
* 1 Roy. Soc. Proo.,’ 1925, loc. ciL Plate 5, Nos. 5, 6, 7, etc. 
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l/10th milliampere. It became apparent that the line in question was not 
present in the arc spectrum, and thus not coincident with 2655*13, but of 
slightly longer wave-length. See Plate 44, No. 11, which shows the displace¬ 
ment (excited vapour in the middle). A measurement—not the most accurate 
that could be made—gave the wave-length as 2655*73 which satisfactorily 
identifies it with the u forbidden” line at a computed wave-length of 2655*60.* 

The presence of the “ forbidden ” lines 2270 and 2656 in the excited vapour 
is of interest altogether apart from their association with the band spectrum. 
For they are here emitted in the absence of a magnetic field or an electric field, 
even the weak field required to produce discharge. It would seem that the 
theoretical views held hitherto about the conditions for their emission require 
some reconsideration. I do not wish, of course, to minimise the great difference 
in ease of excitation between these lines and the permitted line 2537, which has 
already been emphasised by Foote, Takamine and Chenault, in connection 
with their own experiments. 

By taking short exposure photographs for intensity comparison with the long 
exposures, the relative exposure times required to bring up these lines to the 
same intensity were roughly estimated. They were as follows :— 


Line. 

Wave-length. j 

[ Time. 

Reciprocal of time. 

1% - 1*P 0 

2656 

100 

001 

1% - l*P t 

2537 

1 

1*00 

VHt - 1»P, 

2270 

17,000 

0 00006 


The intensity ratios thus approximately indicated may be compared with 
those of an ordinary series triplet. The triplets of the sharp or the diffuse 
series for example have intensity ratios 5:3:1. 

It is worth noting that the “ forbidden ” line 2655*60 has not come under 
observation before, though it is here obtained about 170 times brighter than the 
line 2269 * 80 which has been observed. The probable reason is that it is usually 
masked by the mercury line 2655*13, which is shown in comparison with it in 
photograph No. 11, Plate 44. 

§ 8. Conclusion and Summary . 

In this paper not much is said about the ultimate interpretation of the data. 
The facts are undoubtedly complex, and as yet far from being adequately 

* A better negative gave 2655 * 78. This is not very close to the value 2655* 60 calculated 
on p. 637, but it is close to the value 2655*81 calculated from the term values adopted in 
Fowler’s Report. There is some internal discrepancy in the published series scheme. 
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explored. I have tried to elucidate those points which seemed likely to be most 
instructive, but in the course of the work many other questions have suggested 
themselves, the answer to which should contribute to the ultimate solution. 
The present contribution has not been made without effort. I have been 
efficiently helped throughout by my assistant Mr. R. Thompson. 

Summary . 

An improved method is worked out for obtaining the morcury band spectrum 
of long duration. The stream of vapour is excited by a current of less than a 
milliampere, using a hot cathode. It is then observed spectroscopically after 
leaving the region of discharge. 

As in previous investigations, the resonance? line 2537 is associated with the 
band spectrum, but the resonance line 1850 is absent. 

The important divisions of the band spectrum are : - 

(а) The band at 2345, with attendant bands of shorter wave-length. 

(б) The resonance line 2537, with bands within a few Angstroms of it. 

(c) The fainter maximum at 2650, and a series of flutings which are made out 

with difficulty but seem to be associated with it. Approximate wave¬ 
lengths of these bands are given. 

(d) The broad maximum at 3300. 

(e) The broad visual maximum. 

It is found that when the vapour is examined after excitation all these features 
decay pari passu . The actual time taken to decay to half intensity under the 
conditions is measured as 1 -82 X 10^ 3 second. 

If the excited stream of vapour is passed through a tube locally heated to 
redness, the band (e) is extinguished, (a) and (c) are slightly weakened, but (6) 
and (d) are almost unaffected. 

As the vapour passes on to the cold part of the tube the visual light ( e) re¬ 
appears to some extent, and (a) and (c) tend to regain their intensity relative 
to (6) and (d). 

The “ forbidden ” lino 2270 l l S 0 — l 3 P a is present in the spectrum, and 
can be brought out by long exposure. It is evidently connected intimately 
with the band spectrum, since a reach of apparently continuous spectrum begins 
at this point, and extends with increasing intensity to the band group 2345,2338, 
etc. On the short wave-length side of the forbidden line 2270 the background 
of the spectrum is quite dark, and also between 2345 and the resonance line 
2537, From the resonance line 2537 onwards to the visual the whole back¬ 
ground is more or less bright, as emphasised in earlier papers. 
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The other u forbidden ” line 2656, l l B 0 — 1*P 0 , is likewise present with the 
bond spectrum, and in far greater intensity than 2270. It is believed that this 
line has not previously come under observation. There is apparently no sudden 
change in the intensity of the band spectrum at this point in contrast with 
2537 and 2270. 


DESCRIPTION OF PLATES 43 and 44. 

(The order of photographs is not the same as their order of description in the text.) 

Flats 43. 

No. 1.—Prismatic camera spectrum of excited mercury vapour. Wave-lengths os in 2. 
Zero of scale on the left shows limit of the region of excitation (anode level). Scale on 
the right shows times. These scales apply to Nos. I to 4 inclusive. 

No. 2.—The same spectrum. Decay of intensity equalised by a revolving sector. Shows 
that all features of the spectrum decay at the same rate after excitation is over. 

No. 3.—The same spectrum. Vapour strongly heated as it passes through the region at 
10 cm. up. Note the disappearance of the visual band 4550 (called e). Note also that 
this hand recovers as the vapour cools, reaching a maximum at 18 cm. and then Anally 
decaying. 

No. 4.—Same as 3 but with revolving sector in use. Note that 2345 (a), 2050 (c), 4.550 (r) 
all recover intensity relative to 2537 (6) and 3300 ( d ). 

No. 5.—Slit spectrogram of excited vapour. Specially intensified to bring out a scries of 
flutings which seem to be associated with the maximum 2055 (c). Wave-lengths of 
superposed line spectrum are marked. Reproduced in negative. 


Plate 44. 

No. 6.—Slit spectrogram of excited vapour. Lou temperature below. High temperature 
above. Features lettered as under 4. Note that the visual band is extinguished, and 
all others diminished, except the resonance line 2537 and the band near it (see 8). 

No. 7.—Slit spectrogram of excited vapour. Region to right of 2537 over-exposed. Range 
extends to 1850 but no trace of the resonance line at this point is seen. 

No. 8.—Enlargement of a portion of 6. $0 

No. 0.—The resonance line 2537 with the band 2540 to show that the former is not removed 
by passing the excited vapour through an electric field. 

No. 10.—Long exposure photographs of the excited vapour, taken with wide slit. Note 
the “forbidden" line 2270 — l'P a . Note also the band spectrum connecting 

this line with the band 2345 (e). Note that the background of the spectrum is dark 
on either side of this stretch of band spectrum. 

No. II.—“Forbidden" line 2056 l l S 0 — 1*P 0 , in the excited vapour. Comparison top 
and bottom is the ordinary mercury vaouum arc. Wave-lengths marked apply to the 
latter only. 
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Note on a Connection between the Visible and Ultra• Violet 
Bands of Hydrogen. 

By 0. W. Richardson, F.R.S., Yarrow Research Professor of the Royal 

Society. 

(Received February 25, 1927.) 

The many lined spectrum of hydrogen on the short wave length side of 
X1675 A was discovered by Schumann, and measured and extended by Lyman 
who published a list of wave-lengths of the lines in his book.* 

A considerable number of the lines between 1025 and 1240 A have been 
-carefully measured recently by Wernerf who succeeded in arranging them into 
bands. Another system of bands in this region was discovered by Lyman* 
in the spectrum of a discharge in argon which contained a trace of hydrogen. 
These bands, which it is convenient to call the Lyman bands, have recently 
been arranged by WitmerJ who has also measured up and reclassified some of 
Werner’s bands. 

Still more recently l)ieke and Hopfield§ have succeeded in obtaining the 
absorption spectrum of H a , and by studying this in connection with the emission 
spectra have been able to extend very considerably the system of bands of which 
the Lyman bands and Werner bands form a part. They were able to show 
that each of these sets of vibration bands have the same final electronic state A, 
but different initial electronic states B (Lyman bands) and C (Werner bands). 
The difference of the levels is in wave numbers B —A = 91562 and C — A = 
99986. The constant w 0 which measures the vibration frequency at infinitesimal 
-amplitude and the constant xw 0 which determines the deviation from simple 
harmonic motion have for the three states the values :— 


State. 

A. 

B. 

C. 

w 0 

4362 

1355 

2444 

xw 0 

114-5 

18 

67 


It is not dear exactly how these numbers have been calculated but such 
details cannot affect their values very much. 

* * Spectroscopy of the Extreme Ultra-violet' (1914). 
t ‘ Roy. Soo. Proo.,’ A, vol. 113, p. 107 (1926). 

t ‘Proc. Rat. Aoad., U.S.A.,’ vol. 12, p. 238 (1926); ‘Phys. Rev.,’ vol. 28, p> 1223 
<(1926). 

Physik,’ vol. 40, p. 299 (1926). 
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It is evident from the magnitude of B — A and of C — A and the data in 
4 Structure,’ Part V* (cf. for example Table XI, p. 399), that A must be a state 
of total quantum number 1. It is probable that the B and C states are both 
states with total quantum number 2, and it is natural to enquire whether they 
may be identified with any of the 2 states which have been found to be final 
states for the bands in the visible. There is no state in the visible as yet dis¬ 
covered which corresponds to the B state, but both the states 2a — 29330*30 
and 2n = 29602*82 in 4 Structure,’ Part V,* are very close to the C state. The 
ionisation potential of II 2 is known to be very close to 16*9 voltsf or 128800 
wave number. Subtracting 99986 from this we get 28814, which would agree 
with either 2n or 2a as nearly as the accuracy of the ionisation potential 
demands. 

To distinguish between the claims of 2n and 2a or to ascertain their adequacy 
we can examine the values of the vibration term constants w 0 and xw 0 . Unfor¬ 
tunately the values given by Dieke and Ilopfield lie between the values given 
for 2a and those extrapolated for 2tz from the 3rc, 4 n and higher states. To 
obtain a bettor judgment on the matter I have recalculated these quantities 
using Werner’s measurements of the lines treated on the classification basis of 
Dieke and Hopfield, and following methods of treatment as similar as possible 
to those used in ‘ Structure,’ Part V. Prom the m = 1, 2,... 6 lines of Werner’s 
B and E bands I get 2w 0 (l — 2x + ...), from F and 6 (1 — x + ...), 

and hence a preliminary value of wfl. From I and L I get w 0 (1 — 3® -f -*•) 
and take the means of these and the values of the same quantities got from 
B, E, F, and 6. I then get a new set of values of by subtracting the mean 
of tc 0 (l — x + ...), got from E, B and F, G from the mean tc 0 (l — ix + 
These are then averaged with the former w^c and 3 independent values of w 0 
are then got from w 0 (1 — 2x + ...) from B and E, from w 0 (1 — x + 
from F and G, and from the mean w Q (1 — + ...) from G, F, E, B and I, 

L. These are finally averaged with the result shown in the second and third 
rows of the following table :— 


m —> 

l. 

3. 

4. 

5. 

6. 

(1) Mean ti' 0 

2384*6 

2385-1 

2372-5 

2360-3 

2361-7 

(1) Mean WqZ 

760 

73-8 

70 

73-8 

75 

(2) Mean 

2352-1 

2389-6 

2368-3 

2374-6 

2362 

(2) Mean tr 0 z 

58*3 

75-4 

67 

75-0 

64 


* O. W. Richardson, 1 Roy. Soc. Proc.,’ A, vol. 113, p. 399 (1926). 
t Loc. cit, p. 412. 
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The fourth and fifth rows give the corresponding quantities got when Wit- 
mer’s measures of the lines are used in the same way. They are in reasonable 
agreement with the first though not so regular. It must be remembered that 
an error of 0 -1 A makes a change of nearly 10 in the wave number in this region 
of the spectrum. 

These numbers would seem definitely to rule out 2a for which w 0 = 2593-82 
and xw 0 = 68-41. They are, however, not incompatible with 2k for which 
the values extrapolated from the terms with higher electron total quantum 
numbers are approximately w 0 — 2350 and xw Q — 63. 

This means that none of the Q (m) lines in ‘ Structure/ Part V, have a final 
2 state which is the same as the initial 2 state of any of the known ultra-violet 
bands. The same applies to the P (m) and R(w) lines given in ‘Structure/ 
Part IV,* as associated with some of these Q branches. In the notation of the 
noteB on p. 400 of Part V all these lines have final 2a states. 

It remains to enquire whether there is any evidence in the spectrum of the 
existence of final 2k states which would agree with the 0 states. For some 
time I have held the opinion that the bands designated AP'Q'R' (/«)•• .EP'Q'R' (w) 
in ‘Structure/ Part IV, must be the 0->0, 1 >1, 2-^2, 3 >3 and 4 >4 
vibration bands of 2k — 3a.| There is substantial evidence in favour of this 
view which I propose to produce in detail in a later paper. I may, however, 
mention that, together with the 2a — 3k lines and 11 lines in the yellow arranger! 
by Curtis, lines from this group make up all the lines with any strength in the 
First Type discharge between H« and X = 5000 A.U. (sec Part IV. fig. 2, p. 716). 
Furthermore, the A (0 -*0) band is associated with bands in and beyond the 
blue of which the Q (l) lines form a Rydberg Ritz sequence, and the lines of these 
bands enter into combinations with others in a manner which accords with 
this hypothesis. Admitting that 2a — 3k, 1 1, Q (1) is X6093-83 = v 16405-52 

we can calculate 2a — 3k, 1 -►O, Q (1) approximately either by using a value of 
2, 1, 1 — 2, 0, 1 extrapolated from the values for na, where n = 3, 4, 5 and 6 
in Table XIII of Part V (p. 406) or by using the values of w 0 (1 — x) got from 
the ultra-violet bands. With regard to these it is not certain whether the line 
numbered 0 or that numbered 2 by Werner (these lines are numbered 1 and 3 
respectively by Witmer) should be taken as the Q (1) line. We thus get for the 
1 ->0 Q (1) line the following alternatives : (1) by the extrapolation 18690 (2) 

* 0. W, Richardson, 4 Roy. Soo. Proo./ A, vol. Ill, p. 714 (1926). 

t This is in accordance with the view that the electronic structure of the H g spectrum is 
closely similar to that of the He line spectrum. For a brief ^outline and the notation here 
used see 4 Structure/ Part V, p. 400 (footnotes). 
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Werner’s m = 0,18713-22 (3), m = 2, 18716-82 (4), Witmer’s m = 1, 18699-3, 
and (5) m = 3, 18719-7. With a possible alternative for the second line which 
wob afterwards thrown out by the combinations, the only reasonable arrange* 
ment of lines to form a Q branch in this region is that designated as 3d, 1, 
m — 2jr, 0, m in the following table :— 


3d, 1, m — 2tc, 0, in. 


fit. 

Properties. 

Wave- 
leugth 
in air (Tnfc.). 

Wave- 1st 

number. Diff. 

2nd 

Diff. 


(i) 

(2) 

(3) 

(4) 

(S) 

<») 

(7) 

(«) 




1 



— 





(«) 

0340 84 (1) 

18718-40 v 

>12-0K 


2 




+ + 




i«,Q (6) (a) 

5344-82 (-) 

18706 45< 

>14 13 










>20*14< 


3 







| 

(a) 

5351*76 (0) 

18680*31< ^ 

>34-41'' 
18045* INK 

> 8-27 

4 


1 




1 


t,*oQ (8) (») 

0361-63 (--) 



3a, 2, m — 2 k, 1, in. 




(f) 

5462-09 (0) 


(a) 

5466-47 (0) 


T(o) 

5473 -32 ( p) 


D(a) 

5482-71(rrf») 


3u, 3, m — 271. 2, in. 


18299-94. 

> 11 - 68 . 
18288 26< 
>2.8»< 


18266-37 

18234-10 


> 


1 •27 / 


11-21 

8-38 



9-79 


Having got the 3d, 1, in — 1 2k, 0, m, the 3d, 0, m — 27r, 0, m, the 3a, 1, in — 
2tt, 1, m and the 3 <t, 2, in — 2tt, 2, m bands the 3d, 2 ,m — 2 n, 1, m and the 3d 
3, m — 2jt, 2, m bands were found by assuming that these bands would be 
interrelated in a similar manner to the corresponding 3rr — 2d bands described 
in Part V. There is a possible weak alternative to tho strong line 5697*63 (4) 
attributed to 3d, 3, 3 — 2 tc, 2, 3, but I am inclined to t hink that this strength 
is a genuine abnormality. Of these lines the only one observed on a typical 
first type plate was 3d, 3,3 — 2 tc, 2,3. The line 3d, 2,1 — 2 tt, 1,1 was doubtful, 
being possibly mixed up ^ith another line. It was not to be expected that these 
lines would be strong in the first type otherwise they would probably have been 
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picked out already. The fact that the line 3a, 1,1 — 2k, 0, 1 is recorded by 
Merton and Barratt as depressed in the condensed discharge is very satisfactory, 
this being a very common feature of the low rotation quantum number lines in 
this spectrum (see the various tables in Parts IV and V). The fact that the 
only line recorded as enhanced by the condensed discharge is the low pressure 
line 3a, 3, 3 — 2k, 2, 3 also points in the same direction. The He++ character 
of 3a, 1, 4 — 2k, 0, 4 is also satisfactory as it will be remembered that the higher 
rotation quantum number lines of the following bands, each of which is the 
band of lowest vibration number in the sequence of bands to which it belongs, 
are brought up by helium, viz., 3k, 0, m — 2a, 0, m ; 3k, 1, m — 2a, 0, m; 
4tt, 0, ni — 2a, 2, m ; 4k, 0, m — 2a, 0, m ; and 3a, 0, w — 2k, 0, m. We 
should therefore expect 3a, 1, m — 2k, 0, m to have the same property. This 
argument is unfortunately weakened by the fact that the positions of 3a, 1,2 — 
2k, 0, 2 and 3a, 1, 4 — 2k, 0, 4 are respectively practically indistinguishable 
from those of 3k, 1,5 — 2a, 0, 5 and 3k, 1,6*— 2a, 0, G which should also be 
very weak lines brought up by helium. 

From 3a, 1, m — 2k, 0, m ; 3a, 1, m — 2k, 1, m ; 3a, 2, m — 2k, 1, m and 
3a, 2, m — 2k, 2, m we can calculate the values of w 0 and xw 0 . The result is 
shown in the second and fourth rows of the following table :—• 


m-> 

1 1 

, | , 

3. 

4 . 

(3) m>. 

2385-57 

2378*96 

2367*62 

2356 * - 

(1) w. 

2385-1 

2372*5 

2369*3 

2361 7 

( 3 ) xw, . ... 

72*03 

72*30 

70*71 

70-- 

(1) *10, 

73*8 

70 

73*8 

73 


The third and fifth rows give the corresponding values got from the ultra-, 
violet lines (C states) on the basis of the classification of Dieke and Hopheld 
using Werner’s measures of the wave-numbers and changing the rotation numbers 
of his lines from 2, 3, 4 and 5 to 1, 2, 3 and 4 respectively. The agreement is 
quite as good as the ultra-violet measurements warrant but it requires this 
change in the numbering. This evidently supports the view, which Werner 
himself also considers probable, that the lines numbered 2 in the ultra-violet 
bands are the Q (1) lines, the lines numbered 0 and 1 probably being R or R' 
lines. 

This agreement would seem to establish the identity of the G states in the 
ultra-violet spectrum and the 2k states in the visible spectrum if the 3a, 1, m — 
2k, 0, m; 3a, 2, m — 2k, 1 , m and 3a, 3, m — 2k, 2, m Q branches are reaU 
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There is in existence further evidence of such reality. In addition to the 0^*0, 
1 “► L, 2 -*2, 3-^3 and 4 -*4 bauds of the 3a — 2k transition I have a list of 
the lines of the Q branches of the following bands belonging to the next 
electron transition 4a — 2 k, viz., 4a, 0 , m — 2k, 2, m ; 4a, 0 , m — 2k, 1, w ; 
4a, 1, m — 2k, 2, m ; 4a, 0, m — 2k, 0, m; 4a, 1, m — 2k, 1, m; 4a, 2, m — 
2k, 2, m ; 4a, 1, m — 2k, 0, m ; and 4a, 2, m —2tc, 1, m. These combine with 
each other and also with the appropriate lines of the 3a -► 2k bands. 
Furthermore in these bands just as in the 3a >2k bands the 0 ->0, I -*1 
and 2 2 bands are the strongest and their leading lines come up in the 

first type discharge. The other bands are weaker and also react to the first 
type discharge in about the same way as the other 3a -* 2k bands. 

If these conclusions are right it is possible to calculate the moment of inertia 
of the normal hydrogen molecule with more certainty than has liitherto been 
the case, as well as that of the molecule in the 2k state. The latter is the final 
state of the AP'Q'R' (m), etc., bands, and from Table XXI of Part IV we have 
46 = R'(2) - P'(3) - [R'(l) - P'(2)J ■= 142 at the n = 0 -0 m - 1 -1 end 
of the bands. This gives 

J 0 = 7*81 X IIP 41 , r 0 = 1-005 X l(P a cm. 

for the moment of inertia and the distance between the nuclei for II a in the 2k 
state?. We can check this by calculating data like those of Table XVI of Part 
V (p. 409) from the Q branches of the 3a — 2k bands. The method is 
inaccurate on account of irregularities in the lines and the meagreness 
of the data. By the method used in getting Table XVI of Part V, I 
find Sw 0 w a (1 + 26) = 1*01, whereas the method which depends on getting 
the difference of the second differences of the lines of Q branches of bands 
with the same (0->0) initial vibration states, but with the final vibration 
states differing by unity comes out to be 2*68. This agreement is not satis¬ 
factory but the divergence is almost inevitable from the character of the data. 
Anyhow the mean of these values 1 *85 is close to the value got by extrapolating 
from the values of the corresponding quantity given in Table XVI for the 3k, 
4k, 5k and 6k states, and so is hardly likely to be far wrong. This value using 
w 0 = 2385*57 and xu> 0 = 72*63 leads to uw 0 = 55*9 and J 0 = 9*93 x 1(P 41 
which may be regarded as a confirmation of the more accurate value 7 • 81 x 10" 41 
given above. It is satisfactory to have this confirmation even if it is only rough 
because it throws out alternative interpretations of the spectrum which other¬ 
wise might have to be considered. 1 * 1 

* [iVofe addti March 30, 1927.—It is interesting to observe that this estimate of J 0 for 
the 2k state is not very different from that found for the 2a Btate in Part V. The 2k and 
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For the normal state of H a using the ultra-violet bands and applying the 
formula 2 (B x — B 2 ) (m + i) 2 to Werner’s measurements of the wave-numbers 
of the lines (as numbered al>ove) for the band A (3) C (0), 2 (B A — B 2 ) = — 41 *5, 
for A (2) C (0), 2 (B t - B 2 ) = -45*6, and for A (l) C (0), 2 (B x - B 2 ) = 
— 48-3. These values extrapolate to 2 (B x — B 2 ) ~ —-f31 *7 for A (0) C (0). 
Combining this with the value 2B X = 71 got from the l\ R branches of the 
3d — 2tz bands we get 2B 2 == 71 +51*7, whence 

J 0 4*52 X 10~ 11 and r 0 ~ 0*765 X 10" s cm. 

for normal H 2 . The other method which is unreliable on account of the large 
errors of measurement in the ultra-violet bands, when used as a check leads to 
J 0 = 7 *9 X 10" 4l . All that I am inclined to conclude from this value is that 
it lends no support for a value under 4*52 X 10“ 41 . This is higher than almost 
all the values which it has been found possible to reconcile with the specific 
heats of hydrogen at different temperatures.* 

It is necessary to say a little about the heats of dissociation and so on in Table 
XVIII of Part V (p. 415). The value 125000 of R m M a0 tor m -- 1 estimated on 
p. 414 must now be replaced by the value of the ionisation potential 128800 
since it appears that this agrees with the spectroscopic data. This has the 
effect of changing the successive values of DM m from 34050, 20721, 18170, 
17850,17G44 and 17598 to 34050, about 170(H), 15554,15234,15128 and 15082. 
At the same time the value of D'M m for m = 2 should be changed from the value 
26900 for the 2 a state to the value about 21000 for the 2k state to be com¬ 
patible with the others. This makes all the l)M m from m — 2 to m — 6 not 
vary so much as before and the same is true of the corresponding D'M m , but 
now the DM m run about 5000 below the D'M ro . I am inclined to think that this 
is due to the linear extrapolation, which is used in getting the D'M W , breaking 
down. 

the 2 a states each have very similar values for the electronic and \ibrational terms. The 
estimate of J 0 for the state is surer than that for the 2tz state, being supported by 
three independent methods, viz.:—(1) from the P l R branches of Part IV which aio more 
securely established than the FR' branches; (2) from quite good values of 9w 0 and of 
jw 0 u a (l + 26) and finally (this is not mentioned in Part V) (3) from the application of 

Kratzer's fourth power term 4 -f —— — ( m + i) a to the small decrement in the 

1*^#* u7oi J 

second differences with increasing m in the n at m Q branches. If 2B t ^ 53*55 and 

f B 1 B * 

2B a es 60*88 the calculated value of 8 | --— is found to be 0*0048 as compared 

with 0*0057 got from the third differences of the Q lines. 

* See Van Vleck, * Phys. Rev.,’ vol. 28, p. 980; Hutchinson, ibid., p. 1022 (1926). 
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It will be observed that the D'M m converge at wt = oo to the value 15018. 
This is not in agreement with a result of Alexandrow* who finds by a calcu¬ 
lation based on the “ wave-mechanics ” that the ionisation potential of the 
ion H g + is exactly equal to that of the neutral hydrogen atom, viz., RA = 13 *5 
volts. This would require that DM m should converge to the value zero at m =* <x >, 
However, Alexandrow’s result is in contradiction with the experimental value 
of the ionisation potential of H a although he is under the impression that 
this is not the case, being misled, as I think, by a wrong value of the heat of 
dissociation of II 2 . 

Absoy'ption of Radiation in the Extreme Ultra-Violet by the 

Inert Gases . 

By Clive Cuthbertson, O.B.E., F.R.S. 

(Received December 8, 1926.) 

[Flatks 45, 40.] 

In 1910 I published! a set of determinations of the refraction and dispersion 
of the five inert gases for eight wave lengths in the visible region, together with 
values of the constants C and n 0 2 in the expression 



If Drude’s form of the dispersion equation is substituted, 

l y £11 _ 

rr m (w 0 2 — n 2 ) 9 

where N is the number of electrons per cubic centimetre, and n 0 the free fre¬ 
quency of the electrons, and it is assumed that there is only one free frequency 
in the molecule, it is possible to deduce from this equation the number, or 
apparent number, of electrons per molecule which affect dispersion and their 
free frequency. 

If N, in Drude’s expression, = N'g, where N' is the number of molecules in 
unit volume and q the number of “ dispersion ” electrons per molecule, and if 

* ‘ Ann. d. Physik,' vol. 81, p. 003 (1920). 
t C. and M. Cuthbertson, 4 Roy. Soo. Proe.,’ vol. 84, p. 13. 
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N* = 2-705 X 10 19 ; e — 4-774 X 10~ 10 e.s.u. ; ejm =2 5-301 X 10 17 e.s.u., 
the experimental results for the inert gases lead to the following figures— 


Table I.—Constants in the expression u. — 1 -—*--. 

1 ^ 2 nm - n 2 ) 


Klemont. 

V* 

V x 10 -”. 

A„ - 10* (A. 1 :). 

Helium 

1 21238 

34002 

507 

Neon 

2-59820 

38016 

481 

Argon 

4-71632 

17009 

726 

Krypton 

5•3446 

12768 I 

840 

Xenon 

01209 

897K 

1001 


During the last few years the region in which the calculated free frequencies 
lie has been brought, by the work of Lyman and others, within the hounds of 
experimental examination, and this paper gives an account of an attempt to 
test whether absorption bands do, in fact, exist in the neighbourhood of the 
points where the simple theory predicts the existence of free frequencies. 

The plan at first adopted was to endeavour to produce a continuous spectrum 
of radiation, extending from about X 2500 to the region of X-rays, by means of a 
concave grating in a vacuum spectrograph, and, by admitting gas between the 
source of radiation and the photographic film, to block out that region in which 
absorption might occur. The apparatus consisted of a concave grating 5 X 
3-8 cm., ruled for the extreme ultra-violet at the National Physical Laboratory 
with the Blythswood engine. The grating had a focal length of 48-5 cm. and 
was mounted in a tube similar in many respects to those used by Lyman, 
Millikan and Simeon, but made as small as possible, to economise the rare gases 
krypton and xenon which were to be used. Some dimensions of the apparatus 
are given at the end of the paper. 

At first, attempts were made to produce a continuous spectrum by bombard¬ 
ing a plate attached to one side of the slit by slow electrons produced by heat¬ 
ing to its melting point a tungsten wire about 0*1 cm. distant, but no effect 
could be detected on the Schumann film. This method was, therefore, aban¬ 
doned, and it was decided to use the carbon arc in vacuo as a source of radiation, 
and to deduce the position of the absorption band from the wave-lengths of the 
bright lines blocked out by the gas. The use of carbon has several advantages. 
It has a spectrum of many lines in this region which have been carefully mapped 
by Millikan* and Simeon. It is comparatively easy to keep running in a high 

* R. A. Millikan, 4 Astrophya. J.,’ vol. 52, p. 47, and vol. 53, p. 150; F. Simeon, 4 Roy. 
Soo. Proc.,’ vol. 102, p. 484, and vol. 104, p. 368. 
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vacuum, and it does not destroy the grating by sputtering as metallic electrodes 
are apt to do. 

Its principal disadvantage is due to the fact that, when heated, it gives off 
gases which themselves absorb the radiation and tend to mask the effect pro¬ 
duced by the gas under examination. So powerful is the absorption in this 
region that the pressure of gas necessary to obliterate the spectrum is of the 
order of 0*02 mm. over a path of 102 cm., equivalent to a layer of gas only 
0*025 mm. thick at normal temperature and pressure. The volume of the 
spectrograph, arc chamber and Langmuir pump together was about 6000 c.c., 
and this pressure was produced by 0*15 c.c. of gas, bo that the gas given off 
by the electrodes could easily become a serious source of error. To avoid this 
it was necessary to run the arc for about 10 minutes at 8 amperes in a high 
vacuum with the pumps in continual action before the film was exposed. After 
this treatment gas ceased to come off; but it frequently happened that, when 
the gas under examination waB introduced and the arc restarted, a further 
small quantity of gas was released. I do not feel sure that the final results are 
free from error due to this cause. The behaviour of the electrodes is different 
for different gases and very puzzling (see below). 

Attempts were made to avoid this difficulty by following Holweck’s method 
of using a thin film between the arc chamber and the spectrograph; but the 
difficulty of the technique and the complications introduced by the absorption 
of the film led to the abandonment of this device. 

The general result of the research was to show that absorption bands exist 
in the ultra-violet near the predicted places, but only in the case of krypton 
and xenon was it possible to locate the point of maximum absorption with any 
degree of confidence. With argon and helium the beginning of the absorption 
band, about X800, is easily recognised, and with neon beyond X695; but the 
absorption does not diminish on the short wave side of the band within the 
limits imposed by the gratings. Two of these were used. With the first the 
line X 386 A.U. was once visible; but with the second it was never possible, 
with the exposure given, to see any lines beyond X 459 *2, so that estimates of 
absorption in this region were not of much value. In order to locate these 
bands it will be necessary to find a better form of background than the carbon 
arc spectrum, and one which extends further into the gap between the ultra¬ 
violet and X-ray regions. 
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Results. 

Xenon . 

Of xenon 20 c.c. were obtained from M. Lepapo, of the College de France, 
Paris. The gas was prepared by a process which has been patented and has 
not been published in scientific journals. Its purity is said to be at least 
99*9 per cent. On fractionation the spectra of the lightest and heaviest 
fractions were identical. 

Plate 45, A, B, C, D, and E show the results obtained when small 
quantities of the gas were interposed between the source of light and the 
photographic film.* 

A shows a reproduction, twice the natural size, of a photograph of the carbon 
spectrum in a vacuum between the strong line at X1277 and the central image. 
The exposure given was not long (3 minutes) and many of the faint lines regis¬ 
tered by Millikan and Simeon are absent; but the following lines are seen 
with the estimated intensities noted opposite them. Simeon’s values of the 
wave lengths are used. 


Principal lines visible in carbon arc spectrum. 


A (A.U.). 


\ (A.U.). 

Intensity. 

1277 

1 

858-2 

10 

1247 


809-61 


1170 

20 


5 

1151 

2 



1066 

2 

687-1 

10 

1036 

20 

651-3 

4 

1010 

15 

041-8 

2 

976-7 

20 

594-9 

3 

945*0 

5 

558 

3 

903-7 

20 

400-5 

2 


The important point to notice in this table is the relative intensity of X858 
and the XX 809-6-799 *6 group compared with the further lines on the short 
wave side. 

Plate 45, B, C, D, E and F show the same spectrum when the spectrograph 
contains xenon at pressures of approximately 0-01 mm., 0-038 mm., 0-14 mm. 
and 0-545 mm. In F, at the highest pressure used (0-545 mm., equivalent at 
normal temperature and pressure to a layer of gas 0-69 mm. thick) the last 

* I regret that, owing to the effcotR of scattered light, chemical fog and scratches the 
photographs are so disappointing. But it was thought better to reproduce them without 
retouching. 

2 z 2 
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visible line is X1036, and the very strong neighbouring lines X1010 and X 977 
are completely absorbed, showing that the absorption increases rapidly at this 
point. In E, taken at a pressure of 0*14 mm. (equivalent layer 0*178 mm.), 
the limit is still the same. D, taken at 0*038 mm. pressure shows all lines to 
X1036. The slightly weaker line X1010 is gone, but X 977 is faintly visible. 
X 945 is still fainter, and the very strong line X 903 * 7 is almost gone. C, taken 
at 0*014 shows X903*7 faintly. X858 and XX809, 806 and 799*6 are com¬ 
pletely absorbed, but now X687 and X651 are visible and even X459 appears. 
B, taken at 0*008-0*015 mm. definitely extends the long wave side of the 
spectrum to X903*7. Again, X858 and XX 809-799*6 are invisible, but the 
lines beyond again appear. X 687 is a strong line, but X 651 and X 641 are weak, 
and the appearance of these lines, coupled with the absence of X 858 and XX 810- 
799*9, is taken to indicate that the point of maximum absorption lies between 
X687 and X903*7 and probably not far from X858. 

It would be misleading to attempt to draw any conclusion more definite than 
this from the experimental results. The lines registered depend on the intensity 
of the radiation which falls on the grating, and this is an uncertain quantity. 
The electrodes were about 6 cm. from the slit, and the arc in vacuo did not main¬ 
tain a steady position for more than a few seconds at a time. As the elec¬ 
trodes burned away the source of light was displaced and the intensity of 
illumination changed so that no two photographs were identical in this'respect. 
Further uncertainty arose in developing the films. The directions for the use 
of Schumann films recommended development for about 30 seconds at 15° C. 
But it was found difficult to obtain consistent results in this way owing to the 
rapidity with which chemical fog sets in; and the best results were obtained 
by developing for If to 2£ minutes in an ice bath at about 1° C. This pro¬ 
cedure is recommended by Lyman. But even when precautions are taken it 
is difficult to obtain two exactly similar negatives. 

In photographs with xenon several lines were seen between XX1176 and 1036 
which do not belong to the carbon Bpectrum, and may, therefore, probably 
be ascribed to xenon. Their approximate wave-lengths and intensities were 
as follows 


X (A.U.). 

Intensity. 

X (A.U.). 

Intensity. 

1159 

Faint. 

1068 

Faint ? 1066 C. 

1152 

Very faint. 

1050 

f Triple, faint. 

1100 

Strong. 

1029 

Faint. 

1075 

Strong. 
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Krypton. 

20 c.o. of this gas also were supplied by M. Lepape, and were of a similar 
standard of purity except for a trace of argon shown in the spectrum of the 
lightest fraction. Plate 46 shows a series of photographs similar to those given 
for xenon in Plate 45. 

D shows that, at the highest pressure employed, 0*218 mm., no lines are 
visible beyond X903*7 excopt a faint line at X 884. 

C, at p = 0*02 mm. does not show any extension of the limit of visibility. 

B, at p = 0*0165 mm. shows X 687 faintly and X 650 and X 695 still weaker; 
but, as in the case of xenon, X857 and X810 are absent. 

It is concluded from these results that the absorption of krypton in the ultra¬ 
violet begins at X903*7, about 132 A.U. beyond that of xenon, and that the 
maximum is probably on the long wave side of X 687. 

Argon . 

Argon was obtained from the British Oxygen Company and was believed to 
contain 99 per cent, argon and 1 per cent, oxygen. The latter was removed 
by passing the gas over red hot copper. 

Table II gives the results of two ser|es of experiments arranged in order of 
decreasing pressure. 


Table II. -Ultra-violet absorption of argon. 


Date of Experiment. j 

Pressure. 

mm. 

Last lines visible. 

November 20,1923 

557 

Nothing beyond A 903*7. 

#> 20,1925 

2-50 

A 858. 

„ 20,1020 

112 

,, A 858. 

„ 23,1020 

0*5 

„ A 858. 

„ 25,1925 

0*236 

a 809 just visible. 

July 19,1926 

006 

A 858 and X 809 group distinct. 

„ 19, 1926 

0 038 

Nothing beyond a 858. 

„ 19, 1920 

0 025 

All lines to a 687 visible. 

August 30,1926 

0 02 

All lines to X687 plain; nothing beyond. 

„ 30, 1926 

0*02 

A 687 just visible. 

November 20,1926 

0*007 

AA 687, 661, 641, 595 just visible. 


The progressive transparency of argon with decreasing pressure is as con¬ 
sistent as could be expected in view of the difficulties noted above. At 5*57 mm. 
(a pressure much higher than that used for xenon and krypton) X 858 is obscured. 
At half that pressure (2*56 mm.) X858 becomes visible, but remains the last 
visible line till the pressure is reduced to about a tenth (= 0*236 mm.) when 
X 810 is seen. Not till we reach 0*025 mm. is X 687 seen, and below this pressure 
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the farther spectrum slowly comes into view. Comparing the results with 
those of xenon and krypton at similar pressures we find;— 


Element. 

Pressure. 

Last line visible(A.U.). 


mm. 


Xenon . . 

0114 

1036 

Krypton 


004 

Argon 

0-236 

810 


There is a special difficulty in the case of argon due to the fact that at low 
pressure it tends to disappear during the arcing and has to be renewed. The 
pressure recorded should not be higher than the final pressure of each run. 

On the whole argon behaves as if the centre of the absorption band were on 
the short wave side of X687 and probably beyond X595, but how far beyond it 
would not be safe to conjecture. 

Helium. 

A specimen of Canadian helium was used and purified with liquid air. Table 
III shows the results of a series of experiments. 


Table III. 


Bate of Experiment. 

Pressure. 

ram. 

Last lines visible (A.U.). 

November 19,1926 

0-25 1 

858 faint 

Juno 17,1026 

0-185 

99 

November 24,1926 

0-1 

809 very faint 

June 21,1926 

0-035 

687 

November 18,1926 

0*014 

651 

November 19,1926 

0-01 

651 and 595 


These experiments cannot be described as more than preliminary; but they 
show that, at a pressure so low as 0'25 mm., there is an absorption beginning 
between X 858 and X809. The latter line only appears when the pressure is 
reduced to 0-01 mm., and its faintness at even lower pressures suggests that the 
band begins here. With decreasing pressure the gas becomes more transparent, 
and at 0*01 mm. the line X595 is seen. A pressure of 0*01 mm. over a path 
of 102 cm. at 17° C. is equivalent to a layer of gas at n.t.p. only 0*013 mm. 
thick. 

Helium shares with argon the peculiarity of disappearing during the running 
of the arc. 
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Neon . 

Limitations of time prevented the completion of more than one set of observa¬ 
tions on neon, but the photographs were remarkably successful. 

The gas was obtained from the British Oxygen Company and contained 
-98 per cent, neon and 2 per cent, helium. Three photographs were taken at 
pressures of 0*55 mm., 0* 1 mm. and 0*018 mm. The results are shown below. 


Table IV. 


Date of experiment. 

Pressure. 

I mm. 

Last lines visible (A.U.). 

November 20, 1020 

0*55 

505 

„ 20, 1026 

010 

595 

„ 20, 1026 

0018 

450 


A comparison of these figures with those given for helium shows that of all 
the five inert gases neon is the most transparent. The lines in the extreme 
ultra-violet were not only visible, but almost as strong as in a vacuum. 

It has been remarked above that argon and helium both disappear when the 
arc is running, and it was therefore to be expected that neon would behave in 
the same way. But, contrary to expectation, the gas did not disappear, the 
pressure remaining as constant during an experiment as in the case of krypton 
and xenon. 

In the photograph taken with the highest pressure of neon (0-55 mm.) there 
is a pair of lines (XX 742*9 and 735*7 approximately) which do not appear in 
the carbon arc spectrum. In that taken at 0• 1 mm. only the stronger appears; 
while at 0*018 mm. neither is present. It is, therefore, probable that the lines 
are due to neon, and are those recorded by Hertz as having the wave lengths 
735*7 and 743*5 A.U. (‘ Zeitschrift ftir Physik/ vol. 32, p. 933, 1925) and by 
Lyman and Saunders (‘ Physical Review/ vol. 25, p. 8(>, 1925). 

Under the conditions of the present work the line of longer wave length was 
much the stronger. Lyman records that this is not always the case (‘ Nature/ 
Sept. 5, 1925). 

Remarks. 

The broad result of the work described above is to confirm, though somewhat 
roughly, the predictions of the simplest form of the theory of dispersion in the 
case of the five inert gases. 

In xenon Table 1 shows that, on the assumptions there made, the calculated 
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free frequency is at X1001. The absorption band now found begins near 
X1036 at a pressure of 0*545 mm., and probably culminates between X903-7 
and X 687. 

In krypton the calculated free frequency is X 840 : the absorption begins 
near X 904 at a pressure of 0*218 mm., and probably culminates somewhere 
on the long wave side of X 687. 

In argon the calculated free frequency is at X726. The absorption at 
0*5 mm. begins between X 858 and the group XX 809, 806, 799. The 
maximum cannot be located. 

In helium the calculated free frequency is at X 507. The absorption begins 
about X 858 and seems to increase more slowly than in the case of the heavier 
gases. Tt is more transparent than argon. 

In neon the calculated free frequency is at X 481 and the gas is the most 
transparent of all. At 0*5 mm. lines are visible to X 595 and at 0*02 mm. 
X 459 is clearly visible. 

In all five cases the maximum of absorption i.s on the short wave side of the 
free frequency calculated from observations on the dispersion by means of u 
one-term formula of Drude’s type. 
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the Laboratory for much valuable help. My thanks are also due to Mr. R. W. 
Paul for the design and execution of the grating carrier, to Mr. W. R. Bulli- 
more, of Messrs. A. 0. Cossor & Co., for the loan of apparatus and for advice 
and help, and to Messrs. A. Hilger & Co. for much assistance. 

Finally my thanks are due to the Government Grant Committee of the Royal 
Society for grants in aid of the research. 

Dimensions of apparatus, etc. 

Orating .—Ruled area 5 x 3*8 cm. Mean grating interval 0*00017632 cm. 
Focal distance 48*5 cm. Scale of photograph, 1000 A.U. = 2*756cm. approxi¬ 
mately. 

Vacuum Spectrograph .—Length 56*6 cm. Diameter 9*6 cm. Breadth of 
slit 0*1 mm. 

Pump System. —Langmuir, backed by Gaede and Fleuss; Topler in parallel 
to collect rare gases. A vacuum of 0*0001 mm. obtainable in about one hour. 

Pressures were measured with a McLeod gauge, sensitive to 0*0001 mm. 
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On a Relation between the Rejractive and Dispersive Constants of 

the Inert Gases. 

By Clive Ccthbertson, O.B.E., F.R.S. 

(Received December 8, 1926.) 

In 19111 published in the * Philosophical Magazine * * a paper on new deter¬ 
minations of some constants of the inert gases, and drew attention to the remark¬ 
able empirical relations which subsist between (1) the calculated numbers of 
“ dispersion ” electrons in the atoms of these five (dements, (2) their “ viscosity 
diameters ” as determined by Prof. A. 0. Rankine, and (3) their critical tempera¬ 
tures. 

Since that time the ligures used have undergone revision The accurate 
determination of the value of e by Millikan has enabled us to give absolute, 
instead of relative, values to the apparent numbers of dispersion electrons 
(q, see Table 1). Chapmanf has recalculated the viscosity diameters, and 
RankineJ has revised Chapman’s values, in the light of corrections to be made 
in his own values of Sutherland’s constants for argon, krypton and xenon. 
But these alterations have not affected the validity of the relations then 
published. 

There were, however, two weak points in the paper in question. (I) The 
linear relations shown were not so exact as to preclude the possibdity that they 
might be portions of curves, and (II) the legitimacy of using the ligures given 
depended on the assumption that a single term in Drude’s dispersion formula 
is sufficient to give the dominant free frequency of the electrons, at any rate to 
a first approximation. The investigation, described in the preceding paper, 
of the actual position of the absorption bands has shown that, certainly in the 
case of xenon and krypton, and probably in the case of the other three gases, 
strong absorption bands do exist not far from the positions predicted by the 
simple formula; and, if the evidence is accepted, it becomes possible to use the 
values of q in speculations on the constitution of the atom with some confidence 
that the q*a represent, in some way, the average or effective number of dis¬ 
persion electrons in the atom. 

I have recently foimd a new relation between the experimental values of 

* “ New Determinations of some Constants of the Inert Gases, 1 ’ vol. 21, p. 69 (1911). 

t S. Chapman, * Phil. Trans.,' A, vol. 216, p. 279 (see p. 347). 

% A. 0. Rankine and C. J. Smith, * Phil. Mag.,’ vol, 42, p, 601 (1921). 
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If the cube roots of the refroctivities of the inert gases for long waves are 
plotted against f, the squares of the apparent numbers of dispersion electrons 
derived from dispersion measurements by the use of the expression 

„-l- N 'f 

^ 2?t m (no fl — n 8 ) 

the points lie on a straight lino with such accuracy that the hypothesis of chance 
seems to be excluded. The figures used are collected below for convenience. 
The equation to the line is 


A + j 2 = B (jx^ — 1) V3 


where A and B are constant for all five gases. Taking the position of xenon 
as a point on the line and A — 16'7 we obtain B — 5*483 X 10 2 . Column 4, 
Table I, shows the values of (jx^ — l) 1 ' 3 X 10 2 calculated from these figures, 
and column 5 the difference between the observed and calculated values for the 
other points. In no case does the discrepancy reach 1 per cent, of the observed 
value. 

If, ignoring the modem theory of dispersion, we go back to the Clausius- 
Mosotti formula that 


H = I <!*• — 1) = 


3 


where g is the fraction of unit volume which is occupied by the atoms (assumed 
to be conducting spheres) and a is the radius of the sphere, 



so that the cube roots of the refractivifcies would be proportional to the radii of 
the atoms. In this case the interpretation of the figure would seem to be that 
the radius of the atom is proportional to q 2 plus a constant. If, in place of the 
•obsolete Clausius-Mosotti hypothesis, we take the theory which regards the 
atom as built up of electrons arranged round positive centres, and assume that 
the configuration of the outer layers of the electrons in these gases would be 
similar, it would appear that K — 1, or — 1, would be proportional to the 
cube of the linear dimensions ; so that, in this case also, the result is the same. 

If (x*, — 1 is proportional to (A + g 2 ) 3 it follows that n 0 2 is of the form 
C. q /(A + g 2 ) 3 where C is a constant for all five gases. This expression has a maxi¬ 
mum dependent on the constants. If we choose them so as to give the values 
of n 0 2 shown in the table for helium and xenon (34,992 X 10 27 and 8,978 x 10 27 
respectively) we find that the maximum is 38,400 x 10 27 , which is very nearly 
the value of n 0 a for neon (38,916 X 10 27 ). The value of A is taken as 16-7. 
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The Spectrum of Ionised Nitrogen (NII). 

By A. Fowleb, F.R.S., Yarrow Research Professor of the Royal Society, and 
L. J. Freeman, B.Sc., D.I.C., Imperial College of Science and Technology, 
South Kensington. 

(Received March 23, 1927.) 

LPlatjcs 47, 48. | 

Introductory. 

In a previous communication* it was shown that many of the lines in the 
spectrum of singly-ionised nitrogen (N II) in the region X 6000 to X 3000 were 
accounted for by triplet and singlet terms, in agreement with theoretical 
expectation. The observational data have since been extended over a much 
greater range, and the purpose of the present paper is to give the results of a 
more complete analysis of the spectrum, together with a list of all the lines 
which are considered to be due to N IT. 

The further analysis of the spectrum has been facilitated by the recent 
developments of the theory of spectra which we owe to Pauli, Heisenberg and 
Hund.f The theory enables the types of spectroscopic terms associated with 
any specified configuration of the electrons to be predicted, besides indicating 
the terms which may, or may not, combine with each other, and terms which 
may be properly associated in the same Rydberg sequence. Thus, as pointed 
out by LajM>rt(»,f although the two terms of “ p 99 type indicated in the previous 
paper belong to a Rydberg sequence, one of them is theoretically the deepest 
possible term of this type, so that extrapolation for the evaluation of a deeper 
term of the same sequence is not permissible ; on the other hand, the theory 
indicates that the deepest term of the spectrum, in the notation of the previous 
paper, is of the p' type, and the extrapolated value from the observed term 
of this type appeared to be in general agreement with that deduced from 
astrophysical considerations. It thus appears that the approximate value of 
70,000 previously assigned to the first p term should have been assigned to the 
p* term, and that all the term values were consequently too low by about 
20,000 units of wave-number. 

The majority of the brighter lines, and many of the fainter ones, have now 

* A. Fowler, 1 Roy. Soo. Proc.,’ A, vol. 107, p. 31 (1924). 

t 4 Z. f. Phyrik,’ vol. 33, p. 345 (1925). See also R* H. Fowler and D. R. Hartree, 
* Roy. Soo. Proc.,' A, vol. Ill, p. 83 (1926), and McLennan,McLay & Smith, ‘ Roy. Soc. 
Proc.,’ A, vol. 112, p. 76 (1926). 

t * Jour. Opt. Soc., America,' vol. 13, p. 13 (1926). 
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been classified, and most of them have been found to be derived from terms 
predicted for transitions of a single electron. There are, however, a few 
definite groups of lines which are not accounted for by this set of terms, and 
it would seem that these must arise from simultaneous transitions of two of 
the valence electrons. 

Observational Data . 

The spectrum has been investigated mainly by the use of condensed discharges 
in vacuum tubes containing nitrogen at various pressures. Under these 
conditions, the spectrum of neutral atoms of nitrogen (N I) is represented only 
by the two well-known pairs of lines in the Schumann region at wave-lengths 
1745*3, 1742*7, 1494*8, 1492*8, from which it may be inferred that most of 
the nitrogen molecules break down directly into ionised atoms. With discharges 
of moderate intensity, the N II spectrum thus appears almost alone, but stronger 
discharges result in the appearance of lines of N III, N IV, and even of N V.* 
From a comparison of the spectra obtained with different discharges and 
pressures, it was not difficult to separate lines of N II from those representing 
higher stages of ionisation, even in the region of short wave-lengths beyond 
the transmission of fluorite. An attempt has been made to record all the lines 
of N II, faint as well as strong, in the region extending from X 6850 in the red 
to X 830, which appears to be the limit of action of the vacuum spectrograph, 
at present available. Lines of nitrogen of still shorter wave-lengths, however, 
have been recorded in the “ hot spark ” sjwctrum by Millikan and his 
colleagues. 

The positions of many of the brighter lines from X 5045 to X 3919 have been 
determined in the third order of a 10-ft. concave grating, and are distinguished 
in the general catalogue (Table T) by their being stated to three decimal places. 
The remaining lines, except the fainter ones in the green, yellow and red, were 
measured on photographs taken in the first order of the grating (5 • 6 A per mm.), 
or with glass and quartz spectrographs of the same order of dispersion, or 
greater, and are not expected to be in error by more than two or three hundredths 
of an Angstrom. As mentioned in the previous paper, however, there are 
some lines which are subject to displacements at higher pressures of the gas in 
vacuum tubes, and although photographs of the spectrum at low pressures 
have been chiefly measured, it is not certain that such displacements have been 
altogether eliminated. Wave-lengths between X1860 and X1215 were 

* The pair of lines at XX 1242*93, 1238*94, attributed to N V by Millikan and Bowen, 
has been obtained strongly in the vacuum discharge, and also with less intensity in the 
condensed spark in nitrogen at atmospheric pressure. 
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measured on photographs taken in the first order of the Hilger vacuum spectro¬ 
graph, having a concave grating of 1 metre radius and giving a dispersion of 
about 17 A per millimetre; from X1215 to X 830 the second order was used. 
Carbon sparks in nitrogen at atmospheric pressure, with varying amounts of 
self-induction, provided a useful additional source within the range of trans¬ 
mission of a fluorite window. Good standards for wave-length determinations 
are now provided by Lang and Smith’s very accurate measures of carbon lines,* 
and by measures of carbon, oxygen and nitrogen lines which have been made 
by Bowen and Ingram.f 

The intensities of the lines are indicated throughout by numbers in brackets 
following the wave-lengths or wave-numbers. Such estimates give a fair 
indication of the relative intensities over a short range of the spectrum, and 
especially in individual multiplets, but do not necessarily show the relative 
intensities of lines in widely separated regions. Wave-numbers have beeu 
calculated from the wavo -lengths with the aid of the convenient tables publ ished 
by Kayser.f 

Details of the wave-lengths, intensities, wave-numbers and classification 
of the N II lines are collected in Table I. Wave-lengths greater than X1850 
are the values in air, while shorter wave-lengths are in vacuo, X 1850 being 
near the limit for quartz spectrographs. 


Table I.—N II Lines, X6850 — X915. 


X, Interim ty. | 

v . 

Classification. 

X, Intensity, 

V. 

0830*2 

(1) 

14624-0 

1 2 3 S,' 

0284-30 

(3) 

15908-28 

0812*26 

(2) 

14675-4 

l»P f "'-2% / 

0242-52 

(«) 

10014-75 

0030*5 

(2) 

16077*7 



6010*58 

(#) 

16123 06 


6173-40 

(3) 

10194-00 

[6554*7] 

[16262] 

i*r>*-2MY 

0170-10 (1) 

10202-66 

0646-2 

(0) 

16274-2 

ri*u 1 - 2 *iv 

\1 > D 1 -2*IV 

0107-82 

0150-9 

(*) 

(0) 

10208-71 

16253-3 

0533 0 

0) 

15302-7 

lM) a ~2*IY 

6136-0 

(0) 

16290-4 

0522-3 

(0) 

15327-8 

1 *1^—2 *D a ' 

0114-0 

(0) 

16349-8 

6618-2 

(0) 

15344*5 




6504-0 

(2) 1 

16368*8 


0005-5 

(0) 

16484-8 

0492-0 

(0) 1 

15399-3 

1 *l) a —2 *D/ 



0482-07 

(8) 

15422-92 

1>P/-2*D/ 

5960-93 

(0) 

16771-27 

0379-63 

(5) 

15070-57 

i*iy- 2 i D l / 

5952-39 

(3) 

16795-33 

0306-7 

(0) 

15704-9 


5941-67 

(8) 

16825-63 

0357-0 

(3) 

15726-4 


5010-25 

(2) 

16829-00 

0347-1 

(1) 

15760-9 


5031-79 

(7) 

10853-06 

0340-07 

(4) 

15760-85 


5927-82 

(4) 

16864-95 

0328-0 

(1) 

15796-0 





ClfUttificatinn. 


PPt-PP/'' 


1 *F 3 '—2 8 D S ' 
l®F a '-2*IV 
i **y-2 
i*ny-2MV 
i®py-2Mv 


2MY-1U), 

*»P t -I»D, 

2 , P 1 -1®1) 1 

2»P l -l»D 1 

2*P 0 -1 3 D 1 


* 1 Phys. Rev.,’ vol. 28, p. 30 (1920). 
t 1 Phys. Rev./ vol. 28, p. 444 (1920). 

X 1 Tabelle dor Scliwingungzahlen,’ Leipzig (1925). 
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X, Intensity. 

Vm 

Classification, 


■1 

Classification. 

5767-43 

(3) 

17333-95 

pp/-piy 

3016-387(5) 

19929*12 

1 8 D a '~l *F/ 

6747-29 

(4) 

17394-69 

1 P/-1 8 D/ 

5012-026(2) 

10016-46 






5010-620 (6) 

19952-06 

PP.'-IU/ 

6730*67 

(2) 

17445-14 

1 8 P/-1 »D/ 

5007-316(7) 

19965*22 

PS/-PP,"' 

6710-76 

(«) 

17505-96 

PP/-PD/ 

5005-140(10) 

19973*90 

PD/-PF/ 

6686-21 

(6) 

17581-54 

i 8 P/-i a iv 

5002-692 (2) 

! 19983-68 

1 3 P 0 '-1 \S/ 

6679*66(10) 

17602-12 

PP/-PD 3 ' 

6001-460(8) 

19988-57 

PD/-PF/ 

5676-02 

(B) 

17613-10 

1 3 P 0 '-1 8 D,' 

5001-128 (7) 

10080-02 

PD/-PF/ 

5666-64 

(8) 

17642-26 

1 *P t '-l 3 D/ 

4997-23 (0) 

20005-52 






4994-358 (6) 

20017-02 

1 3 S/-l 8 P/" 

5565-30 

(0) 

17963-51 

a 8 P /-®nv 

4991-22 (2) 

2)1020-61 


6551-95 

(3) 

18006-70 

a 8 P/-a 8 D/ 

4087-377(4) 

20015-04 

1 a S/-l **•'" 

5543-49 

(3) 

18034-18 

a*P,'-o , U,' 

4957-94 (0) 

20164*1 


6540-16 

(1) 

18045-02 





6635-39 

(3) 

18060-67 

a 8 P/-fl 8 D,' 

4895-20 (4) ! 

20122-40 


6530-27 

(4) 

18077-29 

n 3 P/-a 8 lV 

4860-35 (2) 

20568-92 


6526-26 

(2) 

18090 41 

a*P/—a 8 D/ 








4810-286(2) 

20783-00 

1*D/-PD, 

5495-70 

(5) 

18191 00 

2 *P,—PP/" 

4806-00 (0) 

20801-53 


6480-10 

(3) 

18242-79 

2 3 P a -l 3 P/" 

4803-272 (6) 

20813 34 

1 8 D/—1 3 D 1 

6478-13 

(2) 

18249-35 

2 *1^—1 8 P I " / 

4793-656 (2) 

20855-00 

PD/-PD, 

5462-62 

(3) 

18301-16 

2 *?! — 1 3 P/" 

4788-126 (5) 

20879-18 

PD/-PD, 

6464*26 

(2) 

18329-21 

2*^-1 8 P 0 '" 

4781-168(2) 

20000-56 

1 »1V—1 3 D a 

5452-12 

(2) 

18336-41 

2 3 P 0 —l 8 P t "' 

4779-710 (4) 

20915-94 

PIV-PDj 





1774-222 (2) 

20939 98 

PD/-PD, 

6411-65 

(00) 

18473-5 





6383-82 

(0) 

18669-0 

1 *S/—1 8 D t [18569-34] 

4765-0 (00) 

20980 


6372-36 

(00) 

18608-7 


4755-5 (00) 

21022 


6351-21 

(3) 

18682-18 


4751-5 (00) 

21040 


5340-15 

(1) 

18720-87 


4735-8 (0) 

21110 


5338-77 

(2) 

18725-71 


4720-0 (00) 

21150 


6320-75 

(4) 

18780-13 


4721-59 (0) 

2117340 


6314-17 

(0) 

18812-4 


4718-43 (2) 

21187-58 


6313-47 

(1) 

18814-87 


4712-13 (0) 

21215-91 


6298-74 

(0) 

18867-2 


4709-45 (1) 

21227-98 

l 8 S/-1 l P/" 

6281-45 

(0) 

18928-9 


4706-41 (0) 

21241-70 


6272-49 

(00) 

18961-1 


4701-33 (0) 

21251-09 


6260-60 

(0) 

10004-0 


4702-57 (0) 

21259-04 


5228-14 

(0) 

19122-0 


4700-12 (0) 

21270-12 


6206-63 

(«) 

19200*95 


4695-91 (1) 

21289-19 


5199-63 

(00) 

19227*17 

a 8 l)/-a 3 F/ 

4694-55 (3n) 

21295-30 


6190-42 

(2) 

19260-91 

a 8 IV-a 8 P/ 

4077-93 (3/t) 

21371-01 


5184-07 

(2) 

19281-10 

a 8 D/—a 3 F/ 




5183-21 

(2) 

19287-71 


4674-98 (2) 

21384 50 

PP/-2 a P 0 

5179-50 

(5) 

10301-52 

a 3 D/-a 8 F 4 ' 

4670-0 (0) 

21407 


5175-89 

(3) 

19314-98 

a 3 D/—a 3 F/ 

4667-28 (2) 

21419-78 

l l P/ -2 *P t 

5174-46 

(1) 

19320-32 


4654 57 (2) 

21478-27 

piy -2 3 P t 

5173-37 

(2) 

19324*39 

a 3 D/—« 8 F/ 

4651-84 (00) 

21190-8 


5172-32 

(I) 

19328-32 





5171-46 

(1) 

19331-63 


4643-100(8) 

21531-30 

1 *P/-2»P t 

5170-08 

(1) 

19336-61 


4630-051(10) 

21589-07 

PP/-2 8 P I 

6168-24 

(l) 

19343-57 


1621-405(7) 

21032-41 

PP/-2*P, 





4613-884 (6) 

21607-00 

i 3 p/-2 n\ 

6104-45 

(2) 

19585-30 

2 A V-2 1 P 1 ' 

4609-00 (0) 

21087-8 


6076-50 

(0) 

19693-14 


4607-107 (7) 

21600-20 

l 8 P 0 '-2 3 P l 

5073-60 

(3) 

19704-39 

PP/-PS/ 

4601-490(8) 

21726-03 

PP/-2*P, 

6046-098 (8) 

19815*71 

1‘iY-W 




6040-76 <0) 

19832-76 

PD/-PF/ 

4564-78 (1) 

21900-71 

2 l D/—1 8 F/ 

6025-666(6) 

19892-33 

PD/-PF/ 

4552-50 (4) 

21959-82 

2MV-PF/ 

6023-11 

(2) 

19902-45 


4530-37 (5) 

22067-08 

2 l D/—1 l F/ ? 
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Table I—(continued). 


X, Intensity. 


4007*68 (3) 
4488*16 (0) 
4477*74 (2) 
[4476 • 0J 
4460*64 (0) 
4409*90 (1) 

4447*030(10) 
4441*99 (3n) 
4433*48 (2ft) 
4432*71 (6ft) 
4431*82 (0) 
4427*97 (2) 
4427*21 (2) 
4426*05 (0) 
4402*5 (On) 
4375*00 (0) 

4241*80 (8n) 
4236*98 (6») 
4227*83 (3ft) 

4215*72 (0) 
4208*12 (00b) 
4207*51 (In) 
4206*57 (On) 
4206*35 (OOn) 
4181*17 (Oft) 
4180*89 (0) 
4179*68 (In) 
4176*17 (3n) 
4173*76 (On) 
4173*51 (On) 
4172*04 (00) 
4171*63 (2ft) 
4167*60 (0) 
4160*8 (Onn) 
4106*8 (Onn) 
4150*0 (OOn) 

4145*709(3) 
4133*654 (2) 
4124 *10 (1) 

4110*00 (On) 
4092*65 (Oft) 
4087*30 (On) 
4082*85 (00) 
4082-28 (2n) 
4076*83 (On) 
4073*04 (2n) 
4057*00 (1) 
4044*75 (1) 
4043*54 (3n) 
4041*325(5*) 
4035*090 (4n) 
4026*087 (3n) 


22178*65 

22274*69 

22326*46 

[22335*5] 

22387*44 

22415*44 

22480*60 

22606*13 

22549*33 

22553*25 

22667*78 

22577*39 

22581*27 

22587*19 

22708 

22850*74 


23568*28 

23595*09 

23646*16 


23714*1 

23758*9 

23760*4 

23765*7 

23766*9 

23910*0 

23911*6 

23918*6 

23938*7 

23952*6 

23953*9 

23962*4 

23964*7 

23988*5 

24027 

24050 

24061 


24114*26 

24184*87 

24240*90 

24324*0 

24427*2 

24468*8 

24485*8 

24489*2 


24544*8 

24641*8 

24716*46 

24723*85 

24737*39 

24775*62 

24831*02 


Classification. 

X, Intensity. 

V. 

Classification. 

1*D 3 '-1*JY" 

3994-995 (10) 

25024*27 

1 'Pj'—l l P 1 

1UV-1 *P a "' 

3955-801 (0) 

25271*88 

1 a P/—1 l P, 

1 >P 

i *iy — i *p,'" 

3919*003(0) 

25509*50 

2 l lV-l 1 Pi* 

1 *!>,'-1»P,'" 

3856-07 (3) 

25925*81 

2*Pj—2*P,' 

1‘iy-i *p,'" 

9855-08 (2) 

25932*48 

2 , P 1 —2 a P 0 ' 

3847-38 (3) 

25984*37 

2»P l «-2 a P/ 

2 UV-l >0, ? 

3842-20 (3) 

26019*40 

2 *P # —2 a P 1 / 


3838-39 (5) 

26045*23 

2 a P a —2 a P a ' 


3829-80 (3) 

26103*65 

2*P l -2 1 P l ' 


3615 88 (1) 

27647*04 

l a S/ -2 a P 0 ' 


3009-09 (2) 

27690-93 

1 a S t '—2 a P,' 


3593-00 (3) 

27810*34 

1 a S l , —2 *P/ 

Very diffuse 

3437-102 (6) 

20085*40 

1^-2%' 

2 U)/—1 *l) a 

3408*130 (3) 

20333 17 

1 a P/~2 %' 


3331-32 (3) 

30009*52 

1 *D,' 2»P,' 


3330-30 (2) 

30018*70. 

PD/-2MV 

1 ‘Pj—2 , P I ' 

3328*79 (4) 

30032*34 

l a iy-2 a P a ' 


3324-68 (2) 

30070 37 

1 a I>/- 2 'P/ 

NIII? 

3318-14 (2) 

30128*72 

1 a D a '~2 *P/ 

13311-51 

3023-80 (2) 

[30189-4J 

33001-34 

1 sp/ 


3000-80 (7) 
2992 81 (0) 

33247 07 
33403*71 

2 1 D I '-2‘P/ 


2897-40 (3m) 

31502*5 

A* 


2892-80 (4n) 
2891-06 (In) 

34557*8 

34570*4 

A 


2885 25 (On) 

34648*0 

A 


2884-25 (2n) 

34660*9 

A 


2879-73 (4n) 

34715*3 

A 


2877-06 (2n) 

34740*3 

A 


2830-5 (Onn) 
2823-07 (4) 
2799-20 (4) 
2735-0 (In) 

35319 

35404*51 

35713*99 

36562*3 

Very diffuw 

a a P a '—a *8/ 

2709-82 (6) 

36801*9 

2^1-3'?!- 

a 

2590-91 (4) 
2526-03 (0) 

38584*0 

30561*8 



[2520-2] 

[39572*7] 

2 a P a -2 a D 1 


2524-65 (1) 

39599*1 

2 a P g —2 a D a 


2522-51 (1) 

39031*1 

2 a P l -2 a D 1 


2522-27 (4) 

39634*0 

2 a P a —2 a D s 

B* 

2520-85 (3) 

30657*8 

2 a P*—2 a D f 

2520-27 (2) 

39006*4 

2 a P 0 —2 ^ 

B 

2496-88 (4) 

40038*0 

2 a P a -2 a P/" 

2494-02 (1) 

40083*8 

2 a P a —2 a P/" 

B 

2493-22 (0) 

40096*7 

2 a P,—2 a P a '" 

B 

2490-37 (2) 

, 40142*6 

2 l P 1 -2 a P l " / 

fi 

2488-82 (1) 

40167*0 

2 a P.— 2 a P 0 '" 


2488-21 (0) 

40177*4 

2 a P 0 —2 l P 1 " / 


♦See Table V. 
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X, Intensity, 

v . 

2461*30 (3) 

40616*6 

2424 00 (0) 

41241*6 

2418*87 (On) 

41329*0 

2415*79 (0) 

41381*7 

2411*13 (0) 

41461*7 

2402*45 (0) 

41611*5 

2400*13 (0) 

41651 7 

2398*75 (0) 

41675*7 

2397*10 (0) 

41704*4 

2395 67 (00) ' 

41729 3 

2394*99 (0) 

41741*1 

2390*90 (2) 

41812*5 

2388*24 (1) 

41359 0 

2386*80 (O) , 

41884*8 

2317*01 (3) 

43145 9 

2316 66 (1) 

(3152 1 

2316*46 (2) | 

43156*1 

2314*54 (In) 

43191*8 

2311*60 (l) 

43246*8 

2310*61 (1) 

43265*3 

2308*90 (5) 

43297*3 

2308* *5 (5) 

43303*9 

2300*69 (O) 

43451*9 

2298*97 (0) 

43484*3 

2293*40 (2) 

43589*9 

2292*72 (1) 

43602*8 

2291*67 (2) 

43622*8 

2290*31 (1) 

43648*7 

[2289*9] 

[43656*5] 

2288*47 (3) 

43683*8 

2286*73 (4) 

43717*0 

[2285-3] 

[43743*8] 

2283*70 (2) 

43775*0 

2238*91 (2) 

44650 8 

2237*21 (On) 

44684*8 

2236*78 (On) 

44693*3 

2235 18 (1) 

44725*3 

2231*65 (0) 

44796*0 

2219*58 (0) 

45039 6 

2206*10 (3) 

45314*7 

2203*72 (1) 

45363*6 

2197*58 (2) 

45489 9 


Classification. 

X, Intensity. 

V, 

Clasaifioat 

PP^P/ 

•2096*79 (3) 

47076*7 

i*D/-3*P/ 


2096 16 (2) 

47691*0 

PD/-3*P/ 


2063-47 («) 

47700*8 

1*D/- 3 *P/ 


2094*12 (2) 

47737-4 

1 *0/—3 *P/ 


2091*20 (3) 

47804*2 

1®D/-3*P/ 


12088*5] 

[47864*4] 

1 *0/- 3 *P/ 


1886*82 (4) 

52981 *5 



1677 97 (2) 

53231*1 



1868*50 (1) 

535(H) *8 



1807•58 (0) 

53527*2 



[1803*7] 

|53637*0] 

PP/-2»I>/ 

1 *8/ -2 »IY" 

1861-1)4 (2) 

53089*2 

l*P/-2*0/ 

1 a 8/—2 *P/" 

(1856 0| 

153774*01 

l *P/- 2 *0/ 

i \s/ -2 *iy" 

1858 59 (5) 

53780 0 

PP/- 2 *0/ 


1857*81 (2) 

.53807 -7 

i*jy- 2 s o/ 


1857-14 (3) 

53820 ,t 

PP/ 2*0/ 


X, Vue. 
1836-30 (1) 

54465*5 

1 3 P/—2*8/ 


1831*78 (0) 

54591*7 

1 *P/-2*S/ 


1830*71 (00) 

54023 6 

1 *P/-2 *S/ 


1760*08 (1) 

50622*6 



1765*13 (1) 

50653*0 



1763*03 (2) ; 

50701*2 



fl75l*75 (10) 

57085*7 

TNI 

j 

f2 5 P,—3 *P,'; 

1 1»D.'-2’D,. 

{1747*855 (7) 

57213*0 

1 ‘i'-l'P,* 

i 

1743*22 (2) 

57365*1 

, fl'P'r. 

2 s Pi—3*P 0 # 

{1740*315(5) 

57460*9 

1*S,'-1>P,' 

1 »TV-2 *0 3 



S'P'.u-l’S,' 

2*P l -3»P/ 

1675*83 (5) 

59071*9 

PO/-* 1 !). 




f 2 ! »P.-3HV: 

1629*86 (0) 

01355*0 

fl»P li '-2»P, 

i 

j w 1 *1)/—2 *O a 

1629*02 (l) 

01386*6 

8*P, lt '-2*P l 


f2*P a ~3*iy; 

; 1 l D 1 / —2 *0,; 

! PD/-2*!),, 

1627*42 (1) 

61447*0 

a'p^'-a’p, 

1 

1616*06 (In) 

01878*9 




1590*25 (2n) 

62883*2 


1 *0/—2 *D a 

2 ^-3 *P/ 

1574-28 (In) 
1573*21 (In) 
1411-00 (4) 

63521-1 

03564*3 

70822*0 



1340*41 (0) 

74271*0 



1345*29 (1) 

74332*9 

|8 -PD,' 


1343*37 (2) 

74439*7 

’D,' 


1330*80 (00) 

75142*8 



1329*43 (0) 

75220*2 



1328*01 (1) 

75300*6 


(in part) 

1320*07 (2) 

75370*7 


1*S/-3*P/ 

1310*85 (5) 

75760*2 

1 

PS/-3*P/ 

1319*10 (2) 

75809*3 

)tN I 


1310*89 (5n) 

70282 0 

J 


• The following linen in this group havo Iron omitted as probably being due to NIII: 2099*87 (47006*8), 
2097*74 (47655*2), 2097*25 (47667*3), 2091*05 (47787*0). 
f There is a carbon line at A 1751*33. 

} XX by Bowen and Ingram. Assigned to N 11 by authors from experimental behaviour. 

VOL. CXIV.—A. 3 A 
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Table I—(continued). 


X, Vac. 


*1276-74 (1) 
•1276*18 (2) 
•1276*06 (3) 

1258*76 (3) 
1243*14 (7) 
1242*67 (4) 
1229*7 (4») 

1226*4 (4») 

1224*2 (3) 
M200*681 (1) 

(■1200 *200 (2) 
190 *633 (3) 
M 134*087 (3) 
H134-420 (3) 
M134-180 (2) 


4086*701 (8) 
4086*640(3) 
4084*600(7) 
4083*083 (0) 


v* 


78324*5 

78358*9 

78427*7 


79444 

80442 

80472 

81321 

81630 

81686 

83286*1 


Classification. 


Bowen. 

r/i»iv-2»p 0 } 

i 6 

[ 8*D|—2 *P,; 

L 6 b.j—Smp! 

r8 s i) 5 -2>p, ; 

b Dg — 3mP, 


► TNI 

iNebuJouB group, probably| 
more complex. Nil? 


X, Vac. 


•016*698 (8) 
•010*018 (6) 
•016*963 (6) 
•915*603 (6) 

•672 026 (2) 
•671*780 (2) 
•671*650(1) 
•671*307(3) 
•671 027 (2) 


88106*7 

88160*8 


02106*4 

02120*1 

02202*8 

92252*4 


Bowen. 

'1 

a P,—6 I)j 
'1 *P 8 —/3 *l) l3 ; 

a P,-6 D la 

aP,-fc 1),, 

P 1»P 0 -64) |; 

«P 0 -blh 


•045*180 (5) 
*644 836 (5) 
•644 033 (4) 

•533*71 (3) 
*533 53 (3) 


y» 

100087*2 

100168*2 

100174*7 

100217*6 

148803*8 

148858*3 

148887*1 

148043*2 

149025*3 

164996*6 

155078*2 

155127*0 

187368 

187431 


ClaRSifioation. 


u? t - 

«IV 

“V 

aP,- 

r i*iv-l4V; 

• IV 

aP l - 

ri »Pj- 1 ‘P/; 

«p,~ 

n>P„-l»V; 

<f p,. 

F 14V-pp/i 

ff p r 


ik 

if: 


-3 kV i 
-3 JfcP, 
-3 jfcP, 
~3*P 1# 
-3 IP, 


F PP t -J3%; 

, «P. 

14^—0 ®Si; 

a L\ 

ri®p 0 ^»s i; 

a p # 'l 
((IV 

. " Poi 


bH 
h S 
6S 

3 »D 1M 


• XX and classification by Bowen (‘ Phya. Rev.,* vol. 29, p. 231, Peb., 1927). 
t XX by Bowen and Ingram. Aligned to N II by authors from experimental behaviour. 


Term Notation. 

Pending a more general agreement as to the notation and numeration ol 
spectroscopic terms, it is necessary to explain the procedure which is followed 
in the present communication. A spectrum like that of NII, which is derived 
from singlet and triplet terms, could be effectively described by the use of 
the earlier notation, in which capital letters (9, P, D, etc.) were used for singlet, 
and small letters (s, p, d, etc.) for triplet terms. There is, however, a strong 
tendency towards the description of all spectra by the same generalised notation, 
and to use capital letters exclusively for the representation of term types.* 

In tins notation, which is adopted in the present paper, the multiplicity of 
the system to which a term belongs is indicated by an index number on the 
upper left of the term symbol, and the inner quantum number by a suffix on 

* This is the more necessary now as small letters ,», p, d, etc., are used by some authore 
to indicate the ii values of electron orbits. 
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the lower right. Thus, the P terms of a triplet system are represented by 3 P a> 
3 P l , 3 P 0 . So far, there will probably be general agreement, but the designation 
of individual terms or groups of terms is more debatable. In the spectra of atoms 
having more than a single valence electron, the occurrence of two or more sets 
of terms of the same type, which was revealed especially by the work of Russell 
and Saunders on the alkaline earths,* is emphasised by the recent theoretical 
developments. Thus, as is now well known, we may find numerous terms of 
each of the types S, P, D ..., which may be recognised as such by their respective 
contributions to Zeeman patterns, but not all of which have the same com¬ 
bining properties. Each class of terms is divisible into two groups, distin¬ 
guished by the use of dashes, as S, S'; P, P' ; D, D', and so on; the S, P, D... 
terms combine among themselves in accordance with the older selection ruleB, 
as do also the S', P', D' terms. The two classes of terms, however, inter¬ 
combine in accordance with the modified selection rule Ai — 0,f as for example 
P P', D D'; other previously unexpected combinations, such as P F', are also 
possible. Each group of terms may sometimes be further subdivided so as to 
indicate Rydberg sequences ; thus, one set of P terms constitutes the P sequence 
and another the P" sequence, while the P' terms may similarly be divided into 
P' and P'" sequences. According to the new theory, there is no difference at 
all between such P, P", P' or P"' terms, and the notation merely expresses 
properties which are more fundamentally indicated by electron configurations. 

The new theory indicates that in general the structure of the spectrum of an 
element does not depend solely upon a single electron, as in the earlier theory 
applicable to the alkali metals, but represents the resultant effect of all the 
electrons; or, since the resultant of the underlying electrons which belong to 
completed n k groups or “ shells ” is zero, the terms, or energy levels, are deter¬ 
mined by all the electrons which form parts of uncompleted shells. In the 
general case, a given configuration of electrons gives rise to a group of terms, 
differing in energy value among themselves (but not greatly), these differences 
being accounted for by the different orientations of the corresponding orbits. 
In the case of NII, the two electrons which are concerned in the proauction of 
at least the greater part of the spectrum are normally in 2 a orbits, and the 
corresponding theoretical terms are 3 P 0ia , 1 D a , 1 S 0 , which are completely specified 
by writing (2 a 2 a ) 3 P 0ia , (2 a 2 a ) l D 2 , (2 a 2 a ) l S 0 . The next set of terms, a P oia , 
1 P 1 , arise when one of the electrons occupies a 3 t orbit while the other remains 

* * Astrophys. J.,’ vol. 61, p. 38 (1926). 

f 1 indicates the term type, being 1 for 8, 2 for P, 3 for D, and so on. It is related to the 
vector sum of the k values of all the electrons which contribute to the speotrum. 

3 A 2 
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in 2 2 , and these may be similarly represented by (2 a 3 X ) 3 P 01g , (2 a 3 2 ) 1 P V Tran¬ 
sitions between the two sets of levels give rise to spectrum lines which may 
be represented by writing, for example, (2 a 2 2 ) 3 P 2 —(2 a 3 A ) l Y v In this notation 
there is no necessity to “ dash ” any of the terms, as the possibility of com¬ 
binations is already indicated by selection rules applicable to the electron 
transitions. These rules are as follows : — 

(1) Not more than two electrons make simultaneous transitions from one n k 
orbit to another. 

(2) The transitions are restricted to those for which Afc = ±1 for one of the 
electrons and Afc = 0, or ±2 for the other. 

(3) All combinations are further subject to the inner quantum selection rule, 

A j = 0, ±1, withj = 0 ~>j = 0 forbidden. 

Rydberg sequences would be formed from successive terms such as (2 2 2 a ), 
(2 a 3 a ), (2 a 4 2 ), and so on. 

While this notation undoubtedly conveys all necessary information with 
regard to the electron configurations, term types, possible Rydberg sequences 
and combination possibilities, it is very doubtful whether it is the most con¬ 
venient for general descriptive purposes. It seems to the writers to be un¬ 
necessarily cumbersome for writing and printing,* and to be less convenient for 
use in the actual analysis of a spectrum than the system mentioned above, in 
which the combination properties of the various terms are more readily per¬ 
ceived. In the present paper, the older notation has accordingly been adopted, 
but it will be a simple matter to convert this to the electronic designations, if 
desired. 

As regards the numeration of terms, the deepest term of each class has been 
numbered 1, the next deepest 2, and so on, in the case of terms which arise 
when only one electron is displaced from its normal orbit; terms which originate 
in the simultaneous displacement of both of the 2 a electrons are distinguished 
by the similar use of a, b, c for a sequence of terms of the same class, a being 
the deepest. 

The selection rules applicable to the adopted system of notation, as deduced 
from those which serve for the electron transitions, are as follows :— 

(1) Within one class of terms (t.e., u dashed ” or “ undashed ”) A l = ±1 
or ±3, the latter usually yielding only faint lines. 

* The existence of quintet terms, as discovered in the analogous spectrum of 0 III by 
Mihul ( l Comptes Rendun,* vol. 184, p. 80 (1027)), would still further complicate the electronic 
notation. 
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(2) Between the two classes A l = 0, or ±2, lines due to the latter transitions 
usually being faint. 

(3) Aj ~ 0, ±1, with j = 0 - k j = 0 forbidden. 

Predicted Terms of NII. 

For transitions of a single electron the terms predicted by theory are indicated 
in Table II. They have been deduced by the application of Hund’s rules, 
supplemented by data given by Laporte.* The unexcited atom of singly- 
ionised nitrogen has a structure similar to that of neutral carbon (atomic number 
— 6), and as shown in Table If, two electrons are in the K, or 1, group and 
four in the L group; two of the latter are in 2 t orbits, and two in 2 a orbits. 
The first four thus occur in completed groups [the number required to complete 
a group being 2 (‘2k — 1)J and only the electrons in 2 a orbits need at present be 
considered. 

In the first instance (Table II), one of the two outer electrons is supposed to 
remain in its 2 a orbit (i.e., Ak — 0 for this electron), and the table shows the 
different groups of terms which arise as the other electron occupies successively 
larger orbits. Usually, the deepest term of the group arising from a given 
configuration is that having the largest multiplicity and the largest l value, 
but this rule is not always followed in the case of NII, and other exceptions 
have been recorded. 

The predicted terms arc named so as to indicate the combining properties 
in accordance with the notation already described, and are also arranged to 
show the various Rydbergsequenc.es. Terms which have actually been 
identified are printed in heavy type. 

The predictions have aided in the analysis of the spectrum beyond that noted 
in the previous paper by indicating in the first instance the character of the 
deepest terms, and next by giving approximate values of unidentified terms and 
thence some idea of the location of multiplets arising from their combinations 
with terms already known. It will be observed that there is excellent agree¬ 
ment between observation and theory, so far as the comparison can at present 
be made. 

The “ core ” of the atom of NII is the normal state of the atom of N III 
and is similar in structure to the neutral atom of boron, having two l lt two 2 t , 
and one 2 2 electrons. The terms corresponding to this configuration are a P a 
and * 1 * 2 , of which the former is the deeper. AH the terms given in Table II 
are based upon these two states of the core, and from Hund’s rules it may be 
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determined which of the various sequences are based upon ^ and which upon 
»P,. Thus:— 

Based upon *P 2 state of core: 

•Sj' 3 P, 8P,' »P"' 0U ®D a 3 Dj' 3 D'" m SF* 3 F/ 3 G 5 ' 

Based upon 3 Pj state of core: 

3 D» 8 F M s r„HS'34. 

All singlets are based upon the 3 P S state of the core. 

It should be noted that the dashed and undashed terms of the previous paper 
have been interchanged, in order to make the probable deepest term of the 


Table II.—Predicted and 


K 

li 

L 

2, 2, 

M 

3, 3„ 3 a 

N 

4, 4j 4 3 4 4 

0 

5, 


Triplet Terms. 

2 

2 2 




2j 2, 

1*P 

o 

2 1 

1 



2.3, 

1 *P' 

2 

2 1 

1 



2. 3, 

1*D' 2 a P 1*8,' 

2 

2 1 

l 



2. 3, 

1 3 F' 1 *D 1 ®P'" 

2 

2 1 


l 


2,4, 

2*P' 

2 

2 1 


] 


2, 4. 

2*D' 3 *P 2*8/ 

2 

2 1 


1 


2. 4, 

2 »F' 2 *D 2 »P"' 

2 

2 1 


1 


2, 4, 

1 *G' 1 »F 1 *D"' 

2 

2 1 



i 

2 S 5j 

3 *P' 


*1 »P # 

238849 


\ J P 0 ' 

-=2 

89937 • 33 


1 *P 0 '" 

=3 

49908*75 


i *D/ » 72324-22 



50 




31-60 




- 28-06 

60-78 

1 *P| --■= 

238709 


1*P/ 

=3 

89005*73 


i *r," / 


49936-81 


1 = 72263-44 



84 



136-36 




- 51-80 

96-19 

1 *P 3 - 

238715 


1*P,' 


80760*37 


1 *P t "' 

= 

49088*61 


1 *D/ - 72167*25 

2 *P,-a 

08273*32 


2 *P 0 ' 


42305*61 


2 »P„'" 


28079*7 


2*D/ - 36131*76 



55-25 




51-79 




- 25-5 

60-92 

2 *P, » 

08238*07 


2*P/ 


42253*82 


2 »P,'" 


28095*2 


2*D/ - 36080*84 



52-57 



119-29 




- 46-1 

06*20 

2 »P, 

88170*70 


2*P/ 

— 

42134-53 


2 *P|"' 

“ 

28141*3 


2 *D,' « 35984*64 

3»P,- 

[35075] 


3*P/ 

SJ 

24634-3 


3 3 P/" 

S3 

[17968] 


3*D,' * [21620] 


3»P' « 24588 •# 


3*P,' = 24401-4 
4»P,' = [15980] 


127-1 


Identified by Bowen (see Addendum). 
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undashed type, in accordance with the conventional procedure. The older 
suffixes have also been replaced by inner quantum numbers, so that, including 
singlet terms, the relation of the earlier to the present notation is as follows 


Pa * 

l»p 0 ' 

Pi — 2 ®Po 

ii 

-e 5 

1 # D, 

Pi - 

1 a p/ 

Pi = 2 *P 1 

d a ' = 

1 3 D g 

Pi = 

l»p*' 

Pi = 2 a l‘ 2 

di - 

1 3 D S 

•» 

fV ~ 

2*p 0 ' 

d 9 = i a o/ 


1 %' 

il 

2 »P/ 

d 2 - inv 

P -r 

l »IY 

Pi - 

2»P,' 

il = 1 3 l) a ' 

s -- 





S* -- 

aw 

Observed Terms of NII. 





Singlet Terms. 


l *fv 


1‘S,' 

I’P,' 


2’D/ 


l’P, 2’S 0 ' 



PFV, 

ID, 

i ’py' 

2’P'j 


3’J) t 


2’p t 3 j ,y 



2’fry 

2VD a 

2 l Pj w/ 



l’G* l’F, PD,'" 







3’P/ 



Term Values. 


238849—147119 
89037— 89858 
74235— 60672 
52334— 48725 
42305— 40987 
36132 
28607 

24634 


1*0, 

- 51408*36 

2404 

1 3 frY = 52334*32 

$ 9-42 

I’P/ 


89657*90 

l‘D,'=-> 210000 


- 51384*32 

30-34 

l s frV «= 52274-90 

81-56 

2’P/ 


40987*42 

2‘D,' 74236-10 

I*i> 3 

- 51363*98 


I 'fry - 52103*35 


3’P/ 

* 

24018*7 

3‘D,' = [37270] 

2*1), 

- 28606*9 

e 

2 F/ - [28856] 


^Pi 


64633*77 

l l S,' - 147118-3 

2MJ a 

- 28580*4 

*0 



2 l P, 


[33753] 

2>!V ~ 00672-63 



35*6 






2 

- 28644*8 


PS/ - 69053*645 





3‘S,' -■= [32407] 

3 *D a 

= [18130] 


2 3 S/ - 36313 *9 


I’F/ 

— 

52168*02 ? 



3»S/ - [21570| 


I’D, - 51754*50? 
14Y" r 48725*55 
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Triplet Term Values. 

Although no long sequences of termsoccur in thespectnim of NII, it is possible 
to determine the absolute values of the terms with considerable accuracy because 
of the identification of three 3 P 3 P' multiplets which form a Rydberg sequence. 
Thus, we find 

2 3 P„ - l 3 P a ' - -21589*07 
2 *P a - - 2 3 P a ' — 26045-23 

2 3 P a — 3 3 P a ' - 43717-0 

Taking 109678*3 as the value of the series constant, R, these lines are repre¬ 
sented by the formula 

v = 68179*70 - 4R/[>« + 0-259020 — 0-096678/m] 2 

giving 

1 3 IY = 89769*37 2 3 P a = 68179*70. 

The remaining term values are then derived in the usual way from the com¬ 
binations in which they appear, with the results shown in the lower part of 
Table II * 

It should be noted that two successive Rydberg terms have been identified 
for 3 P"', 3 D', and 3 D. Formula; for these terms may accordingly be com¬ 
puted for purposes of extrapdation. Thus, we find 

m S S,' 4R/Lm + 0*465402 + 0* 177780/m] 2 

m 3 P i '" = 4R/[m + 0*918807 + 0-087336/m] 2 

m 3 D a ' - 4R/[m + 0*543799 - O-156426/m] 2 

m ®I) 3 = 4R/[ m + 0*915447 1- 0*014760/m] 2 

The correcting terms in these formulae are quite small, and if this be also 
true of the sequences of which only one term has been identified, roughly approxi¬ 
mate values of additional terms may be derived by the calculation of simple 
Rydberg formulae. Thus 

in 3 P = 4R/[w + 0* 536663]* 
m F*' r= 4R/[m + 0-899230J 2 

Terms which have been calculated from the formulae are included in Table 
II, where they are enclosed in square brackets. Combinations involving such 
computed terms, however, have not been traced, and it is evident that they 
must either be absent or very faint. 

The formula for m *P is of particular interest because the deepest of all the 

• If R s (>=109737) be preferred to R u (— 109678*3) all the term values should be 
inoreased by about 4 units. 
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terms is expected to be of this type. The formula gives for the first term of 
this sequence (m — 1) the value 185,780, as first pointed out by Laporte. This 
suggests the occurrence of a niultiplet 1 3 P 018 — 1 3 P' U12 in the neighbourhood of 
v 96,000 and a triplet 1 3 P 0l!fi — 1 J P/ in close proximity, since 1 *P' and 1 3 P' 
are but slightly different in value (see later). Bowen and Millikan* have 
already assigned a triplet to N II, on the ground of its separations and position 
in the spectrum, namely, according to the more recent measures of Bowen and 
Ingrain:— 


X 

V 

Av 

916-690 (4) 

109088-1 

84-0 

915-986(4) 

109172-0 

400 

915-595 (3) 

109218-6 



If this be taken as 1 3 r ol2 1 HYi the value of 1 3 P 0 would be 198,876, and 
the, corresponding ionisation potential would be 24*5 volts, in close agreement 
with the 24 volts estimated from stellar spectra.f 
There are, however, no indications in the published lists of nitrogen lines in 
this region, or in our own plates, of such an adjacent multiplet as would be 
expected. The photographs of this region given by Hopfield and Leifsonf 
also give no indications of such a multiplet. The above identification of the 
1 3 P 0 i 2 — 1 *P' triplet is consequently very doubtful; the multiplet would, indeed, 
be expected to be more intense than the triplet, as in the case of the multiplet 
1 3 P*oi 2 ~~ 2 ®P()i 2 an d the adjacent triplet l 1 ?' — 2 3 Pou( near *4640), It is, 
in fact, very doubtful whether there is actually a triplet of N II in the position 
given by Millikan and Bowen. Our own plates of vacuum tube spectra, both 
with strong and weak discharges, show only two lines, apparently agreeing in 
position with the two more refrangible members of the supposed triplet. Further, 
Hopfield and Leifson, who also used vacuum tubes, have similarly tabulated 
only these two lines [XX916-03 (2), 915*59(3)]. It may be, therefore, that the 
X 916*69 component of the supposed triplet is really a line special to the *‘hot 
spark ” conditions under which Millikan and Bowen’s photographs were taken. 

Further investigations of the spectrum in the region beyond X 830 (v 120480) 
thus appear to be necessary before final conclusions can be reached with regard 
to the deepest terms. From the available evidence, it would seem that the 

* * Phys. Rev.,’ vol. 24, p. 221 (1024). 

t R- H. Fowler and E. A. Milne, * Monthly Notioes R.A.S.,’ vol. 84, p. 400 (1024). 

{ * Astrophys. Jottrn.,’ vol. 58, p. 50 (1023). 
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1 *P— 1 X P' and 1 3 P — 1 *P* lines lie beyond this limit and that the value oi 
1 *P is greater than 210420 (=120480 + 89940); that is, the ionisation potential 
must be greater than 26 volts.* 

Triplet Combinations. 

The combinations arising from terms of the triplet system due to the changing 
orbits of a single electron are shown in Table III. The table includes the com¬ 
binations noted in the previous paper, but some of the wave-lengths have been 
revised, and repetition is also necessary on account of the amended notation. 

The terms are uniformly arranged in increasing order from left to right, and 
in decreasing order downwards in each group of similar type. Wave-numbers 
enclosed in brackets are computed values. Inverted terms are indicated by 
the negative signs of Av. 

On account of experimental difficulties, arising partly from the long exposures 
required for vacuum tubes with instruments of large dispersion, and partly 
from the instability of some of the wave-lengths, thero are slight differences 
in the values of the same terms derived from different combinations. The 
values deduced from the sets of measures judged to be the most trustworthy 


Table III.—Triplet Combinations. 


Term Values. 

1»P,' 

80769-37 

13G-36 

1*?/ 

89905-73 

,11 60 

i*iy 

89937-33 

Combinations. 

2 *P # 


08273-32 



21632-41 (7) 


1 

1 



35 -25 



35-25 




2 *Pj 

-s 

68238 07 

21531-30 (8) 

136-36 

21667-66(6) 

31-60 

21099-20(7) 

1 *p' . 2 *p 



68 37 

58’37 


5*-37 




2*P| 

-14 

08179-70 

21589*07 (10) 

136-30 

21720-03 (8) 




l*iy 


72324-22 

17445-14(2) 

136-40 

17581-54(8) 

31-56 

17013-10 (6) 




60-78 

60-82 


60-72 




l*Dg' 


72203-44 

17505-90(0) 

136-30 

17642-20(8) 



1 »P' - l *D' 



96 19 

96-16 






1 *JV 


72167-25 

17002-12(10) 






2*D/* 


36131*70 

[63037*0] 


[53774-01 


53807-7 (3) 




60 92 







2«D,' 

- 

30080-84 

53689-2 (2) 

137-1 

53820-3 (3) 



1 *P' - 2 »D' 



9620 

96-8 






2*1),' 

"■ 

35984-64 

53780-0 (5) 






1*8/ 

T 

60053-66 

19815*91 (8) 

136-36 

10952-06(6) 

31-62 

19983-08 (2) i 

1 *P' - 1 *S' 

2%' 

TV 

35313-9 

54455*5 (J) 

136-2 

54501-7 (0) 

31-9 

54623*0(00) 

j»p- —2*8' 


* Term values adopted from 1 ■F' — 2 *D'. 
* See Addendum. 
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Term Values. 

1*D.' 

72167*25 

96*19 

HD,' 

72203*44 

60*78 

HD/ 

72324-22 

Combinations, 

l*Di 

1*D, 

1*D, 

= 51408-32 
24*07 

- 51384-25 

30*34 

- 51353-00 

20783-00 (2) 
39*24 

20813-34 (6) 

96*18 

96*22 

20855-09(2) 

24*09 

20879-18 (5) 
30*38 

20909-50(2) 

60*85 

60*80 

20915*94 (4) 
24*04 

20930-08 (2) 

1 •D' — 1*D 

2*D,* 

2*D. 

2*D. 

- 28606-0S 

28-52 

- 28580-43 

35-63 
-- 28644-80 

143689-9 (2) 

43622-8 (2) 


[43656-5] 

t43683-8 (3) 

+43717-0 (4) 


+43717-0 (4) 

[43743*8] 

1 5 D' — 2 *D 

2 •P 0 / 

2*P/ 

2 , P|' 

- 42305-52 

$163 

- 42253-80 

11907 

- 42134-82 

30032-34 (4) 

96*38 

30009-52(3) 

119-20 

30128 -72 (2) 

60*85 

30018*70 (2) 
51*67 

30070*37 (2) 

[30189-4] 

1«D'-2’P' 

3 3 P 0 ' 

3 3 P/ 

3 J P,' 

- 24633-2 
45-9 
= 24687-3 
127$ 

== 24459-8 

47706-8 (6) 

97*4 

47676-7 (3) 
1-27-5 

47804-2 (3) 

60*7 

47691-0 (2) 
46*4 

47737*4 (2) 

[47864-4] 

1»D'-3 3 P' 

pf,' 

PF,' 

PF,' 

= 62334-32 
59*42 
zr 62274-90 

31 5$ 

- 52103*36 

10832*70 (0) 
59*67 

19892-33 (6) 
81*67 

19973*90(10) 

96*36 

96*24 

10926-12(5) 

59-15 

10088-57 (8) 

60*80 

19089-92(7) 

HD'-HP' 

1 

1 *p/" 

HP 0 "' 

- 40988-67 

-51-70 

- 49930-88 

-25*15 
* 49908-78 

22178-65 (3) 

96*04 

22274-60 (0) 
51*77 

22320-46 (2) 

60*98 

[22335-65] 

22387-44 (0) 
2S-00 

22415-44 (1) 

1»D' - 1 *P'" 


* Term values adopted from 2 *P — 2 *1). 
f Supeiposed on lines of 2 *P — 3 3 P'. 
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Table III—(continued). 


Term Values. 

2>p 

68179-70 

58-37 

2'P, 

68238-07 

35-25 

2*P, 

68273-32 

Combinations. 

I'D, 


51408*40 

16771*27 (0) 

58-39 

16829-66 (2) 

35-29 

10864-95 (4) 




24-01 

24-06 


24-00 




1*1). 


51384*39 

16795*33 (3) 

58-33 

16853 66 (7) 



2 *P — 1 *D 



30*32 

30-30 






1*D 3 

— 

51354*07 

16825-03 (8) 






2*1), 


28006-9 

[39572-7] 


39631*1 (1) 

35-3 

39666-4 (2) 




26-5 



26 -7 




2*1), 

=s 

28580*4 

39599*1 (1) 

5H’7 

39057*8 (3) 



2 *P — 2 *1) 



35*6* 

35-8 






2*1)., 

— 

28544-8 

39034*9 (4) 






2 My 


42305-69 



25932*48 (2) 






51-15 



51-89 




2 My 

— 

42253*84 

25925*81 (3) 

58-56 

25984-37 (3) 

35 03 

20019*40 (3) 

2>P -2 3 P' 



119-40 

119-42 


119-28 




2»P/ 

- 

42134*44 

20045*23 (5) 

58-42 

20103 05 (3) 




3 My 


24035-3 



43002-8 (1) 






45-7 



45 9 




3"P l ' 

= 

24589-6 

43589*9 (2) 

58-8 

43048-7 (1) 

35-1 

43683-8 (3) 

2 *P — 3 *P' 



126-7 

127-1 


126-3 




3*P/ 

- 

24402 9 

43717*0 (4) 

58-0 

43775 0 (2) 




1 nv" 

r 

49986*71 

18191*00 (5) 

58-35 

18249*35 (2) 






-51-80 

51-79 


51-81 




1 ny w 


49036*91 

18242*79 (3) 

58-37 

18301-16 (3) 

35-25 

18330-41 (2) 

2 | p-l®p'" 



- 28-05 



28-05 




1 *p/" 

~i 

49908-86 



18329-21 (2) 




2*P/" 

_ 

28141*53 

40038-0 (4) 

58-7 

40096-7 (0) 






-45-77 

45-8 


45-9 




2*P/" 

_= 

28095*76 

40083-8 (1) 

58-8 

40142*0 (2) 

34-8 

40177-4 (0) 

2 *P - 2 *P"' 



- 25-29 



25-0 




2 *P 0 '" 

-=3 

28070*47 



40107-0 (1) 





Term Values. 

1 MV 
52103-35 

81-55 

in?/ 

52274 90 

59-42 

1 >K/ 
52334*32 

Combinations. 

2 My r: 36131-70 

50 92 

2 M),' =- 36080-84 

96 20 

2 MY ~ 36984-64 

10208*71 (4) 

81-7 

10194-06(3) 

96-3 

10290-4 (0) 

59-2 

16202-66(1) 

50-7i 

16253-3 (0) 

[16349-8] 

l»F' -2>D' 
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Table III—(continued). 


Term Values. 

1 *H» 
51353-08 

I'D, 

30-24 51384-32 

l‘D, 

24 04 51408-30 

Combinations. 

2*D,' - 30131-76 
60-92 

2*D,' - 30080-84 

*15274-2 (0) 

[15252] 

15302*7 (1) 

*15274-2 (0) 

15327-8 (0) 

1 *D — 2 •])' 

96-20 

2'D,' = 35984-04 

15308-8 (2) 

15309-3 (0) 



* Ubud twiris 


3 S' 3 P' Combinations. 




(1 

09953*66; 

2 3 S/- 

35313 

•9.) 


PP/ 

- 1 *S/ : 

= 19815-71 (8) 


1 *S/ - 

1 3 P/" 

= 19905-22 (7) 



no-r> 



- 51'HO 

i «P/ 

-1 %' - 

19962-05(0) 


PS/ - 

i «p/" 

-= 20017 02 («) 




31 62 



-2S'02 

PP 0 ' 

-PS/ = 

-- 19983 08 (2) 


1 a N/ - 

1 3 P 0 '" 

20043-04 (4) 


1 3 P/ 

— 2 *S/ = 

= 54455 5 (1) 






i ny 

— 2 *8/ - 

- 54591-7 (0) 






pp/ 

— 2 *8/ 

54023-6 (00) 






l’S/ 

— 2 *iy - 

- 27647-94 (1) 


1 3 S/ - 

2*P/" 

= 41812-5 (2) 



31‘99 



—46*5 

PS/ 

— 2 3 P/ - 

. 27699*93 (2) 


1 3 S/ - 

2 3 P/" 

= 41850-0 (1) 



119'41 



-25-8 

1 *s/ 

~ 2 *P,' = 27819-34(3) 


1 %' - 

2 3 P/" 

41884-8 (0) 


1 %' 

-s , iy- 

-[ *i 






PS/ 

-:pp/ = 

= 45383-0 (1) 


1 *8/ * 

PDi 

= 18509-0 (0) 





1263 




PS/ 

- 3 ■!’/ = 

= 45480-9 (2) 







* Masked by »line at 45314-7 (3). 


have usually been adopted, but, other things l>eing equal, the means of the 
different values have been taken. Thus, in Table III the adopted values of 
the terms are given at the top and on the left for each combination, while the 
observed values are given for the corresponding lines. The agreement between 
the observed and calculated values is, in general, very satisfactory, except for 
some of the fainter lines in the far ultra-violet, where special difficulties are met 
with in the choice of standards, and errors of measurement are greatly magnified 
in conversion to wave-numbers. 
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Singlet Terms. 

Although there are several strong lines which evidently do not form part of 
multiplets, the identification of the singlet terms is much more difficult and 
uncertain than that of the triplets, for which indications are furnished by the 
recurrence of separations. The expected 1 1 P 1 ' term, however, appears to be 
certainly indicated by its combinations with 1 3 D' ia , 2 ®P 012 and 1 * 82 ' to which 
attention was directed in the previous paper, namely 

1 — 1*0/ = 17333-95 (3) 1 *P/ = 89658-18 

60-74 

1 *P/ - 1 17394-69 (4) 1 *P/ « 89658-13 

1 1 P 1 ' - 2 3 P 0 = 21384-50 ( 2 ) 1 *P/ = 89657-82 

35-28 

1 >P/ - 2 3 P t = 21419-78 ( 2 ) 1 *P/ « 89657-85 

58-49 

1 >P/ - 2 3 P 2 = 21478 -27 ( 2 ) 1 *P/ = 89657-82 

1 »P/ - 1 a S/ =, 19704-39 (3) 1ip/ =- 89657-82 

Mean 1 *P/ = 89657-96 


The value thus deduced for 1 U*/ is of the expected order of magnitude (that 
is, not very different from 1 S P), and no other term would be appropriate to all 
the combinations observed. 

Other singlet terms are indicated by the occurrence of certain strong pairs of 
lines having the separation 1 *P/ — 1 VP/; that is Av = 89905-73 — 89657-96 
= 247 -77. In association with two of these pairs there are other lineB showing 
a separation of 237-7 from the second members of the pain. Particulars of 
these lines, with the suggested singlet terniB which give rise to them, are as 
follows:— 

(I 3 ?/ = 89905-73) 1 »P/ = 89657-96 

15422-92 ( 8 ) = 1 »P/ - 2 l D/ 'l 

247-65 V2»D g ' = 74235-10 

15670-57 (5) = 1 «P/ - 2 J D/ J 

237-71 

15908-28 (3) = 1 VPt - 1 ip/" 


25024-27 (10) = 1 »P/ - 1 »Pj "l 

247-61 VI J P X = 64633-77 

25271-88 (6) = 1 a P/ - 1 ip t J 

• 237-62 

25509-50 (6) = 2 *DJ - 1 ip/" 


lip/" = 48725-55 
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29085-46 (6) = 1 V/ - 2 M3 0 ' 'I 

247-71 }-2 My 60572-53 

29333-17 (3) =■ 1 «P t ' - 3 M3 0 ' J 

*57213-0 (8) = 1 MS 0 ' - 1 V/ 

247-9 Vl 1 S 0 ' = 147118-8 

*57460-9 (5) - 1 My - 1 »iy J 


While this assignment of terms should perhaps be regarded as provisional, 
the correlation with the corresponding theoretical terms may be considered 
satisfactory. The identification of the 1 1 P 1 ' term seems to be beyond question, 
and evidence in favour of the suggested identification of 2 1 D a ' is afforded by its 
combinations with 1 a F' and 1 3 D. Thus 

2 Hy = 74235 • 10 2 *D a ' = 74235 • 10 2 ‘IF, 74235 • 10 

1 3 F 3 ' = 52274-90 1 a F 3 ' = 52334-32 J 3 D 2 = 51384-32 


Calcd. 21960-20 
Obsd. 21959-82 (Bn) 


21900-78 22850-78 

21900-74 (In) 22850-74(0) 


These combinations would not be appropriate to either 1 1 P I or 2 MS,,', which 
belong to the same group of levels arising from the electron configuration 
(2 a 3 2 ). It will be observed that the suggested 2 1 D a ' term is larger than either 
of the 1 3 D' or 2 3 P terms of the same group, and would accordingly not follow 
the more general rule that a term of greatest multiplicity is the deepest of a 
group. Extrapolation by a Rydberg table gives 1 1 D 2 ' about 214,000, while 
the extrapolated value of 1 8 P is considerably smaller. There are, however, 
theoretical reasons for supposing that l 8 P must bo the deepest term of the 
spectrum, and it is probable that these simple extrapolations do not lead to the 
correct relative values of the deepest terms. A small negative correcting term 
(say, 0-012/m) in the formula for 1 D 2 ', and a somewhat larger negative term 
(say, 0*236/m) in that for a P, would suffice to make both 1 3 P and 1 MD 3 ' larger 
than 214000, with 1 3 P > 1 3 D\ There would be nothing unusual in such cor¬ 
recting terms, but, as already pointed out, the question as to which is actually 
the deepest term of the spectrum cannot be settled until more detailed observa¬ 
tions have been made in the region beyond X 830. 

In the assignment of the 1 1 P l and 2 My terms, Hund’s rule for the deeper 


* From Bowen and Ingram’s measures. 
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term was applied in the first instance. Adopting 2 * 80 ' — 60572*5, a simple 
Rydberg extrapolation gives 1 X S 0 ' = 146060, which at once indicates the strong 
pair of lines at 57213*0, 57460*9 as l l 8 0 ' — 1 3 P 1 / and 1 1 S 0 ' — i l P x respec¬ 
tively. The 1 S 0 / terms may accordingly be represented by the formula 

w*S 0 ' = 4R/[m + 0*655626 f 0*071230/m] a 

which is again remarkable for the small value of the correcting term. Extra¬ 
polation by this formula gives 3 l S 0 ' ~ 32406*6, but the corresponding com¬ 
binations with 1 1 P 1 / and 1 3 P/ have not been found. 

So far as the above observed combinations are involved, 2 X S 0 ' might have 
been interchanged with 1 l V x . But if 1 1 V 1 (- 64634) were to be taken as 2 1 S 0 ', 
the extrapolated value of the deepest term of this type would be about J 70000, 
and a pair of lines with separation 247 ■ 7 would have been expected in the region 
about v 80000. The fact that no such lines have been observed, although well 
within the range of observation, is strong evidence that the 2 1 S 0 / and 1 1 P 1 
terms have been correctly allocated. 

The 1 1 P" / term indicated above has been chosen as such in consideration of 
its appropriate magnitude. 

Attention should be directed to the fact that in the above scheme, some of 
the combinations which are possible according to the familiar selection rules 
do not appear in the spectrum. Thus, there are no indications of 1 3 P a ' — 2 x D a ', 
or of 1 3 P 0 ' — 1 1 P 1 , 1 3 P 2 ' — 1 l P v Corresponding lines in the analogous 

spectrum of Sil are also weak or missing. While this may throw some doubt 

on the identification of the singlet terms in question, there is apparently no other 
evidence of the existence of such terms as theory indicates. 

Other combinations involving singlet terms already mentioned are as follows : 

1 * 8 / - 1 V/" = 21227*98 (1) 

1 x Pj - 1 Wf' - 15908*28(3) 

Additional combinations were identified by trial of extrapolated values, 
namely 

2 1 S 0 ' - 2 1 P 1 / = 19585*30 (2h 
2 *D a ' - 2 *P, # « 33247*67 (7) V2 l P/ = 40987*42 

lip x _ 2 1 P 1 / = 23646*16 (3) J 

Two other possible combinations, suggested by a consideration of the probable 
magnitudes of the 1 X F 3 ' and 1 x D a terms are as follows :— 

2 x D a ' - 1 X F 3 ' = 22067*08 (5) 1 ^ a 52168*02 ? 

2 J D a ' - 1 x D a = 22480*60 (10) 1 *D a = 51754*50 ? 

Numerous singlets remain unidentified. 
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Double Electron Transitions . 

Groups of lines, or multiplets, have been found in which the separations have 
nothing in common with those of the terms already considered. It does not 
seem possible that these can form part of the theoretical scheme of terms due 
to the changing orbit of a single electron, and it is probable that they are to 
be attributed to simultaneous transitions of two electrons. The theoretical 
predictions for some of the terms which may arise in this way are shown in 
Table IV. 

Table IV.—Predicted Terms for Double Transitions. 


K 

l. 


n 

D 

■ 

Terms. 

KhU mated 
relative 
values. 



2 

i 

(3,3.) 

a'S' 

0 



1 X 


(3,3.) 

a»P% 

- 20000 



1 1 


(®i 3,) 

a*D\a'D' 

- 42000 

1 


1 

1 

(3,4.) 

h a *S' 

- .50000 



2 


(3.3.) 

a*P, a l D"\ a l S'" 

42000 



1 1 


(3.3,) 

a # F', a *D t a*P"' t a 1 F\ a’D, a >P"' 

— 04000 



2 


(3,3,) 

a ■F, a ®P", a ’G', a'D'"", a ’S'"" 

- 80000 


The terms are dashed or undashed so as to conform with the selection rules 
for possible combinations with the terms of Table II. The first term of each 
class is indicated by the prefix a and the second by b. a l S', a l S"' and a l S""', 
for example, are the first of three different sequences of J S' terhis, while a *S', 
6 1 S / are successive members of the same sequence. 

As no intercombinations with the previous set of terms have been found, the 
values of the above terms cannot yet be stated with any precision. Roughly 
approximate estimates of the differences between the different groups, however, 
may possibly be deduced from the values of the terms already known, and such 
estimates may be of use in indicating the parts of the spectrum in which com¬ 
bination groups of lineB may be expected. For example, as shown in Table II, 
the configuration 2 a 3 3 gives the 1 a D' group of terms, while 2 a 3 a gives the group 
beginning with 1 8 F # ; so that, taking rough means, the work required to con¬ 
vert the 3 a electron to 3 S is represented by 70,000 — 50,000 = 20,000. Similarly, 
referring to Table IV, the configurations 3 a and 3 t 3 a give the a 3 P / and a *D' 
groups respectively, and if the work required for the change from 3 a to 3 a 
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were the same as in the previous case, we should have a 3 P' — a 3 D' of the order 
of 20000. On account of the reduced screening effect of the electron as 
compared with the 2 a , however, this difference would be increased, say to 
22000. Other differences for the term groups have been estimated in a similar 
manner. 

In view of the uncertainty with regard to the 1 3 P term, no attempt has been 
made to estimate the actual values of the double-transition terms. The esti¬ 
mated relative values given in the last column of Table IV are accordingly 
referred to a 1 S' taken as zero. These will serve equally well in attempts to 
correlate observed multiplets with the theoretical terms. [Bowen’s value for 
1 3 P (see Addendum) suggests that a 1 S' may be of the order of — 80000.] 

Three multiplets which are inter-related are shown in Table V, with the 
types of terms suggested by the above considerations. Besides these, there is 
a fairly strong isolated multiplet of rather nebulous lines beginning at X 2897 
(v — 34502), and probably another beginning at X 4073 (v = 24544); these 
have been named A and B respectively for convenience of reference. 


Table V.—Double Transition Multiplets. 



o*P 0 ' a*P,' «»P,' 

— 25759* 10 56-23 -25815 13 70 6.1 -25885*74 

a *8,' — -aooow-oo* 

24240*90(1) 56-03 24184*87(2) 70-61 24114*20(3) 

• AsHumod relative value. 


a MV <**».' «>!>,' 

-43940*53 53-39 -43892*04 43-13 -43849*51 

«*P.' ---25759 10 
56 2.1 I 
a»P,' — — 25815 • 13 
70-03 

a>P,' =. -25885-74 

18090*41(2) 

56-23 

18077*29(4) 43-11 18034*18(3) 

70*50 70-67 

18000*57(5) 53-87 18000*70(3) 43-10 17963*51 (0) 

a •K l / ~ -63173*80 
33'73 
——63207-63 
40 52 

a*F/ =-63248-06 

19227-17 (00) 53 99 19281-16(2) 43 23 19324-39(2) 

3374 33 82 

19260-91 (2) 54*07 19314-98 (3) 

40 61 

19301-52 (6) 


MultipUt A. 

34648-9 (6) 

91l 

34667-8 (4) 157 $ 34716-3 (4) 

65-3 54-4 

34602*6 (3) 153 4 34660-9 (2) 79 4 


34740-3 (2) 
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Table V—(continued). 

Multiple B. 

24737 *39 (5) 

192 59 

24544*80(2) 230-82 24775*02(4) 

51 77 

24723*85(3) 107-17 24831*03 (3) 


Addendum. 

Since the foregoing account of our work was completed, an important paper 
on the extreme ultra-violet spectra of carbon, nitrogen, oxygen, and fluorine 
has been published by S. I. Bowen, of Prof. Millikan’s Laboratory, at Pasa 
dena.* The work of Dr. Bowen is remarkable for the high resolution and 
precision of wave-lengths which have been attained in this difficult region, 
and for the classification of many of the lines of the elements in question at 
different stages of ionisation. In the case of N II, Dr. Bowen has amended the 
values of the 1 3 P' terms (3 k P in his notation), and thence of some of the remain¬ 
ing terms, in the manner already explained in the present communication, 
and has identified the deep 1 3 P (a P) terms through their combination with 
1 3 P'. Thus, adopting the values of I 3 P' from Table II, in place of 93000 
assigned to 1 3 P a by Bowen, the multiplet 1 3 P — l 3 P' is as follows : — 


Bowen'* a P~> 


1 ‘P, I a P, 1 *P f 

238716 84 238800 50 238850 


Bowen’s 

3JtP 


'1 

■p.' 

=* 89937*3 



31 6 

- 1 

•p,' 

~ 89905*7 



136 * 3 

.1 

•Pi' 

89769*4 


148858 (2) 
29 

148804 (2) 83 148887 (1) 

139 138 

*148943 (3) 149025 (2) 


*148943 (3) 


* Used twice. 


The term l S P is thus shown to be greater than 210000, as we had anticipated, 
and although somewhat greater than expected, there can be little doubt that 
the term has been correctly identified. As already pointed out, the triplet 
1 *P — 1 *P' would also be expected near the above multiplet, but this does not 
appear in Bowen’s list, which, however, only includes lines classified by him. 

In the discussion of his observations, Bowen has shown the importance of 
a group of terms which arises when one of the 2 t electrons is displaced to a 2, 
orbit; that is (omitting the K electrons), from the configuration (2,) (2,)*, or 

* • Phya. Rev.,’ vol. 20, p. 231 (Feb. 1027). 

3 B 2 
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sjp in the notation adopted by Bowen. For this configuration the theoretical 
terms, distinguished by the prefix 6, are 

»P, *D, 8 8, 3 P, 3 D, 5 S, 

or, in the notation of the present paper, 

ip/, 1 D, *B, 3 P', *D, 5 S. 


To avoid confusion, the prefix b of Bowen will be replaced by p. 

In addition to the combinations given by Bowen, a few others have been 
noted among the lines occurring in our list (Table I). One of them provides 
an interesting check on the values of the p 3 D terms, and thence of 1 3 P. One 
of Bowen’s multiplets may be constructed as follows, wave-numbers in square 
brackets being calculated from the known separations of the 2 *P terms of 
Table Wr ¬ 


Bowen's b J)-> 

S*I), 

146607-8 


fl* 1), 
146607-0 

-10 4 

a # i>, 

146607-4 

= 08273*3 

tosiwAvi’a 35-2 

<2^ = 68238-1 

2»P t 68179-7 

1 

78324-6(2) 

[*r-s] 

178389-71 

f M*\ 

178418-1] 

[0-81 

[0-8] 

78368-0(3) 
iSS* J 
[78417-3] 

[-10-4] 

78427-7 (4) 

An additional multiple! from our own 

list of lines, taking values of 1 3 D' from 

Tabic 11, may similarly be represented 

as follows:— 




146595-8 

-0-5 

*»1>, 

146596-3 

-10-6 

0-D. 

146606-9 

1 •!>,' - 72324*2 

60 8 

1 ■©,' = 72263-4 
96'2 

1-D,' _ 72167-2 

74271-6(1) 

[60-8] 

[74332-4] 

(-0-6] 

1-0-6] 

(74272-1J 
[60*3] 
74332-9(2) 
[00-2] 
[74429-1] 

[-IO-fl] 

[-10-6] 

[74343-6] 

[96 2] 
74430-7 (3) 


it will be seen that there is a close agreement between the two sets of values 
of p *D, and the mean values may accordingly be adopted, namely:— 


P »D, = 146596*8\ 
p 3 D, = 146596-7 J 

P 3 D, = 146607-2 


Not resolved 
- 10‘5 


These terms may next be used to obtain another set of values of 1 3 P tlt 
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through the combination 1 3 P — (3 S D. Using Bowen’s wave-numbers, with 
which our measures are in good agreement, the multiplet is as follows:— 


Bowen’s 6 D-> 

S'O, 


e'D, 


*.*!>, 


148598 7 

0 

148598-7 

-iO -5 

148607-2 

'1 »P, -*238849-1 

Bowwi’e ^ [ fp ^ 238799-5 
“ P 84-3 

1 'P, = 238715-2 

92252*4 (6) 
l 49-6] 
[92202-8f 
[M’J] 
[92120*11 


92202*8 (7) 
82‘7 

92120*1 (2) 

-13 7 

92100*4 (8) 


The values of 1 3 P thus obtained are in striking agreement with those derived 
directly from 1 3 P — 1 3 P' and clearly indicate the great accuracy of Bowen’s 
measures. 

Other combinations given by Bowen, using mean values for 1 3 P, are as 
follows:— 


Bowen's a P-> 

i*p. 
238715 8 

i»p ( 

84-1 238799 7 

49 8 

i’p. 

238849-5 

Bowen’s b S; $ *8,- 83721 -4 

154995-5(51 

82-7 156078-2 (5) 48 8 

155127 0 (4) 

Rjl«juiV f 1,D i = 51408-4 
• n « 1*I>. - 51384-3 
9nl> |_1 *D S = 61354-0 
Observed 

[187307*2] 
[187331*3] 
[187361-ft] 
187368 (3) 

[187301-3] 

[187415-4] 

187431 (3) 

[187441*1] 


The agreement between the calculated and observed values of 1 3 P — 1 *D 
is as good as can be expected in this part of the spectrum, where l Angstrom unit 
represents about 360 units of wave-number. 

Another multiplet indicated by Bowen represents the combination 1 *P— (3 *P'. 
This involves the group of lines about X 916, in which our own photographs of 
the NII spectrum fail to show Bowen’s line at X 916-698 (8) (v — 109087-2). 
Bowen’s classification of this group may be represented as follows: 


Bowen's a P-* 

1*P. 


1»P, 


1-P 0 


238715-6 

841 

238799*7 

49 8 

238849*5 

fB*P/ 129625*0 

Bowen's < —5*5 

6 P 129630*6 

109087*2(8) 

81 0 

109174*7 (6) 

6 5 

109168*2(6) 

49 4 

109217-6(6) 
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The absence of the line 109087 from our NII spectrum throws considerable 
doubt on this identification of the (3 *P' terms, but some support is afforded by 
other combinations apparently involving f3*P' which are not included in 


Bowen’s list, namely:— 

£ *p ' 

129626-0 


-5 0 

$ *P \t 

1206306 

l 

2-P, - 68273-3 

2M», 08238-1 

[613869] 



[61357-3] 
61355-0 (0) 
[61302-5] 

_ . M 

2*P, =. 68179-7 

..... .... . . ... J 



61386-6(1) 

[61450-9] 

61447-0(1) 

1 *8,' =- 00963 -7 

[59071-3] 



[50676-0] 

_ j 


5967^9 (5) 

1 M>,' ■= 72324-2 

1 MV = 72203-4 

1 MV « 72107-3 

[57300-8]* 



[57306-4]* 

[57367-2] 

57306-1 (2) 
[57463-3]t 


* Masked by N I 57208-1. 
t Masked by NII57460-9. 


The calculated wave-numbers of possible lines are enclosed in square brackets, 
and it will be seen that there is a fair agreement with the observed values. It 
should be noted, however, that a singlet term, which might be (3 1 P 1 ', would 
represent the observations almost equally well. Observations of these lines in 
higher orders of the grating will probably throw further light on the characters 
of the above multiplets. 


In continuation of a previous investigation of the spectrum of ionised nitrogen 
(NII), observations have been made over the range X 6886 to X 830. Of 340 
lines recorded in this region, about one-half have now been classified; and of 
the remaining lines more than 100 are very faint. The spectrum is built up 
from triplet and singlet terms, the absolute values of which have been deter¬ 
mined, with the aid of a sequence of three 8 P' — *P multiplets. 

The scheme of terms deduced from the Heisenberg-Hund theory of complex 
spectra has greatly facilitated the analysis of the spectrum, and the results are 
in excellent agreement with the theory. Of the 19 deepest terms predicted 
by the theory for transitions of a single electron, complex terms being counted 
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as one, all but one have been identified. The term 1 3 P 0 recently identified by 
Bowen from a multiplct at X 671, is probably the deepest, its value being 238850, 
corresponding to an ionisation potential of 29*5 volts. 

A few multiplefcs which appear in the spectrum are attributed to double 
electron transitions. 

The authors are indebted to Mr. E. W. H. Selwyn for some excellent photo¬ 
graphs taken with the vacuum spectrograph, and to Mr. It. H. Fowler and 
Mr. D. It. Hartree for valuable guidance on certain theoretical questions. 

DESCRIPTION OK PLATES 47 and 48. 

Plate 47.—This is intended to give a general view of the spectrum of N II between X 6000 
and X 3000. The photographs were taken with a glass spectrograph of moderate dis¬ 
persion. It should be noted that the short lines at the bottom of the first strip repre¬ 
sent a comparison spectrum of iron. Lines due to N III or to a slight impurity of 
oyxgen are indicated, as are also the weak bands due to nitrogen (6). 

Plate 48.—(a, b ) Nitrogen vacuum tube, quartz spectrograph, X 3900—X 2300. Weak 
discharge, favouring development of NII. (c) Nitrogen tube, vacuum spectrograph, 
X 2200-X1650 ; 1st order only. Shows some lines of N III in addition to the lines of 
N II. (d) Nitrogen tube, X 2200 \ 1650 in 1st order, and X 1100-X825 in 2nd order, 
(e) Same as (d), but with stronger discharge. (/) Enlargement of 2 *P — 2 ’D group 
X 2520-X 2524. (g) Group at X 5007,3rd order 10-feet concave grating, showing resolu¬ 
tion of X 5001. (X) Enlargement of 2 *P — 1 *D group, X 5928-X 5961, 1st order 10-fcet 
grating. 
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The Rigidity of Solid Unimolecular Films. 

By H. Mouquin and E. K. Rideal. 

(Communicated by G. I. Taylor, F.R.S.—Received December 8, 1926.) 

1. Introduction. 

On evaporation at low temperatures of a benzene solution of palmitic or 
stearic acid on the surface of water an apparently solid film is left. The 
experiments of I. Langmuir and N. K. Adam have shown that these films are 
unimolecular in character, and inasmuch that they possess a fairly well defined 
melting point, although this varies with the acidity of the underlying solution, 
we may regard these films as unimolecular sheets of orientated solid acid. 
Anyone who examines these films even superficially cannot fail to notice their 
exceptional strength, all the more extraordinary when we consider their extreme 
thinness. Whilst the compressibility of such films, a property which can be 
readily determined by examination of the slope of the force area curve obtained 
with the well-known Langmuir trough apparatus, does not present any unusual 
features, being of the order anticipated for a hydrocarbon, yet we may expect 
that the coefficient of rigidity will be unexpectedly high. It seemed a matter 
of some importance to attempt to measure the rigidity of such films, by apply¬ 
ing a suitable torque and determining the displacements effected, a method 
suggested to us by Prof. G. I. Taylor. 

In our preliminary experiments we endeavoured to employ a simple static 
method of placing a disc at the centre of a large circular film and applying 
torsion by means of a torsion head and wire on the disc to which a mirror is 
attached. We have to express our thanks to Prof. G. I. Taylor for the loan 
of an excellent and finely-calibrated head for this purpose. After numerous 
attempts with various modifications of the method we were reluctantly com¬ 
pelled to abandon it. The results were invariably the same; on applying a 
small torque to the disc no motion was visible on the image of the mirror attached 
to the disc. If the torque be increased the film is ruptured and the disc breaks 
loose and slips, generally forcing itself entirely from attachment to the film. 
Even with discs coated with wax or corrugated and milled on the circular edge 
no better results were obtained. Evidently the grip on the disc being only of 
one molecule thick is not sufficient to hold the slightest movement on the 
part of the shearing disc. 
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2. Experimental Method. 

The following method was then devised which enabled us to apply indirectly 
a tangential force to each point on the whole surface of the film. It consisted 
essentially of rotating a disc immediately under the surface of the film, thereby 
exerting a drag on it through the intermediary of the viscosity of the water. 

Two experimental difficulties in this experiment had to be overcome. It 
was found advisable to rotate the disc by means of a rotating spindle through 
the centre, as any superfluous mechanism in the body of the water greatly 
increases the risk of contamination of the water surface. The disc with its 
spindle being of solid brass was easily kept clean, and the introduction of the 
spindle produced no appreciable error in the results. To eliminate any direct 
drag that might be caused by the spindle it was coated with a thin coating of a 
high boiling point non-spreading paraffin oil, and as an added precaution a 
small wire was passed round it in order to form a ring of free surface around the 
spindle, and thus to prevent any possible chance of sticking before each experi¬ 
ment. The other problem was to fasten the edge of the film securely to the 
edge of the round porcelain dish employed. This adhesion could be effected 
in one of two ways. A satisfactory union was obtained by coating the sides 
of the dish with solid paraffin freed from capillary active impurities, and intro¬ 
ducing the film forming solid in the form of a benzene solution. The slight 
excess of benzene on the surface partially dissolves some of the solid paraffin 
on the edge of the vessel, and on evaporation firmly attaches to it the main 
area of the unimolecular film. This method presented a serious difficulty in 
that it took an extremely long time for the film to acquire its maximum rigidity, 
constant values could only be obtained in some cases at the end of the second 
day after evaporation of the benzene. It appears probable that the elimina¬ 
tion of the last traces of benzene from the underlying water and from the 
interstices between the orientated hydrocarbon chains by evaporation is in 
reality a very slow process. The method filially adopted was the more simple 
one of raising the temperature of the water above the melting point of the fatty 
acid used, which was present as a small crystal on the water surface and allowing 
it to solidify after it had formed the unimolecular film whilst in the liquid 
state. The experimental arrangement is depicted in fig. 1. 

The apparatus consisted essentially of a porcelain glazed circular beaker 
14 cm. in diameter provided with lagging, a small glass enclosed regulator 
controlled heating coil and constant level arrangement. The rotating disc 
10 cm. in diameter provided with a stout 1-em. spindle was rotated underneath 
the surface of the liquid in the beaker at a constant speed. The drive was 
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effected by means of a geared down electric motor running under conditions of 
controlled power consumption. 

The distance between the water surface and the revolving disc is measured 



by means of a spherometer, the disc being levelled with the aid of glass floats 
on the water surface and suitable levelling screws. In the experiments it was 
found convenient to separate the surface of the water on which the film is 
spread from the revolving disc by about 1 ■ 5 mm. The method of conducting 
an experiment is as follows. After thorough cleansing of all the apparatus the 
dish is filled with N/1000 hydrochloric acid prepared from grease-free and 
freshly boiled'* distilled water. The rotating disc is lowered underneath the 
free surface of the water on which is now placed a small crystal of the acid under 
investigation. The crystal is allowed to melt by raising the temperature of 
the water, and on cooling a rigid unimolcculax film of the acid is formed on the 
free surface of the water and is found to be frozen firmly to the sides of the 
vessel. Care is taken not to have too great an excess of the fatty acid present 
as the numerous islands thus formed materially increase the rigidity of the whole 
layer. As has already been indicated in order to obtain reliable results it is 
necessary to ensure a free spindle, a continuous adhesion of the film on to the 
edge of the vessel and finally 'a uniform unbroken and uncontaminated film. 

The speed of the rotating disc and the depth of immersion are governed by 
the necessity of ensuring a sufficiently slow speed not to cause excessive tur¬ 
bulence at the edges or create a parabolic depression of the water surface, and 
at the same time to obtain a reasonable displacement which is well within the 
elastic limits of the film, that ib, it returns to zero after stopping the shearing 
force. Displacements were measured by observing small dust particles on the 
surface of the film through a microscope provided with an eye-piece containing 

* If unboiled water be employed bubbles of gas disengaged during the subsequent eleva¬ 
tion of the temperature readily fracture the films. 
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a graduated scale of 1 division — 0*10 mm. When the disc is stopped the 
particle under observation springs back to its initial position when the elastic 
limit has not been exceeded. These displacements must be observed within 
a reasonable period, otherwise there is a slight permanent distortion finally 
produced. In fact, wrinkling and actual fracture of the film can be observed 
if the speed of the disc be too great for any length of time. 


3. Calculation of Displacements . 

The formal relationship between the angular velocity of the disc, 12, the vis¬ 
cosity of the water, rj, the depth of immersion of the rotating disc, h, of radius, 
a , and the displacement of the particle, 8, at a distance, r, from the axis of the 
spindle can be obtained in the following manner. 

If the speed of the disc be so slow that there exists no outward pressure 
gradient in the plane of the film itself the traction V exerted on a point of the 
film at a distance, r y from the centre due to the rotation of the disc will be 

h 

This yields a torque 

h 


on a ring of radius, r, and breadth, dr, and a total torque 

SrcflT) f“ r 3 dr _ i^rja* 
h Jn 2 h 


If the film is to remain fixed there must be an equal and opposite torque applied 
to it, either concentrated at the centre or spread uniformly over the edge. In 
either case it is clear that the strain is a simple shear expressed by 


'!(!)• 


where 8 is the displacement. 


The corresponding strain component is 

-!(*-)• 


where fi is the coefficient of rigidity. 

If p r> . is the stress per unit length in a tangential direction at a point r, 0 
the equilibrium of the ring of radius r and breadth requires 

-~(2 = 2 -^t*dr 
fit n 

or 

2jcr a p fi , = — —On*! -j- constant. 
h 4 
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When the restraining torque is distributed over the edge, as in our apparatus, 
the constant must be zero, Bince p r ,« must be finite at the centre, 


Pr.* = \* 


±/ 8 \ _ Qaf 

drVrl h 4’ 


hence 

±i 

I) = _ “a.,, 

dr\ 

,77 4A(1 

and 

8 = _ 

r a + constant, 

r 

8 Ap. 

whence 

8 = 

-% r s + Cr, 

when r = a, 8 = 0 hence 

8(iA 


It may be observed that S is a maximum when a 2 = 3r* or r = 0*58. 


( 1 ) 


Experimental Results . 

In the following tables are given the values of fi for palmitic and stearic 
acids both determined at 293° K. calculated with the aid of equation (1). 


Palmitic acid. 
n rr 0 0101 a 5 0 cm. 


Stearic acid. 

( 1 = 0*0101 a =» 6*0cm. 


2f 

— sees. 
A 

h **m. 

r cm. 




h cm. 

r cm. 

3 cm. 

dynes/cm. 

12 

in 

4 

0 02 

9*76 

16 

0*16 

4 

0 011 

HTi| 

8 


4 

0*032 

9*7 


0*15 

4 

0*009 

iBrittSi 

0 

BBS 

4 

0*041 

9*6 

11 

0-20 

4 

0*012 

liBtlsfll 

18 

0< 19 

4 

0 008 


10 

0*20 

4 

0*009 


12 

O'19 

4 

0*012 

10*2 

22 

0-20 

4 

0*007 


7 

019 

4 

0*020 

10*0 

12 

0*21 

3*0 

0-012 


11 

8 

0 16 

0.16 

4. 

0-015 

0-024 

11 3 
10*0 






4 




Mean 

10-27 

10 

0*184 

3*4 

0*010 

9*7 






7 

0*184 

3*4 

0-024 

9*0 






8 

0184 

3*4 

0-028 

9*2 






11 

0*10 

3*5 

0-042 

8*0 






15 

0 10 

3*6 

0-023 










Mean 

9*8 







* Owing to the fact that there is a hole in the middle of the film of radius t through which 
the spindle passes a small correction term is necessary in this equation, the complete form 
of which is 

°3-/aV_ 


oV — r 3 -f 1««. 


PI" - ' - 1 -*’ 

Since c is only 0*5 cm. the correction lies within the experimental errors of the method. 
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The variation in the displacement 8 with the distance r from the centre of 
the disc is shown on the adjoined curve where also the theoretical curve obtained 
with the aid of equation (1) is shown for comparison. 

Evidently all the conditions required by equation (1) are not quite satisfied 



in the experiments for the experimental curve is not quite a cubic. The main 
factors causing these divergences are the small size of the disc which makes it 
difficult to observe small variations of displacement in the region of the maxi¬ 
mum, and also the fact that the radius of the dish is 2 cm. greater than that of 
the rotating disc. This last divergence was intentional because it was shown 
by experiment that this space is necessary to neutralise the inevitable stray 
currents formed on the edge of the disc and along the sides of the dish, the 
effects of which are not readily calculated. It was found that some slight dis¬ 
placements were observable past the edge of the disc but these ceased 
within 1 cm. from the periphery. A smaller dish, even 1 cm. larger 
t. h n. p the dim was found to be unsuitable since crinkling of the film due 
to some abnormal current along the sides of the dish immediately broke the 
ad he «mu of the film to the sides of the dish rendering observations impossible. 

The variations in the coefficients of rigidity (X for stearic and palmitic acids 
with the temperature are shown in fig. 3. 

The temperature coefficients are those anticipated for a waxy substance in 
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that the rigidity decreases rapidly with increase of temperature when approach* 
ing the melting point. The films, however, appear to remain in the state of 



plastic solids right up to the melting point at which temperature they break 
up sharply and begin to rotate with the disc. 

The rigidity constant p obtained with the aid of equation (1) might be con¬ 
sidered as related to the coefficient of rigidity n of a solid and the film thickness ; 
if this constant p expressed in dynes per centimetre be divided by the film 
thickness x in centimetres we obtain the true constant of rigidity p/z = n in 
dynes/cm. 8 . 

The lengths of the acids in their orientated posture as derived by I. Langmuir 
in his experiments are 24 A and 25 A respectively for palmitic and stearic acids. 
From these values the length of the carboxyl groups which are immersed in and 
solvated with the water, and thus do not contribute to the rigidity, have to be 
subtracted. The actual length of the head is unknown, but on the assumption 
that it is regular in shape we may take the length equal to the breadth of ca. 
4 A, giving a total length of hydrocarbon chain in adhesion of 20 A for palmitic 
and 21 A for stearic acid. 

We thus obtain for the rigidity of the two acids, 

9*84 

for palmitic add n — ^ 8 = 4*9.10 7 dynes per cm. 8 , 

for stearic acid n = = 4*9.10 7 dynes per cm.*, 

these values, practically identical for the two aoids, may be compared with 
8,000 kgm. wt./mm. 8 or 7*6.10 u dynes per cm.* for iron, and an approximate 
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value of 1 • 6.10 r dynes per cm.* for rubber. We may likewise observe that the 
ratio of the coefficient of compressibility to that of rigidity for these unimolecular 
solid films is from N. K. Adam’s measurements for the former quantity equal to 
W or 80:1. 

Summary. 

The rigidity of unimolecular films of palmitic and stearic acids on water have 
been determined. It is shown that the rigidity constants are almost identical 
for the two acids and equal to 4-9.10' dynes per cm. 2 at 20° C. The tempera¬ 
ture coefficients of the rigidities have been measured and shown to be of a 
character anticipated for w'axy solids. 


Doppler Effects and Intensities of Lines in the Molecular 
Spectrum of Hydrogen Positive Rays. 

By M. C. Johnson, M.A., M.Sc., Assistant Lecturer in Physics, University 

of Birmingham. 

(Communicated by S. W. J. Smith, F.R.S.—Received February 9, 1927J 

1. Introduction. 

It is known from the work of Fulcher, Merton, Richardson, and others, 
that definite groups of lines in the secondary spectrum of hydrogen are 
strengthened in certain types of discharge. The interpretation of these pheno¬ 
mena in terms of specific molecular excitations has been begun by Richardson,* 
on the basis of his classification of associated groups into bands. 

In the present paper the grouping of lines in the secondary spectrum is 
Btudied by longitudinal observation of positive rays in hydrogen. The optical 
spectrum of positive rays may be used in the following ways to contribute 
to the elucidation of the mechanisms of this spectrum. Firstly, the grouping 
of lines when excited by the impact of positive ions falling through a potential 
of several thousand volts can be examined. This can be compared with the 
grouping due to the impact of electrons at low voltages comparable with the 
ionisation potentials, and with the grouping in the Geissler tube spectrum. 
Secondly, a large Doppler effect appears in the Balmer lines when the positive 


* 1 Roy. Soc. Proo.,’ A, vol. Ill, p. 751 (1929). 
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rays are photographed longitudinally. .From this can be determined what 
proportion of the atomic spectrum is carried by neutralised positive rays, and 
what proportion is excited in the stationary gas by the impact of positive ions. 
Further, it is possible to decide in some cases which of the Balmer line carriers 
have been free atoms in the positive rays stream, and which are recently dis¬ 
sociated molecular positive rays. These proportions are found to vary along 
the Balmer series. They can thus be related to the intensity grouping of the 
adjacent regions of the molecular spectrum. Thirdly, previous investigators 
of the secondary hydrogen spectrum in positive rays have, with one exception, 
agreed there is no Doppler effect in that spectrum. The exception is Rau, 
who by an ingenious indirect method showed eight extremely faint com¬ 
ponents.* In the present work some further Doppler components have been 
found, and the intensity indicated below which any other components must 
lie. Evidence is thus obtained as to which of the lines in the secondary spec¬ 
trum are mainly due to the excitation of stationary molecules, and which are 
carried by neutralised positive rays. This can be compared with the phenomena 
of the Richardson electron discharges, for which other evidence is available as 
to the mode of excitation.f 

2. Experimental. 

The luminosity behind the perforated cathode of a positive ray tube is very 
faint compared with the usual sources of light in spectroscopy. Hence the 
positive ray photography of the 1200 lines in Merton and Barratt’B listj is 
quite out of the question. The 150 or so lines here discussed were obtained by 
exposing up to 19 hours with a form of positive ray apparatus developed for 
other work. This apparatus and itB technique have been described in detail in 
previous papers.§ The cylindrical positive ray tube of the Wien type was 
found to show a comparatively strong secondary spectrum after gassing and 
pumping for about two weeks. During this time the only admissions were 
through a hot palladium tube. The apparatus would stand 20 hour exposures 
under perfectly constant conditions when run at an optimum pressure corre¬ 
sponding to a dark space of about 7 cm., a current of about 1 milliampere, 
and a fail of potential in the dark Bpace of about 4000 volts. Larger currents 
or higher voltages invariably caused unsteadiness, leading to collapse, even 
though both electrodes were water-cooled. 

* 1 Ann. d. Phymk,’ vol. 73, p. 270 (1924). 
f Loc. eit . and 4 Roy. Soc. Proo,,’ A, vol, 100, p. 062 (1024). 
t ‘ Phil. Trans.; vol. 222, p. 309 (1922). 

{ M. G. Johnson, 4 Proo. Phys. Soo.,* vol. 38, p. 324, and vol. 39, p. 26 (1920). 
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A six-prism Evershed solar spectrograph was used, being of great light 
economy, and the whole apparatus was built up in a thermostatic chamber. 
Many spectrograms were taken on plates of different types suited to the 
different regions of the spectrum. Measurements were made with a Watson 
micrometer microscope, on those plates for which electrical and gas conditions 
had remained constant throughout the exposure. In each case comparison 
photographs of a Geissler hydrogen tube were secured above and below the 
positive ray spectrum. 

Although the intensity grouping is very different in the positive rays from 
that of a Geissler tube, about 60 lines could be recognised at sight. With these, 
dispersion curves wort? drawn for each plate from Merton and Barratt's list. 
The curves were on a large enough scale to measure all fainter lines and possible 
Doppler components, generally to within 1/4 or 1/2 A.U. Identification was 
then made from Merton and Barratt, supplemented by the lists of Tanaka,* 
Allibone,f and Deodhar.J Possible ambiguity in the case of components was 
checked by impurity lists. 

3. Measurements . 

The measurements are tabulated as follows. The first column gives the 
wave-length of the positive ray line in air, in I. A.U. from the standard tables, 
the next the estimated positive ray intensity, and the third the intensity in 
Merton and Barratt’s Geissler tube. The fourth column gives the Richardson 
classification where a line belongs to the Q branch of his associated bands.§ 
The letters P, L, II, C indicate Fulcher anti low and high pressure and con¬ 
densed discharge characteristics from Merton and Barratt. The other standard 
characteristics were examined but not found to bear any relation to the 
positive ray grouping. The remaining columns give corresponding data for 
those lines whose absence from the positive rays is conspicuous. Only those 
marked as of intensity 4 and upwards are reproduced, as many fainter lines 
would not be expected in the very faint positive ray light, and their absence 
could not be taken as significant. For tho blue region fainter Mei ton and 
Barratt lines are also included, as no strong lines appear. Lines marked T, 
A, D are from the lists of Tanaka, Allibone, and Deodhar respectively, and are 
not in Merton and Barratt. Lines whose Q denomination is in brackets are 
those included by Richardson as possibly covering band lines. 

* • Roy, Soo. Proo.,* A, vol. 108, p. 592 (1925). 
t ‘ Roy. Soo. Proo.,* A, vol. 112, p. 196 (1926). 
t 1 Roy. Soo. Proo.,’ A, vol. 113, p. 420 (1926). 

$ 1 Roy. Soo. Proo.,’ A, vol. 113, p. 368 (1926). 
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4. The Doppler Effect in the Molecular Spectrum. 

The following lines are recorded by Ran as having very faint Doppler com¬ 
ponents detectable by his method. 

4723 4634 4573 4568 

He also records four lines in the violet beyond the limit of the present photo¬ 
graphs. This limit was set by the increasing complexity of the intensities in 
the violet, compared with the standard lines. 

In the present work careful examination was made of the limiting intensity 
below which any components must fall, if existent. The faintest lines detect¬ 
able are of intensity 1. The preceding table indicates that, e.g ., for 4573 there 
is no component down to one-sixth of the undisplaced intensity, which cannot 
be identified in the comparison lists. For 4634 no component down to one- 
seventh is possible. Rau’B 4723 is one of the strong Merton and Barratt lines 
listed here as absent from the positive rays. 

4668, on the other hand, appears at first sight to have a component of 
strength 6. Check exposures repeatedly made of this region make it necessary 
to suggest that this is not a violet component of 4568, but a red component 
of 4561. In these check exposures the accelerating potential was varied over as 
wide a range as the limits mentioned in para. 2 would allow. The position of the 
line was found to vary, the higher voltage driving it further from 4561 towards 
the red. This renders impossible the more familiar alternative of a violet 
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component to 4568, as recorded by Rau. The following quantitative data are 
taken from two plates. The velocities are calculated for an H 8 molecule with 
a single charge. 

Volts. v — y/ 2eV jrn cm./sec. v = orfX/X cm./sec. 

3900 6-16 X lO’l ^ 1-63 X lon^.j, 

2600 5*02 X 10* J 1*32 X 10' 1 


The accuracy is not high on these faint plates, but the rough agreement in 
the ratios adds plausibility to the unusual suggestion of a red component 
in a spectrum whose other Doppler effects arc to the violet. The difference 
between observed and calculated velocities indicates that a larger molecule 
than H 2 might be concerned. No theory of this difference can be attempted 
in the absence of any knowledge of the electron capture and loss conditions 
for molecules. Large differences in the corresponding atomic velocities are 
discussed in a previous paper.* 

It should be noted that instead of 4561 the source of this component might 
possibly be the faint 4560*20 or 4558*50 which are in the region over which it 
might move. 4561 is the most probable since it alone appears in the comparison 
spectrum. The comparison tube was chosen for its closer resemblance to the 
positive rays than other Geissler tubes. 

This displaced line is broader than the undisplaced line, which is hardly seen 
except in the comparison spectrum. Possibly it represents some unknown 
perturbation varying in this manner with the potential. If not, there are two 
alternatives, (a) The line is carried by a neutral molecule which had tem¬ 
porarily captured an additional electron in the cathode slit. This would be 
the H~ of the parabola analysis of positive rays. (6) The line is carried by an 
ionised molecule which had gained its positive charge behind the cathode, 
and was hence attracted back towards the entrance to the discharge tube. 
The latter explanation is unlikely, as so many ionised molecules are moving 
from the discharge tube that a corresponding, but stronger, violet displacement 
should also be seen. 

Four other probable Doppler components were observed in the secondary 
spectrum. 

ii. The line 4420 is displaced to the violet of its comparison spectrum. The 
displacement is of the order of 2 A.U., and might mean that the faint 4418*67 
was present and 4420*29 absent in the positive rays, and vice versa in the com¬ 
parison spectrum. But in the clearest plate the displacement is broadened 


* ‘ Proc. Phya. Soo.,’ vol. 39, p. 26 (1926). 
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up to 4 A.U. from 4420, which makes the Doppler explanation more probable. 
If this is correct, the undisplaced line is extremely faint compared with its 
strength in the comparison spectrum. 

iii. The line 4517 has a faint haze to the violet, beginning at 3 A.U. and ending 
beyond 7 A.U. from 4517 in the clearest plate. In this case the undisplaced 
line itself is visible and is about twice tho intensity of the component. The 
indefinite ending of the haze makes it impossible to say more than that it 
probably extends beyond the limit imposed by the velocity which H 3 could 
acquire. 

iv. and v. Very much clearer are two other Doppler components in the 
red region. In each case there is a strong lino agreeing with the comparison 
Bpectrum, together with a broad displaced component to the violet, covering 
several A.U. The intensities and displacements are as follows. The line 
beyond Ha is taken from Allibono and is also in Dcodhar, being beyond the 
range of Merton and Barratt/s list. The Doppler velocity is calculated at the 
furthest extension of the displaced line and at the point of its maximum 
intensity. 


Wave-length. 

Intensity. 

r/IX/X (furthest). 

oiX/X (max. intensity). 

6589-05 

8 



Component 

10 

5*0 X 10 7 cm./sec. 

3*2 x 10 7 cm./sec. 

6532-62 

7 



Component 

10 

4*1 X 10 7 cm./sec. 

3*3 X 10 7 cm./sec. 


Ha has so strong a component that the image is over-exposed, and com¬ 
parison with it cannot be accurately made. For II(J on a plate taken at 3900 
volts the furthest extension is clearer, and it is found that 

cdX/X = 6*3 x 10 7 cm./sec. 

The maximum possible velocity is calculated for lines on these two plates by 

the formula _ 

v = V5 eVjm. 

Hj at 3550 volts 8-31 X 10 7 cm./sec.; at 3900 volts 8*72 X 10 7 cm./sec. 

H a „ 5*87 X 10 7 „ „ 6-16 x 10 7 „ 

H a „ 4-80 X 10 T „ „ 5-04 x 10 7 

From these data it is probable that the Balmer moving series is carried by 
neutralised atoms which were already free atoms, and had not been incor¬ 
porated in molecules, when accelerated in the dark space. Blackett and 
Franck* have discussed the formation of Balmer lines from free atoms, and 
* ‘Z. f. Physik/ vol. 34, p. 389 (1925). 
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from molecules by simultaneous dissociation and atomic excitation. The latter 
process is prevalent in the “ white ” hydrogen discharge, and is probably 
common in most Weiss!cr tubes. In the present work the value of calculated 
and observed positive ray velocities shows that the former, and not the latter, 
is the source of the displaced Balmer line. 

The carriers of 0581) were accelerated as H 2 , but the carriers of 0533 would, 
if the ratio of observed to calculated maximum velocity is governed by the 
same laws as in the other lines, be H 3 . 

5. Relation of the Character of the Molecular Spectrum to the Doppler Effect in 

the Atomic Spectrum, 

Analysis of the table of lines present and absent in the positive ray spectrum 


shows definite kinship with the type of discharge which favours the develop¬ 
ment of the Fulcher and Richardson bands and low pressure lines. 

Present. Absent. 

Richardson Q lines ... . . 

32 

14 

Fulcher lines 

24 

9 

Merton low pressure lines . 

(53 

22 

Merton high pressure lines. 

27 

38 

Merton condensed discharge lines .. 

25 

33 

Fulcher lines at high pressure (rare) 

. . 1 

3 


Together with this tendency to enhanced features of the Fulcher type, the 
positive rays show a vary rapid decrease of intensity along the Balmcr series. 
Both those phenomena characterise Richardson's First Type discharge, though 
the positive ray intensity of the first Baliner lines is relatively greater than 
in the Richardson spectrum. Thus the spectrum produced by the impact of 
high potential positive ions is more akin to that of the lowest potential electron 
impact than to that of the high potential Geisslcr discharge. It may also be 
compared with the excitation referred to by Richardson as the Third Typo, 
which occurs at high potentials and low pressures and is probably radiative. 

In the blue region the greatest departure of the positive ray from the Merton 
and Barratt spectrum is due to the enhancing of lines not seen by them but 
listed by Tanaka. Now Tanaka used plates taken with a current density at 
least 25 times that in Merton and Barratt’s experiments. Current density is 
an expression which conceals any ultimate mechanism, as is suggested by the 
fact that the positive ray enhancement of Tanaka’s lines occurred with a current 
of 1 milliampere in a tube of several centimetres diameter. It must also be 
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noticed, in comparing conditions, that the positive ray tube was at a far lower 
pressure than that at which either thermionic or Qeissler tubes are normally 
worked. 

The positive ray spectrum can be subdivided into three regions: (o) from 
Ha to the gap in the Q lines beginning at 5880; (b) from the end of the gap at 
5660 to H{3; (e) from H(3 to the violet. It is then found that the presence 
and absence of Q lines shows a certain variation along the spectrum. 

Present. Absent. 

Region (a). 14 5 

„ ( b ). 10 4 

„ (c). 8 5 

This table may be compared with the relative intensity of undisplaced and 
displaced lines of the Balmer series. In strong lines this is difficult to estimate 
accurately. Approximate values are as follows :— 

Undisplaced intensity. Displaced intensity. 


Ha. 50 50 

H(3. 20 12 

Hy. 6 1 


This suggests that conditions growing less favourable to the First Type dis¬ 
charge are associated here with conditions growing loss favourable to the pro¬ 
duction of Balmer lines by neutralisation of moving positive atoms. It may be 
noted that in Richardson’s Second Type discharge* the formation of Balmer 
lines by neutralisation is associated with great intensity for the higher quantum 
numbers. 


6. The Carriers of the Spectra. 

The intensities tabulated for the positive ray lines show that, with the five 
exceptions discussed, the moving components in the secondary Bpectrum are 
invisible, and must be of intensity below 1 /» of the intensity of the undisplaced 
lines, n varies up to 10 in the various lines. We conclude that, with those 
exceptions, the secondary spectrum in the positive rays is due mainly to mole¬ 
cules which had not recently been positively charged. The spectrum is known 
to be emitted by neutral molecules, but these might have been positive in front 
of the oathode. Such molecules would, after neutralisation, still show traces 
of their acceleration in the dark space. They would give rise to components 

* Richardson and Tanaka, ‘ Roy. Soc. Proo.,’ A, vol. 106, p. 662 (1964). 
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of intensity comparable with that of the undisplaced lines, as in tho Balmer 
series. The principal source of the molecular spectrum in this particular dis¬ 
charge is hence either the absorption of radiation, or the impact of positive 
ions on stationary neutral molecules. 

The strength of tho Fulcher and associated spectra in the positive rays is 
interesting on this account, as it is an example of their excitation under con¬ 
ditions different from those discussed by Richardson. In the low potential 
electron discharge Richardson gives strong evidence in favour of their excita¬ 
tion from molecules which have been ionised and recombined again. 

In regard to the problem of discriminating between II 2 and H 3 in the 
secondary spectrum, a recent work* puts forward evidence for the association 
of H 3 with strength of Fulcher lines, though Richardson’s evidence points 
rather to H 2 . The strongest positive ray line possessing a Doppler component 
is 6589. This is shown in the present work to be carried by a molecule acceler¬ 
ated as H 2 . The next strongest is 6533, and is shown to be more probably 
due to H 3 . But tho great intensity of their Doppler effects dissociates these 
two from the majority of the lines in the spectrum, and their carriers and excita¬ 
tion mechanisms are not to be connected with those of the other lines. It 
may be noticed, however, that the first of these is not a Q line, and is not included 
by Allibone in his red extension of the Fulcher spectrum. 6533, on the other 
hand, is a Q line. 

The present experiments point to H a rather than H 3 for the lines with no 
strong Doppler effect. It is difficult to conceive a process of formation of H 3 
in the stationary gas which gives the spectrum. The only visible reaction of 
this gas is to be struck by positive ions behind the cathode. It does not take 
part in the discharge at all, and it is in the discharge presumably that tho 
formation of unstable molecules can take place. 

In conclusion, the evidence as to carriers in the positive ray discharge may be 
summed up as follows. With five exceptions the secondary spectrum is due 
to stationary diatomic molecules which have not boon recently ionised. The 
Balmer spectrum is partly due to excitation of free atoms and partly due to 
neutralisation of positively charged atoms which were already dissociated 
when in the dark space. The ratio of the former to the latter increases along 
the Balmer series. With this increase is associated a decrease of the Fulcher 
characteristics in the secondary spectrum. 

These conclusions indicate the contrast between the excitation processes in 
the positive rays and excitation processes in the two low voltage electron 

* Smyth and Brascfteld, ‘ Proc. Nat. Aoad. Sci.»* vol. 12, p. 443 (1926) 
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discharges elucidated by Richardson. In spite of these differences, the main 
aspect of the intensity grouping in the secondary spectrum of the positive 
ray stream is closer in appearance to that of the lowest voltage electron dis¬ 
charge than to other mechanisms in which the hydrogen spectrum is shown. 

I am very grateful to Prof. S. W. J. Smith, F.R.8., for encouraging these 
experiments and allowing time and equipment for carrying them out. For 
instrument construction I am indebted to Mr. G. 0. Harrison. 


The Quantum Theory of Dispersion. 

By 1>. A. M. Dirac, St. John’s College, Cambridge; Institute for Theoretical 

Physics, Gottingen. 

(Communicated by R. H. Fowler, F.tt.S.—Received April 4, 1927.) 

§ 1. Introduction and Summary, 

The new quantum mechanics could at first be used to answer questions con¬ 
cerning radiation only through analogies with tho classical theory. In Heisen¬ 
berg’s original matrix theory, for instance, it is assumed that tho matrix elements 
of the polarisation of an atom determine the emission and absorption of radiation 
analogously to the Fourier components in the classical theory. In more recent 
theories* a certain expression for the electric density obtained from the quantum 
mechanics is used to determine the emitted radiation by the same formulae 
as in the classical theory. These methods give satisfactory results in many 
cases, but cannot even be applied to problems where the classical analogies 
are obscure or non-existent, such as resonance radiation and the breadths 
of spectral lines. 

A theory of radiation has been given by the author which rests on a more 
definite basis.f It appears that one can treat a field of radiation as a dynamical 
system, whose interaction with an ordinary atomic system may be described 
by a Hamiltonian function. The dynamical variables specifying the field are 
the energies and phases of its various harmonic components, each of which 

* E. Schrddinger, 1 Ann. d. Phyaik,* vol. 81, p. 109 (1926); W. Gordon, * Z. f. Physik,’ 
vol. 40, p. 117 (1926); O. Klein, ‘ Z. f. Physik,’ vol. 41, p. 407 (1927). 

t 4 Roy. Soo. Proc.,’ A, vol. 114, p. 243 (1927). This is referred to later by loc . cit 
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is effectively a simple harmonic oscillator. One must, of course, in the quantum 
theory take these variables to be q-numbers satisfying the proper quantum 
conditions. One finds then that the Hamiltonian for the interaction of the 
field with an atom is of the same form as that for the interaction of an assembly 
of light-quanta with the atom. Thero is thus a complete formal reconciliation 
between the wave and light-quantum points of view. 

In applying the theory to the practical working out of radiation problems 
one must use a perturbation method, as one cannot solve the Schrodinger 
equation directly. One can assume that the term (V say) in the Hamiltonian 
due to the interaction of the radiation and the atom is small compared with that 
representing their proper energy, and then use V as the perturbing energy. 
Physically the assumption is that the mean life time of the atom in any state 
is large compared with its periods of vibration. In the present paper wc shall 
apply the theory to determine the radiation scattered by the atom, considering 
also the case when the frequency of the incident radiation coincides with that 
of a spectral line of the atom. The method used will be that in which one finds 
a solution of the Schrodinger equation that satisfies certain initial conditions, 
corresponding to a given initial state for the atom and field. In general terms 
it may be described as follows :—- 

If V mn are the matrix elements of the perturbing energy V, where each 
suffix morn refers to a stationary state of the whole system of atom plus field 
the stationary state of the atom being specified by its action variables, J say, 
and that of the field by a given distribution of energy among its harmonic 
components, or by a given distribution of light-quanta), then each V mn gives 
rise to transitions from state n to state m* ; more accurately, it causes the 
eigenfunction representing state m to grow if that representing state n is already 
excited, the general formula for the rate of change of the amplitude a m of an 
eigenfunction being! 


ihf2n . — S„V mn a ft 




(1) 


where v mn is the constant amplitude of the matrix element V mn , and W* is the 


* In loc. til ., § 6, it was in error assumed that V mil caused transitions from state m to 
state », and consequently the information there obtained about an absorption (or emission) 
process in terms of the number of light-quanta existing before the process Bhould really 
apply to an emission (or absorption) process in terms of the number of light-quanta in exist¬ 
ence after the process. This change, of course, does not affect the results (namely the 
proof of Einstein's laws) which can depend on ( V mn I # = I V*, n | *. 

t Loc* cil.* equation (4). In the present paper h is taken to mean just Planck’s constant 
[instead of ( 27 T) -1 times this quantity os in loc. til .] which is preferable when one has to deal 
much with quanta hv of radiation. 
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total proper energy of the state m. To solve these equations one obtains a 
first approximation by substituting for the <z’s on the right-hand side their 
initial values, a second approximation by substituting for these a’s their values 
given by the first approximation, and so on. One or two such approximations 
will usually be sufficient to give a solution that is fairly accurate for times 
that are small compared with the life time, but may all the same be large 
compared with thelperiods of the atom. From the first approximation, namely, 

a w = a m0 + S nVww a„ (1 - - w «W)/(W m - W n ), (2) 

where a ^ denotes the initial value of o n , one sees readily that when two states 
m and n have appreciably different proper energies, the amplitude o m gets 
changed only by a small extent, varying periodically with the time, on account 
of transitions from state n. Only when two states, m and m' say, have the same 
energy does the amplitude a m of one of them grow continually at the expense 
of that of the other, as is necessary for physically recognisable transitions to 
occur, and the rate of growth is then proportional to 

The interaction term of the Hamiltonian function obtained in loc. cit. [equation 
(30)] does not give rise to any direct scattering processes, in which a light- 
quantum jumps from one state to another of the same frequency but different 
direction of motion ( i.e the corresponding matrix element v mm ‘ = 0). All 
the same, radiation that has apparently been scattered can appear by a double 
process in which a third state, n say, with different proper energy from m and 
plays a part. If initially all the <xs vanish except then a n gets excited 
on account of transitions from state m f by an amount proportional to v nm >, 
and although it must itself always remain small, a calculation shows that it 
will cause a m to grow continually with the time at a rate proportional to 
tWW* The scattered radiation thus appears as the result of the two processes 
m'”*n and n one of which must be an absorption and the other an 
emission, in neither of which is the total proper energy even approximately 
conserved. 

The more accurate expression for the interaction energy obtained in §3 
of the present paper does give rise to direct scattering processes, whose effect 
is of the same order of magnitude as that of the double processes, and must 
be added to it. The sum of the two will be found to give just Kramers’ and 
Heisenberg’s dispersion formula* when the incident frequency does not coincide 
with that of an absorption or emission line of the atom. If, however, the 
incident frequency coincides with that of, say, an absorption line, one of the 
* Kramers and Heisenberg, 1 Z. f. Physik/ vol. 31, p. 681 (1925). 
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terms in the Kramers-Heisenberg formula becomes infinite. The present 
theory shows that in this case the scattered radiation consists of two parts, 
of which the amount of one increases proportionally to the time since the inter¬ 
action commenced, and that of the other proportionally to the square of this 
time. The first part arises from those terms in the Kramers-Heisenberg formula 
that remain finite, with perhaps a contribution from the infinite term, while 
the second, which is much larger, is just what one would get from transitions 
of the atom to the upper state and down again governed by Einstein’s laws of 
absorption and emission. 

A difficulty that appears in the present treatment of radiation problems 
should be here pointed out. If one tries to calculate, for instance, the total 
probability of a light-quantum having been emitted by a given time, one 
obtains as result a sum or integral with respect to the frequency of the emitted 
light-quantum that does not converge in the high frequencies. This difficulty 
is not due to any fundamental mistake in the theory, but comes from the fact 
that the atom has, for the purpose of its interaction with the field, been counted 
simply as a varying electric dipole, and the field produced by a dipole, when 
resolved into its Fourier components, has an infinite amount of energy in the 
short wave-lengths, owing to the infinite field in its immediate neighbourhood. 
If one does not make the approximation of regarding the atom as a dipole, 
but uses the exact expression for the interaction energy, then the fact that the 
singularity in the field is of a lower order of magnitude and remains constant 
is sufficient to make the series or integral converge. The exact interaction 
energy is too complicated to be used as a basis for radiation theory at present, 
and we shall here use only the dipole energy, which will mean that divergent 
series are always liable to appear in the calculation. The best method to adopt 
under such circumstances is first to work out the general theory of any effect 
using arbitrary coefficients y mw , and then to substitute for these coefficients 
in the final result their values given by the dipole interaction energy. If one 
then finds that the series all converge, one can assume that the result is a correct 
first approximation; if, however, any of them do not converge, on must 
conclude that a dipole theory is inadequate for the treatment of that particular 
effect. We shall find that for the phenomena of dispersion and resonance 
radiation dealt with in the present paper, there are no divergent series in the 
first approximation, so that the dipole theory is sufficient. If, however, one 
tries to calculate the breadth of a spectral line, one meets with a divergent 
series, so that a dipole theory of the atom is presumably inadequate for the 
correct treatment of this question* 
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§ 2. Preliminary Formula. 

We consider the electromagnetic field to be resolved into its components 
of plane, plane-polarised, progressive waves, each component r having a definite 
frequency, direction of motion and state of polarisation, and being associated 
with a certain type of light-quanta. (To save writing we shall in future suppose 
the words “ direction of motion ” applied to a light-quantum or a component 
of the field to imply also its state of polarisation, and a sum or integral taken 
over all directions of motion to imply also the summation over both states of 
polarisation for each direction of motion. This is convenient because the two 
variables, direction of motion and state of polarisation, are always treated 
mathematically in the same way.) For an electromagnetic field of infinite 
extent there will bo a continuous three-dimensional range of these components. 
As this would be inconvenient to deal with mathematically, we suppose it to be 
replaced by a largo number of discrete components. If there are a r components 
per unit solid angle of direction of motion per unit frequency range, we can 
keep <r r an arbitrary function of the frequency and direction of motion of the 
component r, provided it is large and reasonably continuous, and Bhall find 
that it always cancels from the final results of a calculation, which fact appears 
to justify our replacement of the continuous range by the discrete set. 

Wo can express o f in tho form <x r =■- (Av r Aav)*" 1 , where Av r can be regarded 
as the frequency interval between successive components in the neighbourhood 
of the component r, and Aw r is in the same way the solid angle of direction 
of motion to be associated with this component. The quantities Av r , Aco f enable 
one to pass directly from sums to integrals. Thus if f r is any function of the 
frequency and direction of motion of the component r that varies only slightly 
from one component to a neighbouring ono, the sum of f r Av r for all components 
having a specified direction of motion is 

E„/ r Av, = j/,dv„ (3> 

and the sum of f r Aco r for all components having a specified frequency is 

S„/ r A to, = j/f dto r . (3') 

Also the sum of/, (o,)' 1 for all components is 

- E/r Av, Ac, - (3"> 



715 


Quantum Theory of Dispersion . 

If the number* N, of quanta of energy of the component s varies only slightly 
from one component to a neighbouring one, one can give a meaning to the 
intensity of the radiation per unit frequency range. By supposing the dis¬ 
creteness in the number of components to arise from the radiation being confined 
in an enclosure (which would imply stationary waves and a special function <y f ) 
one obtains*}" for the rate of flow of energy per unit area per unit solid angle 
per unit frequency range 

= N (4) 

a result which may be taken to hold generally for arbitrary a 9 and progressive 
waves. J If only those components with a specified direction of motion are 
excited, we have instead that the rate of flow of energy per unit area per unit 
frequency range is 

T.-NJv.Vc*. Aw.; (5) 

while if only a single component s is excited, wc have that the rate of flow of 
energy per unit area is 

I — N. Aw, Av, — N„/»v, s /c*<t,. (6) 

In this last case the amplitude of the electric force has the value E given by 

E- = 8tcI/c = SizNJiv* j<?a g y (7) 

and the amplitude a of the magnetic vector potential, when chosen so that the 
electric potential is zero, is 

a — cEI2nv e — 2 (Av'SmaO^N/. (8) 

§ 3. The Hamiltonian Function. 

We shall now determine the Hamiltonian function that describes the inter¬ 
action of the field with an atom more accurately than in loc . cit. We consider 
the atom to consist of a single electron moving in an electrostatic field of 
potential <f>. According to the classical theory its relativity Hamiltonian 
equation when undisturbed is 

v? + pS -I- v? - (W + e*) 2 /c 8 4- = 0. 

so that its Hamiltonian function is 

H = W = c {mV + p* + p* + p, 2 }* - c<f> . (9) 

* The rule given in loc . cit. that symbols representing c-number values for q-number 
variables should be primed need not Always be observed if no confusion thus arises, as in 
the present ease. 

f Loc , cU. y 5 6 , equation (28). 

{ This is justified by the foot that one can obtain the result by an alternative method 
that does not rquire a finite enclosure, itamely by using a quantum*meohanical argument 
similar to that of loc . cit. (lower part of p. 259), applied to the cose of discrete momentum 
values. 

3 D 
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If now there is a perturbing field of radiation, given by the magnetic vector 
potential ft, ft, ft chosen so that the electric scalar potential is zero, the 
Hamiltonian equation for the perturbed system will be 


(p»+^«) +(*.+!'.) +(*+;*«) 




which gives for the Hamiltonian function 


II - w ~ c {mV + (ft + - c « x J + (ft + 5ft) 2 (ft + 1 ft)*}* —e<j> 

= e{(mV + p* 2 + p„ 2 -I- ft 2 ] 4- [2 elc. (ftft + p„ft + p,ft) 

-1- C 2 /c 2 . (ft 2 + ft 2 + ft 2 )]}* — c<l>. 


By expanding the square root, counting the second term in square brackets [ ] 
as small, and then neglecting relativity corrections for this term, one finds 
approximately 

H = c [mV + ft 2 + p v 2 + p« 2 ] 1 —e<f> + eje . (ift + »/*„ + i*,) 

h e 2 /2»nc 2 . (ft 2 + ft 2 + « e 2 ) 

= H 0 + eje. (ift + .'/ft + *ft) + c 2 /2tnc 8 . (ft 2 + ft 2 + ft 2 ), (10) 

where H 0 is the Hamiltonian for the unperturbed system given by (9). When 
one counts the radiation field as a dynamical system, one must add on its proper 
energy 2N,Av r to the Hamiltonian (10). 

According to the classical theory, the magnetic vector potential for any 
component r of the radiation is 

ft = a, cos 2nQ r /h — 2 (Av r /2rtcft)* N r * cos 2nQ r jh (11) 

from (8), where 0, increases uniformly with the time such that 0, — hv„ and 
is the variable that must be taken to be the canonical conjugate of N, when the 
radiation field is treated as a dynamical system. The direction of this vector 
potential is that of the electric vector of the component of radiation. Hence 
the total value of the component of the vector potential in any direction, say 
that of the x-axis, is 


ft = 'Lftc, cos ft, = 2 (A/27 tc)* 2 r cos <x„ (v,/o f ) J N r * cos 2nQ T /k, (12) 


where a„ is the angle between the electric vector ■ of the component r and the 
x-axisi In the quantum theory, where the variables N r , 8 r are q-numbers, 
the expression 2N f * cos 2tc8 r /h must be replaced by the real q-number 
N r *e 2 ’ ri# '/* -J- (N f + l)*e -2,,w,/ *. With this change one oan take over the 
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Hamiltonian (10) into the quantum theory, which gives, when one includes 
the term EN,Av r , 

H = Hq + XN M + ei*/(2")* o' . (v f /ff r )» [N r *«*-** + (N r + l)l«-*-M] 
+ c-h/inmc 1 . S fi- cosa ril (v r v |h a,ff I ) 1 [N r *e 2ffl<,,/fc [ (N r f- 

X [N^c 2 * 4 ^ | (N, | l)*o-*^] (13) 

where x r denotes the component of the vector (sr, y> z) in the direction of the 
electric vector of the component r, i.c. 9 

x r ~ x cos x XT !- y cosx^ + zcosa rr , 

and a r „ denotes the angle between the electric vectors of the components r 
and s y i.e. 

cos a,, = cos a /f cos j cos cos a VH + cos a sr cos a M . 

The terms in the first line of (13) arc just those obtained in loc. cit. t equation 
(30), and give rise only to (‘mission and absorption processes. The remaining 
terms (i.e., those in the double summation) were neglected in Zoo. dt. These 
terms may be divided into three sets ;— 

(i) Those terms that are independent of the 0’s, which can bo added to the 
proper energy H 0 \- 2NJlv,. The sum of all such terms, which can arise 
only when r = s, is 

e^hfinmc* . S r v r /cj f . [N r < C W (N, + l)*e - W 

+ (N r + i)* e - 2 **'' h H r *e 2 ' r «'t h ] 

= e z h/inmc 3 . S r v r /c f . (2N f + 1). 

The terms c 2 hl4nm<? . Ev r /a r . 2N r are negligible compared with 2N^v r , 
owing to the very large quantity <r f in the denominator, while the terms 
e 2 A/47wnc?.Sv f /<r r may be ignored since they do not involve any of the 
dynamical variables, in spite of the fact that the sum Sv r /<r„ equal to 

Jv, dv f d<o f from (3"), does not converge for the high frequencies. 

(ii) The terms containing a factor of the form e iiri{e, ~ 9tVh (r ^ *), whose sum is 
6 2 A/4T»wo 3 S f S a#f cos a rl (v r v. W [N r * (N f + 

+ (N r +1)* N, 4 <*•-*>/*] 

= a/2^1;^ cos a „(wM' N f »(N.+l)*e^<^^ ft . (14) 

Those terms, which are the only important ones in the three sets, give rise to 
transitions in which a light-quantum jumps directly from a state s to a state t, 

3 d 2 
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Such transitions may be called true scattering processes, to distinguish them 
from the double scattering processes described in § 1. 

(iii) The remaining terms, each of which involves a factor of one or other of 
the forms e^ 4wtBr/t f g**«(a+*>* # These terms correspond to processes in 
which two light-quanta are emitted or absorbed simultaneously, and cannot 
arise in a light-quantum theory iu which there are no forces between the light 
quanta. The effects of these terms will be found to be negligible, so that the 
disagreement with the light-quantum theory is not serious. 


§ 4. Discussion of the Emission and True iScattering Processes. 

We shall consider now the simple emission processes, in order to discuss the 
divergent integral that arises in this question. Suppose a light-quantum to be 
emitted in state r, with a simultaneous jump of the atom from the state J — J' 
to the state J •*= J". If we label the final state of the whole system of atom 
plus field m and the initial state l\ the value at time t of the amplitude a m of 
the eigenfunction of the final state will be in the first approximation 

«„ - V mk (1 - / (YV m - W k ), (15) 


obtained by putting «*„ — 1, a*, = 0 (>i ?£ k) in equation (2). The only term in 
the Hamiltonian (13) that can contribute anything to the matrix element 
is the one involving e" nl ° r!h , whose (J", N/. N./...N/ -f- ; J'.N/, N g '...N/...) 

matrix element is c* 4 /(2tt)* c* . r T (J"J') (v,/®,) 1 (N/ -f l) 1 , where i r (J"J') is the 
ordinary (.T"J') matrix element of .<>. If there is no incident radiation we 
must take all the N'’s zero, which gives 

and also 

W, = H.(J') 

Thus 

w. - W* - H 0 (J") + Av, - 1I 0 (J') = h Lv r - V (J' j")1 

where v (J' J") = [H 0 (J') — JI 0 (3")\jh is the transition frequency between 
states J' and J", if one assumes J' to be the higher one. Hence from (15) 


e 2 




v, 1 — cos 2w[v r — v (J'J")]< 

a, [v,-v(J'J')F 


To obtain the total probability of any light-quantum being emitted within 
the solid angle So about the direction of motion of a given light-quantum t 
with this jump of the atom, we must multiply | a,„ | * by Sto/Au, and sum for 
all frequencies. This gives, with the help of (3) 




Ao> f 


8g> 


tt/kt 1 


* r (W")l , J\ 


<*V 


cos2«[v f -v(m]< , . 

K- v(J'J")] 8 ■ v 
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The integral does not converge for the high frequencies. This is due, as 
mentioned in § 1, to the non-legitimacy of taking only the dipole action of the 
atom into account, which is what one does when one substitutes for the magnetic 
potential in (10) its value given by (12), which is its value at some fixed point 
such as the nucleus instead of its value when? the electron is momentarily 
situated. To obtain the interaction energy exactly, one should put cos 2n 
[0 f /A — V&/C] instead of cos 2 tt0 r!h in (11), where is the component of the 
vector (Xy y, z) m the direction of motion of the component r of radiation. 
This will make no appreciable change for low frequencies v r , but will cause a 
new factor cos 2or sin 2rcv,',/<•, whose matrix elements tend to zero 
as v r tends to infinity, to appear in the coefficients of (Iff). This will presumably 
cause the integral in (Iff) to converge when corrected, as its divergence when 
unconnected is only logarithmic. 

Assuming that the integrand in (Iff) has been suitably modified in the high 
frequencies, one sees that for values of t large compared with the periods of the 
atom (but small compared with the life time in order that the approximations 
may be valid) practically the whole of the integral is contributed by values of v f 
close to v (J' J"), which means physically that only radiation close to a transition 
frequency can be spontaneously emitted. One finds readily for the total 
probability of the emission, by performing the integration, 

Soxrfnhc 1 . i J- r (J'J") | - . 2r z 2 tv (J'J"), 


which leads to the correct value for Einstein's A coefficient per unit solid angle, 
namely, 


2to 2 Mc : * . | (J'J ") j 2 v (J'J") - StiV/Zic* . | jc r (J'J' 


l (J'J"). 


We shall now determine the rate at which true scattering processes occur, 
caused by the terms (14) in the Hamiltonian. We see at once that the frequency 
of occurrence of these processes is independent of the nature of the atom, 
and is thus the same for a bound as for a free electron. The true scattering 
is the only kind of scattering that can occur for a free electron, so that we should 
expect the terms (14) to lead to the correct formula for the scattering of radiation 
by a free electron, with neglect of relativity mechanics and thus of the Compton 
effect. 

Suppose that initially the atom is in the state J' and all the N’s vanish except 
one of them, N, say, which has the value N/. Wo label this state for the whole 
system by k, and the state for which J = J' and N* N/ — 1, N f = 1 with 
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nil the other N’s zero by m. In the first approximation a m is again given by 
(15), where we now have 

Vii.it = e~h!'htmc i . cos « r , N/ 1 , (17) 


W, 

Thus 

and hence 


Ho (J') + N,'Av„ W. = Ho <J') + (N/ - 1) Av, + Av f . 


W.-W t -A(v r - v.). 


2 


cos 2 a„ 


V»j. v , 1 — cos2w(v f — v,)t 
a r a, (v f — v,)- 


(18) 

(19) 


To obtain the total probability of a scattered light-quantum being in the solid 
angle Sw we must, as before, multiply | a, n \ 2 by 8«/Aco f and sum for all 
frequencies v r , which gives* 




A w f 


2rmV 


COS" », 


- X/ f v r dv r 

a, J 


1 — cow 2 tc (v f — v f ) i 


K-v.)* 


( 20 ) 


We again obtain a divergent integral, of the same form as before, which we may 
assume becomes convergent in the more exact theory. We now have that 
practically the whole of the integral is contributed by values of v f close to v, 
and the total probability for the scattering process is 


ffco 


27oaV 


5 COfi "'«» r v< c08 '• fl 


from (fi), where I is the rate of flow of incident energy per unit area. The rate 
of emission of scattered energy per unit solid angle is thus 

1 I O I » f 

e,« rc . cos- I, 


where a„ is the angle between the electric vectors of the incident and scattered 
radiation, which is the correct classical formula. 


* The reason why there is a small probability for the scattered frequency v t differing 
by a finite amount from the incident frequency v t is because we are considering the scattered 
radiation, after the scattering process has boon acting for only a finite time t, resolvod into 
its Fourier components. One sees from the formula (20) that as the time t gets greater, 
the scattered radiation gets more and more nearly monoohromatic with the frequency 
If one obtained a periodie solution of the SchrOdinger equation corresponding to permanent 
physical conditions, one would then find that the scattered frequency was exactly equal 
to the incident frequency. 



Quantum Theory of Dispersion. 


721 


§ 5. Theory of Dispersion. 

We shall now work out the second approximation to the solution of equations 
(1), taking the case when the system is initially in the state k, so that the first 
approximation, given by (2) with a na — reduces to 

«• - Kf. + tw (le-" (W “ - wo,/A )/(W m - W*). 

When one substitutes these values for the o n ’s in the right-hand side of (1), 
one obtains 


iA/27c.rt n = tue 2 ' f < w - 

+ S, v m „ v llk (1 - «-*' <"■ - "•» «•*) <r" < w - - w *> «•* / (W H - W*) 
= («W - ] e'-»‘ 

and hence when m k 


a =(„ V Ml , 1 

m \ "‘ "W B -wJ \V w -W* 


, y Mu 1 - e 2,r| ( y *' w,)( * 
+ ^w n -W fc \V m -W. • 


( 21 ) 


We may suppose the diagonal elements v, lrt of the perturbing energy to be zero, 
since if they were not zero they could bo included with the proper energy W n . 
There will then be no terms in (21) with vanishing denominators, provided all 
the energy levels are different. 

Suppose now that the proper energy of the state m is equal to that of the 
initial state fc. Then the first term on the right-hand side of (21) ceases to be 
periodic in the time, and becomes 

{v mi — S„ — W,)} 2nt;ih, 

which increases linearly with the time. Tho rate of increase consists of a part, 
proportional to v„ k , that is due to direct transitions from state k, together with 
a sum of parts, each of which is proportional to a and is due to transitions 

first from k to n and then from n to m, although the amplitude «„ of the eigen¬ 
function of the intermediate state always remains small. 

When one applies the theory to tho scattering of radiation one must consider 
not a single final state with exactly the Bame proper energy aa the initial state, 
but a set of final states with proper energies lying close together in a range that 
contains the initial proper energy, corresponding to all the possible scattered 
light-quanta with different frequencies but the same direction of motion that 
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may appear. One must now determine the total probability of the system 
lying in any one of these final states, which is 


21 o m | 2 = J (AW m ) -1 1 o m | 2 dW m , 

where AW m is the interval between the energy levels. The second term in the 
expression ( 21 ) for a m may be neglected since it always remains small (except 
in the case of resonance which will be considered later) and hence 



S. 


W„ - w. 


a 2[l - - cos (W w — W t .) t/h] j, ir 
AW m .(W M -W ; ) 2 


If one assumes that the integral converges, so that for large values of t practically 
the whole of it is contributed by values of W m close to W t , one obtains 


S| a* | 2 = 


iizH 

axw: 


_V v mn^nk 

mk W n - w* 


( 22 ) 


where the quantities on the right refer to that final state that has exactly the 
initial proper energy. 

We take the states k and m to be the same as for the true scattering process 
considered in the preceding section, so that equations (17), (18) and (19) still 
hold, and AW m = AAv f = hja r Aca r . We can now take the state n to be either 
the state J = J", N, = N/ — 1 , N* = 0 (i ^ s) for any J", which would make 
the process an absorption of an s-quantum and n->m an emission of an 
r-quantum, or the state J = J", N, = N/, N r = 1 , N* — 0 (l 5 * 8> r), which 
would make k-+n the emission and n->m the absorption. In the first case 
we should have 




and 


W* = H 0 (J") + (N,' — 1) Av, 

and in the second 


and 




w. = h 0 (J") + n;av, 4- Av r 


\V.-W 4 = A(v(J'T)- V.]* 

’-•-I&'W'W' 

w.-w*.- A[v(J"J') + v,]. 


We shall neglect the other possible states n, namely those for which the matrix 
elements v mn9 v** come from terms in the double summation in the Hamiltonian 
* The frequency » (J"J'} is not necessarily positive. 
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(13), as we are working only to the first order in these terms. (We are working 
to the second order only in the emission and absorption terms, which, as we 
shall find, is the same as the first order in the terms of the double summation.) 
We now obtain for the right-hand side of (22) in which we must take v r = v„ 




h 

— cos a n 
m 


{ V(J"J')-V S r v(J"J') + v. j 



The most convenient way of expressing this result is to find the amplitude 
P (a vector) of the electric moment of that vibrating dipole of frequency v f 
that would, according to the classical theory, emit the same distribution of 
radiation as that actually scattered by the atom. The number of light-quanta 
of the type r (with v, -- v s ) emitted by the dipole P in time t per unit solid 
angle is 

2rc 8 v//Ac 3 . P/V* 


where P r is the component of P in the direction of the electric vector of the light- 
quanta r . Comparing this with (23) (which must first be divided by Ao r 
to change it to the probability of a light quantum being scattered per unit 
solid angle) one finds for P r 


p /frrN/y* 2 h f 'jEZl!±£Zl 1 

4*" m * i v(J"J')~ V a v(J"J') + V, J 




h v„ 2 47 z 2 m 


*r.--j4v(J J)J y v (j »j7y _-■■■■' 


v(J"J')|- v, f • 


using (7), where E is the amplitude of the electric vector of the incident radiation. 

We can put this result in a different form by using the following relations, 
which follow from the quantum conditions, 

2„, [«V (J' J") (J" J') - *. (J' J") *r (J" J')] - k *. - *. *r] (J' J') = 0 

(25) 

and 

£j// [X, (J' J") X, (J" J') - X, (J' J") X, (J" J')J = [Xr X, - X. *,] (J' J') 

— ih/2nm. cos a,,, (26) 

which gives 

S,,, [x T (J' J") (J" J') v (J" J') + a. (J' J") x T (J" J') v (J" J')] 

= h/4n*m. cos at,,. (27) 
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Multiplying (25) by v, and adding to (27), we obtain 

[*, (J' J") *. (J" J') (v (J" J') + v,} + (J' J") x f (J" J') {v (J" J') - v,}] 


With the help of this equation, (24) reduces to 


— h/irchn . cos 


P, 



* i xjwvrArr) , x,{rnx t {rr) \ 

J " t v (J'T) - v. ^ v (J'T) + V, / 


t 


(28) 


so that the vector P is equal to 

(29) 

where x without a suffix means the vector (x, y, z). This is identical with 
Kramers’ and Heisenberg’s result.* 

In applying the formula (22), instead of taking the final state m of the system 
to be one for which the atom is again in its initial state J = J', we can take a new 
final state for the atom, J — J'" say. The frequency \ for the scattered 
radiation that gives no change of total proper energy is now 


» . „ fx (J J ) j, (J J ) , w. J'J")* J"J') 

p - Fj h ij "\ vfj'T) - v!" + TOTTTT-/ 


v r - V. - V (J"T) = V, + v (J"J"') - V (J'T), (30) 


which differs from the incident frequency v„ so that we obtain in this way 
the non-coherent scattered radiation. (We assume that this v r is positive 
as otherwise there would be no non-coherent scattered radiation associated 
with the final state J = J"' of the atom.) In the present case we have v mk = 0, 
corresponding to the fact that the true scattering process does not contribute 
to the non-coherent radiation. We now obtain for P„ after a similar and almost 
identical calculation to that leading to equation (24), 


Pr 


O i 

E T — 
ft V', 


Xj,.V (J"J') v(J"J"') 

f X, ( J'"J ") X, (J'T) 
1 v(J"J')-v, 


+ 




(J'" J") x r (J" J 
V(J"J') + V f 



This result can be put in the form corresponding to (29) with the help of 
equations analogous to (25) and (26) referring to the non-diagonal (J'"J') 
matrix elements of [xjc, — xjc r ] and [xjs, — xjs r ]. These equations give, 
corresponding to (28), 

[* r (J'"J")(J'T) {v (J"J') -I- v,} + (J'"J") x r (J''J') {v (J'T") - v r » = 0. 


* Kramers and Heisenberg, loc. cU equation (18). For previous qu&ntum-theoretioal 
deductions of the dispersion formula see Born, Heisenberg and Jordan* * Z. f. Phyrik,* 
vol. 35, p. 557, Kap. 1, equation (40) (1926) ; Sohr&dinger, loc . c&, § 2, equation (23) ; and 
Klein, loc . tit., $ 5, equation (82). 
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When the left-hand side of this equation is subtracted from the summation in 
<31) one obtains, on account of the relations 

v (J"J') v(J'T") = v (J"J') [v (J'T) + v r - v,] 

- Lv (.T"J') ™ v.l [v (J"J') + v f ] + v r v„ 

and 

V (J"J') V (J "S'") = [v (J'T") - V,] | V (J'T) + v r ] + v r v„ 
which follow from (30), the result 

r h l v (J'T) — v, r v(J"J')+v r I 
again in agreement with Kramers and Heisenberg. 

§ 6. The Case of Resonance, 

The dispersion formula? obtained in the preceding section can no longer 
hold when the frequency of the incident radiation coincides with that of an 
absorption or emission line of the atom, on account of a vanishing denominator. 
One easily sees where a modification must bo made in the deduction of the 
formulae. Since one of the intermediate states n now has the same energy 
as the initial state k } the term in the second summation in (21) referring to this 
n becomes large and can no longer be neglected. 

In investigating this case of resonance one must, for generality, suppose 
the incident radiation to consist of a distribution of light-quanta over a range 
of frequencies including the resonance frequency, instead of entirely of light- 
quanta of a single frequency, as the results will depend very considerably 
on how nearly monocliromatic the incident radiation is. Thus one must take 
the initial state k of the system to be given by J =■= J' and N, = N/, where 
N/ is zero except for light-quanta of a specified direction, and is for these 
light-quanta (roughly speaking) a continuous function of the frequency, so 
that the rate of flow of incident energy per unit area per unit frequency range 
is given by (5). The final state m for a process of coherent scattering is one 
for which J = J' again, and a light-quantum s has been absorbed and one r 
of approximately the same frequency emitted. Thus we have 

W m -W t = A(v r —v.). (32) 

As before, the intermediate states n will be those for which J = J" (arbitrary) 
and either the s-quantum has already been absorbed or the r-quantum has 
already been emitted. If we take for definiteness the case when the range of 
incident frequencies includes only one resonance frequency, and this is an 
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absorption frequency to the state of the atom J = J‘, say, then that intermediate 
state of the system for which J = J* and for which the s-quantum has already 
been absorbed will have very nearly the same proper energy as the initial state. 
Calling this intermediate state l we have 


W,-W t = A(v„ —v,) 


w ra - w, = * (v, - V.) (33) 


where v Q is the resonance frequency, equal to [H (J*) — H (J ')]/h. 

In equation (21) we can now neglect only those terms of the secondsummntion 
for which n ^ l. This gives 

_ / v \ 1 - 
«m (v*i W, - W, 


, v ml v lk (1 

w,-wa W m -w, w m - \\\ (' 


which, with the help of (32) and (33), may be written 


«m = (Vmk — ^ j 


<W>nlL i 1 -e-" 1 '"' 

w.-w J h (v r — v.) 

_j_ v ml v lk j 1 — 1 — )t | 

A- (v 0 — V.) I v r - - v 0 V r — V, r 


We must now determine the total probability of a specified light-quantum r 
being emitted with the absorption of any one of the incident light-quanta s, 

which is given by 2»Ja ro | 2 , equal to J( Av*)^ 1 1 a m \ 2 dv H . To evaluate this 

we require the following integrals 


r_j_ 

J o (vo — V, 


Jo (v r - v,r 

l _ (vr— i*o) I ] _ g&ri (»-»)* I 2 


i) 2 I v r - Vo 


_ (v r — v 0 ) < — sin 2rc (v f — v 0 ) t 
(v, — Vo) 8 


Jo (v, - V.) (v 0 — V.) { V r — v 0 V r — V, / iv * 

_ f2n (v r — v 0 ) < — sin 2rt (v r — v 0 )t , .. 1 — cos 2n (v, — vo) <1 
l K-V 0 ) 8 . (v, — Vo ) 2 i 


(v, — V 0 ) 2 
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for large t, and with their help obtain, 

V I, I! _ 1 ,, V Vmn V «k ” 

-|*W VVn _ w k A 2 Av, 

, 1 ®ni % 1 2 47t 2 tc (v r - V») t — sin 2rc (v r — v B )< 

'■ A 4 Av* (v r —v,)' 

1 /.. V t’ m - »'«* \ ‘V/ %. I '^(Vr - V«)< - Bin 27i(y f - V,)< 




W M - W A ' A 3 Av, - 


K-v.)* 



where tins quantities on the right now refer to that incident light-quantum s 
for which v K — v r , and R means the real part of all that occurs in the term after it. 

The first of these three terms is just the contribution of those terms of the 
dispersion formula (22) that remain finite, the second is that which replaces the 
contribution of the infinite term,* and the third gives the interference between 
the first two. and replaces the cross terms obtained when one squares the dis¬ 
persion electric moment. One can see the meaning of the second term more 
clearly if one sums it for all frequences v r of the scattered radiation in a small 
frequency range v 0 —a* to v 0 + a” about the resonance frequency v 0 (which 
frequency range must be large compared with the theoretical breadth of the 
spectral line in order that the approximations mav be valid). This is equivalent 
to multiplying the term by (A v r )~* and integrating through the frequency range. 
If, for brevity, one denotes the quantity to | r m p lk | 2 /h* Av r Av, by / (v f ), the 
result is, neglecting terms that do not increase indefinitely with t or that tend 
to zero as the a’s tend to zero, 



= /N) (2tt<) 2 in~- 


-hf'(v 0 )-Jnt log 


* It should bo noticed that this second term does not reduce to the square of the l term 
in the summation (22) when v t is not a resonance frequency, but to double this amount. 
This difference is due to the fact that processes involving a change of proper energy are not 
entirely negligible for the initial conditions used in the present paper, and one such scattering 
process, which was neglected in § 5, becomes in the resonance case a process with no change 
of proper energy and is included in the calculation 
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Thus the contribution of the second term in (34) to the small frequency range 
v 0 — a! to v 0 + a" consists of two parts, one of which increases proportionally 
to fi and the other proportionally to t. The part that increases proportionally 
to t 1 , namely, 

fc/to) M 2 = \ WI Wit 1 2 /h 4 Av r Av,. fi, 

is just that which would arise from actual transitions to the higher state of 
the atom and down again governed by Einstein’s laws, since the probability 
that the atom has been raised to the higher state by the time r is* 
(2 7t) 2 1 V|* |*/A 2 Av„. t, and when it is in the higher state the probability per 
unit time of its jumping down again with emission of a light-quantum in the 
required direction is (2rc) 2 |« mi | 2 /A 2 Av„ so that the total probability of the two 
transitions taking place within a time l is 

MM* W‘Iiu^I* ij 

WAv, • WAv, .I,,' *‘Av,Av, 1 

The part that increases linearly with the time may be added to the contributions 
of the first and third terms, which also increase according to this law. For 
values of t large compared with the periods of the atom, the terms proportional 
to t will be negligible compared with those proportional to t 2 , and hence the 
resonance scattered radiation is due practically entirely to absorptions and 
emissions according to Einstein’s laws. 


* This result and the one for the emission follow at once from formula (32) of loc. cit. 
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The Analysis of Beams of Moviny Charged Particles by a 

Magnetic Field . 

By W. A. Wooster, B.A., Charles Abercrombie Smith Student of Peter- 

house, Cambridge. 

(Communicated by Sir Ernest Rutherford, P.R S —Received Pebruary 28, 1927.) 

§ 1. Introduction. 

The practice of analysing beams of charged particles moving with different 
velocities by means of the magnetic field is now well established. Among the 
many important physical quantities which have been determined in this way 
must be included the value of e/m, the velocities, intensities and charge carried 
by the homogeneous (3-ray groups of radioactive elements, the masses of iso¬ 
topes, and, recently,* it has been applied to the analysis of very slow electrons. 
In most of this work it has only been necessary to find the energies of the various 
groups of charged particles, and for this purpose no detailed consideration of the 
focussing action of the magnetic field was necessary. Pioblems relating to the 
relative numbers of particles in the homogeneous groups cannot, however, be 
solved without more accurate knowledge of the action of the magnetic field, 
and it was in connection with the relative intensities of the p-ray groups of 
radium B and radium C that the work here described was started. 

In carrying out these calculations, it soon became evident that they had a 
much wider application than simply to the problem to which they owed their 
origin. In addition to furnishing a method of obtaining the structure of the 
line produced by tho focussing action of the magnetic field for any kind of 
source of charged particles, these calculations indicate the best design for the 
apparatus containing the source of charged particles. Further, when applied 
to particles which have traversed thin layers of stopping material, the analysis 
leads to a knowledge of the velocity distribution of the retarded particles. Up 
to the present no method has been devised of finding this velocity distribution 
experimentally, and although the results obtained are only approximate, yet 
they show definitely that the method indicated here is quite practicable. 

There are two ways in which the analysis of a heterogeneous beam may be 
carried out. In one the particles, projected at right angles to the field, are 
deviated through small angles and appear as bands on a photographic plate; 

* K. Cole, ‘ Phys. Rev.,* vol. 28, p. 781 (1926). 
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whilst in the other, which is alone considered here, the tracks of the particles 
are semicircles, converging to a narrow line CE on a photographic plate F, 
placed relative to the source of the particles S as indicated in fig. 1. 



» \ 
i \ 
l \ 


Fig. 1. 

It will be observed, on referring to the figure, that the circle which passes 
through 0, the foot of the perpendicular from S on the plane ABP, attains the 
farthest distance along the plate from S, all other circles, whether passing 
through AB to the right or left of O, striking the plate nearer to the source than 
C. There is thu*, no matter how wide the slit AB, a definite limit to the line 
CE on the side opposite the source, and further, owing to a fortunate property 
of the geometry of the circle, most of the rays are concentrated into this edge. 
The side C of the line CE is thus sharply defined, and since the momentum of a 
given group of particles i* proportional to the diameter of the track SC, the 
sharpness of the edge C enables the momentum to be accurately determined, no 
matter how diffuse may be the other side of the line. The well-defined limit 
C is due to the fact that in a magnetic field the moving charged particles describe 
circles and are not influenced by the mechanical construction of the apparatus— 
a fact which explains the possibility of obtaining quite accurate results without 
elaborate apparatus. So long as attention is confined to the energies, momenta 
or masses of the particles, measurements from the source to the sharp edge of 
the line are sufficient; but, when it becomes desirable to obtain the intensities 
of the lines, then consideration must be given to their structure and the influence 
on it of the components of the apparatus. It is the solution of the problem 
of the structure of the line under various conditions which is undertaken in 
the present paper, and it will be seen how a knowledge of the dependence 
of this structure on the disposition and size of the source, limiting slit and 
photographic plate, enables us to find the best arrangement of them. 

It is obvious that there is a close analogy between this apparatus, which 
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by means of a magnetic field separates out into a velocity spectrum, particles 
of the same mass and charge, and the prism or grating spectrometer, which 
analyses light into its constituents. The dispersing agent in the present case 
is the magnetic held, which therefore plays the same role in this instrument as 
does the prism or diffraction grating in optical spectrometers. It is very 
desirable, for simplicity of reference, to give some name to the apparatus indi¬ 
cated in fig. 1 , and it would appear appropriate, in view of the above, to term 
it a “ magnetic spectrometer.” In the present paper this term will be applied 
to the apparatus whatever may be the nature of the particles deflected by the 
magnetic field or the means of registering their presence. The photographic 
plate is largely used for this purpose as, in addition to providing a permanent 
record, it registers an extended portion of spectrum for a given value of the 
magnetic field. It is, however, often replaced by an ionisation chamber which 
is fixed relative to the source, and to investigate the number of particles of 
different speeds or masses the magnetic field is varied so as to bring successive 
portions of the spectrum over the entrance to the ionisation chamber. Whether 
a photographic plate or an ionisation chamber be employed, it is necessary 
when anything more than the energy of the particles is required to determine 
the structure of the line into which they are focussed. Unlike the form of 
the line obtained with a prism or grating spectrometer, that produced by their 
magnetic analogue is very complex, and it has not been possible to find any 
comprehensive formula expressing its structure under all conditions. Instead, 
however, a method has been devised by which the structure may readily 
be obtained in any given case and also the method of obtaining the best 
experimental conditions. 

§2. This “Magnetic Spectrometer” using a Photographic Plate. 

It will be evident from what has been said above that the key to the solu¬ 
tion of the various problems associated with intensities in the magnetic spectrum 
is the structure of the line produced on the photographic plate. In general, 
the line is too complex to find a general analytical expression which gives its 
form for all sizes of source, limiting slit and radius of track of the particles. 
It is possible, however, to find such an expression if the source be supposed 
infinitely narrow. The effect produced by a source of finite size may then be 
obtained by suitably superposing the effects of a large number of such infinitely 
narrow sources placed parallel to one another and to the length of the actual 
source. The first step in the analysis is therefore to find the form of the line 
due to the very narrow source, and this we now proceed to do. 

VOL. oxiv.—A. 3 ® 
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(a) Structure of Line due to an Infinitely Narrow Source. 

It may be Hhown by purely geometrical considerations for a track such as 
SAE (fig. 1 ), the tangent to which at the source makes an angle 6 with the corre¬ 
sponding tangent to the track SOC, that the distance y between the points 
where SAE and SOC strike the plate is given by the equation 

y — —£ — (1 — cos 0 ), 

where x = distance from the centre of the limiting slit to the head of the line 
and 2s = AB = slit-width. 

Since 6 and 2s are not usually greater than 10 ° and 0-5 cm. respectively nor 
x lees than 6-0 cm., this equation may be written 

y = (l) 

the possible error being not more than about 4 per cent. As the maximum 
error arises for particles which contribute only to the tail of the line, the 
equation ( 1 ) is sufficient for our purposes. 

This equation relates to particles which are fired out at right angles to the 
magnetic field; there are, of course, with a source of finite length, many that 
arrive at any one point in the plane CP having traversed paths making at every 
point angles slightly less than tc /2 with the magnetic field, say (tt/2 — a) (see 
fig. 2). The velocity of the particles in the direction of the magnetic field is 
v . sin a, and it may be shown that the distance l moved parallel to this direction 
whilst describing the semicircular track is given by the equation 

l — 7tpa. (2) 

The velocity of the particle in the plane at right angles to the field is v . cos « 
and the radiuB of the track projected on to this plane is p. cos a. These particles 
do not therefore attain as great a distance from the source when they strike 
the plate as those for which a = 0 , as is indicated in fig. 2. If <f>i is this 
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displacement backwards from the head of the line, then by purely geometrical 
considerations it may bn shown that 

4>i - 2 -£* a - ( 3 ) 

This equation holds for all values of 0, within the same limits as before, and 
has about the same accuracy as equation (1). 

Suppose a plane drawn through the mid-point of the source at right angles 
to the magnetic field. This plane will be called the central plane, and the line 
in which it intersects the photographic plate the central line. Consider now an 
element of the spectrum line of length dy (fig. 3) and breadth dl, lying sym- 



Km. 3. 


metrically with respect to the central line. The particles entering this element 
from a point at the middle of the source are contained within two “ pyramids,'” 
the corresponding tangents to which at the source make equal angles with the 
normal to the plane ABP. These " pyramids ” are further defined by equal 
angular elements d0, da, the values of which may be obtained from equations 
(1) and (2), thus _ 

d0= V -T7.TTT-rfr 


2p-2 Vy 


*p 


The solid angle of the two beams of particles entering this element is thus 


dQ. da 
2tz 


4«* v 2 P Wy 


r.cB. 


The intensity of the line at the centre of the element {dy. dl) is equal to 
the ratio of the number of particles entering the element to the area they 
affect, i.e., 
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Equation (4) gives the number of particles which, starting from the mid¬ 
point of the source, strike unit area of the plate at any point along the central 
line. These particles are, of course, but a small fraction of the total number 
which arrive at this point from all portions of the source. Consider, therefore, 
a point on the source distant l from the central plane ; by equation (2), we know 
that particles from this point for which 0 = 0° strikes the plate at a distance 
from the head of the line equal to and those for which 0 = 0 X arrive at a 
point distant y x + <j>, from the head of the line, where y x and 0 X are connected 
by equation (1). Thus, if these particles for which a is not equal to zero are 
to arrive in the same element (dy, dl) as was considered above, they must strike 
the plate at the same distance y from the head of the line. We may therefore 
write 

y — Vi + 4>i- 


For these obliquely directed particles we must substitute y x for y in equation 
(4). Tlius _ 

i = _L a/jl _J_ 

4tc c V 2p 4 Vy — <(>i 

rh 

The total intensity due to the whole source is equal to 2 | I dl, where 

Jo 

2L = length of the source. 

By combining equations (2) and (3), we find that 

(5) 

and therefore, on reduction, 




( 6 ) 


This equation gives the intensity at any point distant y from the head of 
the line along the central line of the plate, due to a source of length 2L, but 
infinitely narrow, and is the starting point for all calculations on sources of 
finite width. 


It is clear that y cannot be 



for equation (6) to be true, and since the 


value of ^c, is 


this is equivalent to saying that y < Now from equation 


(5) we know that 


21* 
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and, hence, as y decreases so must the value of l, i.e., less and less of the Bonrce 
becomes effective as we approach very near to the head of the line. However, 
the amount of the source which is effective will always be such that 


y 


2 P 

T&c’ 


and therefore the total intensity as obtained from equation (6) for points lying 
between the limits y = ^ and y — 0 will be constant. With the dimensions 
of the apparatus in general use, the value of y at which the equation gives a 
constant intensity lies between 0*008 and 0*001 cm. 

Curves are given in fig. 4 showing how the intensity due to infinitely narrow 



Distance of source from slit =1*5 cm.; length of source = 1 cm. Distances from head 

of line in mm. 

sources of finite length vary with radius of curvature. It will be observed 
that the length of the curve over which the intensity is uniform becomes greater 
the smaller tho radius of curvature—due to the corresponding increase in oc 
and hence also of ^; further, the intensity of the straight portions of the 
carves vary approximately inversely as p, which is to be expected from 
equation (6), since x is practically equal to 2p. 

(6) The Structure of Lines due to Sources of Finite Breadth. 

(a) Flat Sources. —The form of the line given by an infinitely narrow source 
being ascertained, we may now proceed to find the form of lines due to sources 
of finite size by supposing them made up of a number of infinitely narrow 
sources placed side by side and parallel to the magnetic field. Consider first 
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the case of a flat source the plane of which is parallel to the plane of the slit 
and photographic plate. Here we shall have a uniform distribution of the 
narrow sources, and by integrating between appropriate limits, the area of 
that curve in fig. 4 which corresponds to the particular radius of curvature of 
the rays, we obtain a new curve due to the flat source (see fig. 5 (c)). In general, 
a flat source is not used with its plane horizontal, but its normal is arranged to 
make an angle ranging from 30° to 10° with the plane of the slit and photo¬ 
graphic plate and to point upwards and towards the latter. To find the 
structure of the lines due to such a source we cannot integrate the appropriate 
curve of fig. 4 between ordinates separated by the breadth of the source pro¬ 
jected on the plane AP, because one side of the source is nearer to this plane 
than the other. The distance x of the head of the line from the centre of the 
slit AB is connected with the distance of the source from the slit, g (fig. 1), by 
the equation 

x 1 ~ 4p 2 -- f/ 2 , 

and hence 


2x dx “ — 2/7 dg. 


If the breadth of the source is £ and the normal to the plane of the source 
makes the angle tq with the plane of slit and plate, 


and 


dg \ (jos r t 

dx -- — 2S COS 71. 
x 


The intensity of emission of the particles is uniform over the surface of the 
source, and hence we may again obtain the form of the line by integrating the 
appropriate curve of fig. 4 between limits which are separated by the width 
of the source projected on a horizontal plane, less dx, 

. » . </£ 

4 Sin 7] — COH 71. 

X 

In this way the curves (a) and ( b ) of fig. 5 were constructed. 

(6) Cylindrical Sources .—Cylindrical sources are placed with their axes 
parallel to the magnetic field, and as in the case of fiat sources they may be 
regarded as a number of infinitely narrow sources placed side by side. We 
cannot, however, obtain the intensity distribution in the line due to a cylindrical 
source by integrating the appropriate curve of fig. 4 between fixed limits, 
because g does not change uniformly as we pass from right to left over the 
source (see fig. 8). If we consider the points yj,, Y) a , y) s , etc., on the surface of 
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the source, we observe that each is a certain horizontal distance dy from the 
vertical line, through the middle of the source and also a distance dg vertically 



05 „ „ 10 mm 

Distance from “Head of Line 


Fro. 5.—Intensity Curves for Flat Sources. 

Distance of source from slit — 1-5 cm.; length of source =* 1 cm. Angles made by 
normal to [fiat source with plane of photographic plate =» 15°, 30 90°. p «« 6 cm. 

Slit width — 0*4 cm. 


A B CP 
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below the point vj 3 , in which the plane EF, parallel to AP, intersects the surface 
of the source. If we suppose the cylindrical source to be replaced by a flat 
one parallel to plane AP and passing through we should then dispose the points 
*)i', 7 } a ', etc., on this source at a distance 

dy-^dy 

from the point y] 3 . The cylindrical source is thus equivalent to a flat one with 
a non- uniform emissivity of charged particle, there being more from the edges 
than the middle. The relative position of the curves due to infinitely narrow 
sources placed at tj lf i} 8 , y)j on the surface of the cylinder are, of course, the same 
as those of V. Ha» V on th® plane EF, and the resulting intensity is readily 
o btained by a s umma tion of the ordinates of the superposed curves due to 
infinitely narrow sources at these points. ThiB process was carried out for 
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particles of different radii of curvature and sources of different diameters. The 
results are given in figs. 7 and 8. 



intpnwty Curves for Cylindrical Sources. 

Distance of sonreo from slit = 1*5 cm.; length of source =■ 1 cm. p — <1 cm. Slit width -- 0*4 cm. 
£ — diameter of source (in fig. 7, $ - 0*02). 

The structure of the line produced by a circular source is made up of four 
distinct parts AB, BC, CD, DE (fig. 8), and it is interesting to trace their origin. 

The rise AB is produced by the side of the source nearer the plate, and is steep 
because, as we pass from the first effective portion toward the top of the source, 
the displacement away from the photographic plate is compensated by a 
diminution in the distance of the source from the slit. After the point B is 
passed, the intensity continues to rise to the maximum C, the first point to 
whioh the rays from the far side of the source are able to attain. The distance 
of the peak from the head of the line is thus very nearly equal to the diameter 
of the source. After the point C is passed the intensity decreases because 
the rays which pass through the centre of the slit are no longer able to affect 
the plate. At D the edges of the slit begin to cut off the remainingrays, and at 
E this process is complete. The distance from the head of the line A to the 
tail E is given approximately by 



where 20 is the linear angle subtended at the source by the slit AB. It is interest¬ 
ing to note that though the form of the line given both by flat and cylindrical 
sources is so complex, each of the distinct parts has a special significance. 
It has been pointed out that the sharp edge of the line enables the energy and 
momentum of the particles to he accurately determined, and it is easy to see 
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that this sharp t edge may be identified with the portion AB of the curves. 
The total number of particles entering the line is measured by the area under 
the curve, but as this is somewhat difficult to measure photometrically, owing 
to the presence in many cases of a continuous background, the height of the 
peak is generally taken as a measure of the intensity. In the work by Dr. 
C. D. Ellis and the author on the “ Relative Intensities of the (3-Ray Lines of 
Radium B and Radium C,”* the heights of the peaks were measured photo¬ 
metrically, and by means of the results of these calculations they were cor¬ 
rected for the variation of the intensity of peak with radius of curvature of 
the electron path. The manner in which the curve falls off along CDE is also 
of importance, as it indicates the extent of the homogeneity of the particles 
or whether small satellites to the line exist on the side of low velocity. Thus, 
summarising, we may say that the head of the line determines the energy and 
momentum, the peak the intensity, and the tail the homogeneity of the beam. 

§ 3. “ Magnetic Spectrometer ” using the Ionisation Chamber. 

It has been seen how the form of the line which is obtained on the photo¬ 
graphic plate may be calculated, and we now proceed to solve the similar 
problem which arises when the photographic plate is replaced by an ionisation 
chamber. For any given value, lying between certain limits, of the radius 
of curvature imposed upon a homogeneous group of particles, a certain number 
may enter the ionisation chamber. As the magnetic field is varied the number 
which can enter will also vary, and the problem consists in determining how the 
number of particles entering the chamber depends on the radius of curvature 
and the slit widths above the source and chamber.t The homogeneous par¬ 
ticles will in this case, as in the one considered above, be distributed according 
to the appropriate curve of figs. 5, 7, 8, which in fig. 9 is represented by EF, 



* UHli* and Wooster, * Roy* Soc, Proc.,* A, vol. 114, p. 276 (1927). 
t The slit AB is often placed midway between source and chamber, instead of just 
above the source, but this has a negligible influence on the form of the line obtained at the 
window of the chamber. 
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For the radius of curvature corresponding to EF,the number of particles enter¬ 
ing the chamber is proportional to the shaded area of the line. If this area be 
found for all values of p between the limits set by the slit of the ionisation 
chamber, and the areas be plotted against the corresponding value of p, we obtain 
curve (1) of fig. 10. 



Fig. 10. 

X, source infinitely nairow; O, source of 0*05 cm. diameter. 

This curve will be seen to be made up of three parts PQ, QR, RS which occur 
in the following way:—As the radius increases so that E moves from C toward 
D, the area under the spectrum line and the vertical ordinate through C 
increases until, when the tail of the line F has reached C y the shaded area is a 
maximum and we have arrived at the point Q of fig. 10. The whole line EF is 
now entering the chamber, but as E moves still farther toward D, the intensity 
of the line EF decreases, being, as we saw in the previous section, inversely 
proportional to p. This accounts for the slight drop from Q to R. The point 
R corresponds to the case when E has reached D. As the radius increases E 
passes beyond D and less of the spectrum line enters the chamber, until the 
point S is attained, which corresponds to F being coincident with D. A treat¬ 
ment of this problem has been given by Gurney,* which only applies when the 
souroe is supposed of finite length, but infinitely narrow. In this case the 
spectrum line is much shorter, and the resulting curve obtained with a Faraday 
cylinder as the field is varied is shown by curve (2) of fig. 10. It will be 

* Gurney, ‘ Roy. Soo. Proo./ A, rol. 109, p. 540 (1925). 
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observed that there is a considerable divergence between the form of the curves 
obtained in the two cases. This, however, does not affect the value obtained 
by Gurney for the total number of (3-particles emitted during the disintegra¬ 
tion of one atom each of radium B and radium C, since this is independent of 
the form of the spectrum line, provided the magnetic field be changed, after 
each count of the numbers of particles in the ratio SC/SD (fig. 9), as has been 
done by the above author. 

The area under the curve PQRS represents the number of electrons entering 
the ionisation chamber, and it is important to sec how this varies with size of 
slits AB and CD and the diameter of the source. An increase in the limiting 
slit AB merely augments the tail of the line, and this makes the straight portion 
QR shorter and at the same time a little higher. The distance PQ', which is 
equal to the distance between head and tail of line is determined, in general, 
both by the value of AB and the diameter of the source, though if AB were 
made very small, PQ' would still be equal to the diameter of the source. The 
same is true of the third portion of the curve RS. If CD is decreased, the 
portion QR becomes smaller without decreasing its height, and when CD is 
equal to the width of the line, there is no straight portion, as Q coincides with R. 
Further reduction of CD sharpens the peak but diminishes the intensity of the 
rays entering the chamber, and finally, when CD is very small, the curve PQRS 
becomes identical with the spectrum line. The most generally useful value 
for CD is that of the length of the spectrum lino EF, for then a good intensity 
is obtained together with a fairly high resolution. The length of the line is 
given by equation (1), which, when AB is adjusted to its best value, is equal 
to twice the diameter of the source. Thus, in general, the value of CD should 
be about twice the diameter of the source. 

Discussion. 

In the preceding paragraphs we have seen how the form of line obtained 
with a “ magnetic spectrometer” may be found under various conditions, 
and it remains to indicate how this information affects the experimental pro¬ 
cedure in general use. It is always desirable to be able to obtain values of the 
energies and momenta of the charged particles which are as accurate as possible, 
and for this, narrow well-defined lines are necessary. The resolving power 
depends on the width of the line and on the radius of curvature. The former 
is constant for all radii of curvature, being approximately equal to the width 
of the source projected on a plane parallel to the plate, and we may therefore 
say that the resolving power is inversely proportional to the width of the 
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source. The lines given by flat sources tipped at appropriate angles are much 
narrower than those produced by cylindrical sources of the same width, as 
may be seen by reference to figs. 5, 7, 8. It is not possible, however, even 
with a very narrow flat source tipped at the most favourable angle, to obtain 
very narrow lines on a photographic plate when the charged particles are 
appreciably scattered in the emulsion of the plate. As an example of this we 
may take the case of one homogeneous group of (1-rays in the spectrum of 
radium B having an energy of one-quarter million volts. Using Ilford X-ray 
plates, the scattering of the particles in the film is Buch that a line which would 
otherwise be infinitely narrow becomes 0*2 mm. wide, and for particles of 
higher energy the scattering would, of course, be still greater. In the case 
of positive rays, no such scattering occurs, and here the narrowest lines would 
be obtained with flat-tipped sources. It has been shown earlier that the 
dispersion is proportional to p, and since the width of the line is practically 
constant for all values of p, the resolving power is also proportional to p. 

In many experiments using ^eamH of charged particles, there is present a 
continuous spectrum which fogs the plate and renders it difficult to locate very 
faint lines. This difficulty may, to a certain extent, be removed by suitably 
adjusting the limiting slit. The intensity'of the continuous spectrum at any 
point is proportional to the total area under the line corresponding to a homo¬ 
geneous group of particles striking the plate at that point, whilst the intensity 
of a homogeneous group is measured by the intensity at the peak of the line. 
Thus to increase the line at the expense of the background, it is necessary pro¬ 
gressively to cut off the tail until the intensity at the peak begins to be dimin¬ 
ished. This can be done by decreasing the slit width AB to a value which will 
now be derived. The head of the line occurs at a point on the plate distant 
2p from the side of the source nearer the plate and the peak at tho same distance 
from the other side of the source. Now all portions of the source contribute to 
the peak, the rays from the side of the source nearer the plate starting off at 
angles ± 6 with the central ray, whilst those from the other side of the source 
pass through the centre of the slit (see fig. 9). Thus if AB be decreased until 
the limiting angles are ± 0, the peak will be in no way affected. The value of 
6 required for this can be obtained from equation (1) when the diameter of 
the source is substituted for y. A table of values for the optimum slit width is 
given below, in which the distance from source to slit iB taken as 1 *5 cm. 
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p 


Diameter of Bource. 


<3 in. 

0-01 cm. 

0 02 cm. 

0*05 cm. 


cm. 

cm. 

cm. 

3 

0*170 

0*241 

0*381 

6 

0*122 

0*173 

0*273 

0 

0-100 

0-141 

0-223 


It has been assumed in the calculations of Ihe form of the lines that the 
sources send out charged particles of homogeneous velocities. This is not 
always the caso in actual experimental work, owing to some retarding film or 
potential causing the velocities which would otherwise be discrete to have a 
probability distribution about some mean value. Tf the retardation is pro¬ 
duced by a film of matter of known thickness and disposition with regard to 
the source, the method given in the first section may be extended to find the 
form of the line. The source is supposed divided into a number of infinitely 
narrow sources placed parallel to one^ another, and the lines given by each of 
these are superposed, giving, on addition of the ordinates, the resultant lino 
due to the whole source. This process has been carried out for a source of 
electrons consisting of a very thin glass tube (a-ray tube) filled with radium 
emanation. The (J -particles arise from the active material deposited on the 
inner walls of the tube, and are retarded to various extents by the glass walls. 
The thickness of the latter at several points round the tube was found by 
measuring the residual range of the oc-particles shot out along the corresponding 
diameters. Allowance was made for the variation in radial thickness of the 
walls and also for the fact that when taking a (S-ray photograph with this tube, 
the particles from the edges of the tube have to traverse a much greater thick¬ 
ness of stopping material than those from the middle. The form of line 
obtained by calculating in this way could be made to agree with that, found 
experimentally if a certain velocity distribution was assumed for the particles 
emerging from the top of the tube. These particles had traversed approxi¬ 
mately the same thickness and, in agreement with theoretical work by Bohr,’ 11 
the velocity distribution curve was found to follow a probability law, 
although the numerical values of the exponent did not agree. This was 
not surprising, since the particles producing the (S-ray line could have been 

* Bohr, 1 Phil. Mag.,’ vol. 30, p. 581 (1915). 
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scattered through quite large angles in passing through the glass walk of the 
emanation tube, and in Bohr’s deduction only particles which had been 
scattered through small angles were considered. The experimental intensity 
curves used for this calculation were obtained originally for another purpose, 
and the results obtained from them in this connection could only be 
approximate. However, it was quite evident from the analysis that this 
method of obtaining the velocity distribution is quite practicable and is 
important because it is the only method which has up to the present been 
suggested. 

Finally, it will be seen that the main purpose of this paper is to point out a 
method by means of which the “ magnetic spectrometer ” may be used to the 
best advantage. This method consists in first finding the structure of the line 
produced by the apparatus for certain given conditions of size of source, slit, 
etc., and then modifying them to give the particular form of lino required. 
The structure of the line in any given case can be obtained approximately 
from the curves of figs. 5, 7, 8, and for a more accurate determination the 
method given in § 2 can be employed. 


Summary. 

(1) The intensity distribution in the line produced by a magnetic field acting 
on a beam of homogeneous particles is determined 

(а) for a source of particles which is infinitely narrow; 

(б) for sources of various finite widths. 

(2) The conditions under which the analysis of moving charged particles is 
most favourably carried out are derived from this structure of the lines. 

(3) The application of this analytical method to the determination of the 
velocity distribution of particles passing through thin sheets of matter is 
pointed out. 

In conclusion, I wish to express my sincere thanks to Prof. Sir Ernest Ruther¬ 
ford for his interest in this work and to Dr. 0. D. Ellis for much helpful criticism. 
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